
Exet�sei
 Ioun�ou sth Tropik  Logik 25 Ioun�ou, 2008Jèma 1 (1 Mon). Na bre�te ton telikì tÔpo efarmìzonta
 tou
 kanìne
duðsmoÔ ston ((P0 ∧ 2P1) ∨ ¬P
∗
1.LÔsh. ((P0 ∧ 2P1) ∨ ¬P1)
∗ = ((P0 ∧ 2P1)

∗ ∧ (¬P1)
∗ =

((P0)
∗∨ (2P1)

∗)∧ (¬P1)
∗ = (¬P0 ∨3(P1)

∗)∧ (¬P1)
∗ = (¬P0 ∨3¬P1)∧¬¬P1Jèma 2 (1,5 Mon). Na de�xete ìti

||A||M = ||B||M an kai mìno an |=M A ↔ B,ìpou ||A||M = {a ∈ M :|=M
a

A}.LÔsh. 'Estw ||A||M = ||B||M. A
 upojèsoume ìti |=M
a

A, tìte lìgwth
 isìthta
, èpetai pw
 |=M
a

B. Paromo�w
 an |=M
a

B, tìte lìgw isìthta

|=M

a
A. 'Ara apì ton orismì th
 dipl 
 sunepagwg 
, èqoume ìti |=M A ↔ B.Ant�strofa, èstw |=M A ↔ B. Tìte a ∈ ||A||M an kai mìno an |=M

a
A ankai mìno an (lìgw dipl 
 sunepagwg 
) |=M

a
B an kai mìno an a ∈ ||B||M.'Ara ||A||M = ||B||M.Jèma 3 (1,5 Mon). D�netai to ex 
 pla�sio M:

W = {a0, a1, a2}, E = {< a2, a1 > , < a0, a2 >, < a1, a1 >}, P0 = {a0},
P1 = {a0, a1, a2}. Exet�ste an isqÔoun1. M |=a0

2P02. M |=a1
3P0 → 3P13. M |=a2
2P1 → 3P14. M |=a1
P0 ↔ 3P0LÔsh.1. ParathroÔme ìti M 6|=a2

P0 kai < a0, a2 >∈ E, �ra M 6|=a0
2P0.2. ParathroÔme ìti M 6|=a1

3P0, opìte M |=a1
3P0 → 3P1.1



3. 'Eqoume ìti M |=a2
2P1 kai M |=a2

3P1, �ra M |=a2
2P1 → 3P1 .4. 'Eqoume ìti M 6|=a1

P0 kai M 6|=a1
3P0, �ra M |=a1

P0 ↔ 3P0.Jèma 4 (0,5+1 Mon).1. Na diatup¸sete to Je¸rhma th
 plhrìthta
 gia to sÔsthma B + D.2. Swstì   l�jo
 kai giat� � Gia na de�xoume ìti ⊢T ϕ arke� na de�xoumeìti h prìtash ϕ alhjeÔei se k�je seiriakì pla�sio. �LÔsh.1. Mia prìtash A e�nai èna tupikì je¸rhma sto sÔsthma B + D (dhla-d  ⊢B+D A) an kai mìno an A alhjeÔei se k�je summetrikì, seiriakìpla�sio.2. E�nai l�jo
. Gia par�deigma an p�roume gia kai ϕ na e�nai to stigmiìtupotou axi¸mato
 T, tìte profan¸
 ⊢T 2P0 → P0, all� autì den alhjeÔeisto akìloujo seiriakì pla�sio: M:
W = {a0, a1}, E = {< a0, a1 >}, P0 = {a1}.Jèma 5 (2 Mon). Swstì   l�jo
 kai giat�1. 2A → 22A isqÔei se k�je metabatikì pla�sio.2. 3A → