
Ask seic gia to spÐti 3
Par�dosh twn lÔsewn: mèqri tic 3 m.m. thc Paraskeu c

10-01-2014

'Askhsh 1 (1 Mon). 'Askhsh 71, apì tic shmei¸seic tou K. Skand�lh.

LÔsh.

1. ∃x(x < y ↔ x|s ∨ x|t) eÐnai isodÔnamoc me touc

¬∀x¬(¬(a ∧ ¬b) ∧ ¬(b ∧ ¬a)),

kai
∃x¬(¬(¬a ∨ b′) ∨ ¬(¬b′ ∨ a)),

ìpou a eÐnai o tÔpoc x < y, b eÐnai ¬(¬(x|s)∧¬(x|t)) kai b′ eÐnai x|s∨x|t.

2. (O < x ∧ ∃y(x < y)) ∨ ∀x(z < y ∧ z < x) eÐnai isodÔnamoc me touc

¬(¬(O < x ∧ ¬∀¬y(x < y)) ∧ ¬∀x(z < y ∧ z < x)),

kai

¬(¬O < x ∨ ¬(∃y(x < y))) ∨ ¬∃x(¬(z < y) ∨ ¬(z < x)).

'Askhsh 2 (1 Mon). 'Askhsh 72(b'), apì tic shmei¸seic tou K. Skand�lh.

LÔsh. 'Estw A |= ϕ→ ψ. Tìte apì ton kanìna genÐkeushc èpetai
ìti A |= ∀x(ϕ→ ψ). 'Eqontac t¸ra apì thn upìjesh ìti x den emfanÐze-
tai eleÔjerh ston ϕ, efarmìzoume ton nìmo metafor�c posodeikt¸n, dhlad 
A |= ϕ→ ∀ψ.

'Askhsh 3 (1 Mon). 'Askhsh 77, apì tic shmei¸seic tou K. Skand�lh.

LÔsh. 'Estw mia dom  A kai apotÐmhsh v ¸ste A |= (ϕ→ ψ)[v] kai èstw
A |= ϕ[v]. Tìte apì ton orismì tou Tarsi èpetai pwc A |= ψ[v]. 'Ara ϕ |= ψ.

Gia to antÐstrofo, èstw ϕ eÐnai o tÔpoc x 6= O kai ψ eÐnai h prìtash
∀(x 6= O). Tìte ϕ |= ψ, diìti den up�rqei dom  A tètoia ¸ste A |= ϕ.
O lìgoc eÐnai pwc h stajer� O èqei k�poia ermhneÐa sthn A, èstw a ∈ A.
Opìte gia thn apotÐmhsh v(x) = a, den isqÔei A |= ϕ[v]. 'Etsi tetrimmèna
isqÔei ϕ |= ψ. 'Omwc den isqÔei |= (ϕ → ψ), diìti gia par�deigma gia th
dom  N = {N, 0} kai thn apotÐmhsh v(x) = 1, èqoume ìti N |= ϕ[v], all�
N 6|= ψ[v].
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'Askhsh 4 (1 Mon). Na breÐte dÔo diaforetikèc kanonikèc posodeiktikèc
morfèc tou tÔpou

∀x(P (x)→ Q(x, y))→ (∃zP (z)→ ∃xQ(z, x)).

LÔsh. Efarmìzontac touc nìmouc metonomasÐac desmeumènwn metablh-
t¸n èqoume tic ex c dÔo diaforetikèc kanonikèc posodeiktikèc morfèc:

∃x∃w∀v[(P (x)→ Q(x, y))→ (P (v)→ Q(z, w))]

kai
∃w∀v∃x[(P (x)→ Q(x, y))→ (P (v)→ Q(z, w))].

'Askhsh 5 (2 Mon). Na deÐxete ìti gia k�je 3-melèc kathgìrhma P kai gia
k�je x, y, z isqÔei

∃x∀y∀zP (x, y, z) |= ∀y∀z∃xP (x, y, z),

kai ìti
∀y∀z∃xP (x, y, z) 6|= ∃x∀y∀zP (x, y, z).

LÔsh. 'Estw mia dom  A tètoia ¸ste A |= ∃x∀y∀zP (x, y, z). 'Ara up�r-
qei a0 ∈ A tètoio ¸ste gia k�je b, c ∈ A h sqèsh P (a0, b, c) na alhjeÔei sthn
A. Opìte gia k�je b, c ∈ A up�rqei k�poio a ∈ A, ¸ste P (a, b, c) na alhjeÔei
sthn A, gia par�deigma a = a0. 'Etsi A |= ∀y∀z∃xP (x, y, z). Kat� sunèpeia
deÐxame ìti ∃x∀y∀zP (x, y, z) |= ∀y∀z∃xP (x, y, z).

Gia na deÐxoume ìti ∀y∀z∃xP (x, y, z) 6|= ∃x∀y∀zP (x, y, z), jewroÔme th
dom N = {N, P}, ìpou P (x, y, z) ⇐⇒ z eÐnai to el�qisto koinì pollapl�sio
twn x, y. Tìte èqoume pwc gia k�je a, b ∈ N up�rqei to el�qisto koinì
pollapl�sio twn a, b. All� den up�rqei fusikìc c tètoio ¸ste to c na eÐnai
to el�qisto koinì pollapl�sio ìlwn twn zeug¸n twn fusik¸n.

'Askhsh 6 (2 Mon). DÐnontai oi akìloujec prot�seic:

(a) ∀x¬P (x, x)

(b) ∀x∀y(P (x, y) ∨ P (y, x))

(g) ∀x∀y
(
x 6= y → (P (x, y)↔ ¬P (y, x))

)
1. Na breÐte gia k�je prìtash mia mh ken  dom  sthn opoÐa na ikanopoieÐtai.
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2. Na exet�sete an up�rqei dom  sthn opoÐa na isqÔoun (a) kai (b).

3. Na exet�sete an up�rqei dom  sthn opoÐa na isqÔoun (a) kai (g).

LÔsh.

(1a) JewroÔme th dom  N = {N, P}, ìpou P (x, y) ⇐⇒ x < y. Tìte
èqoume ìti N |= ∀x¬P (x, x), diìti h di�taxh eÐnai gn sia.

(1b) JewroÔme th dom N = {N, P}, ìpou P (x, y) ⇐⇒ x ≤ y. Tìte èqoume
ìti N |= ∀x∀y(P (x, y) ∨ P (y, x)), diìti k�je dÔo fusikoÐ sugkrÐnontai.

(1g) JewroÔme p�li th dom  N = {N, P}, ìpou P (x, y) ⇐⇒ x < y. Tìte

èqoume ìti N |= ∀x∀y
(
x 6= y → (P (x, y)↔ ¬P (y, x))

)
, diìti gia k�je

dÔo diakekrimènouc fusikoÔc isqÔei x < y an kai mìno an y 6< x.

(2) 'Estw mia dom  A tètoia ¸ste A |= ∀x¬P (x, x) ∧ ∀x∀y(P (x, y) ∨
P (y, x)). Jètoume x = y, kai bg�zoume pwc gia ìla ta a ∈ A prèpei na
isqÔei P (a, a) ∧ ¬P (a, a). 'Atopo. 'Ara den up�rqei tètoia dom .

(3) Apì ta parap�nw èqoume pwc sth dom N = {N, P}, ìpou P (x, y) ⇐⇒
x < y, isqÔoun (a) kai (g).

'Askhsh 7 (2 Mon). Na deÐxete ìti up�rqei mia dom  sth gl¸ssa thc arijmh-
tik c sthn opoÐa alhjeÔoun ta sÔnola {ϕ : ϕ prìtash pou alhjeÔei stouc fusikoÔc}
kai {∃z(z · Sn(0) = x) : n ∈ N∗}.

LÔsh. 'Estw Ω1 = {ϕ : ϕ prìtash pou alhjeÔei stouc fusikoÔc} kai
Ω2 = {∃z(z · Sn(0) = x) : n ∈ N}. 'Estw Γ èna peperasmèno uposÔnolo
tou Ω1 ∪ Ω2. Isqurizìmaste pwc h dom  N me sÔmpan touc fusikoÔc kai th
klassik  ermhneÐa thc gl¸ssac thc arijmhtik c ikanopoieÐ to Γ. Pr�gmati,
ìloi oi tÔpoi tou Γ pou an koun kai sto Ω1 alhjeÔoun sthn N apì thn
upìjesh. 'Estw ∃z(z · Sn1(0) = x), ...∃z(z · Snk(0) = x) na eÐnai ìloi oi tÔpoi
pou an koun sto Γ. Tìte jètoume m = max{n1, ..., nk} kai jewroÔme m! =
1·2·...·m. 'Eqoume ìti N |= ∃z(z ·Sn1(0) = x)∧...∧∃z(z ·Snk(0) = x)v[x|m!].
'Ara to Γ eÐnai ikanopoi simo sÔnolo. Apì to je¸rhma thc Sump�geiac èpetai
pwc kai to Ω1∪Ω2 eÐnai ikanopoi simo, dhlad  up�rqei k�poia dom  sthn opoÐa
na alhjeÔei to Ω1 ∪ Ω2.
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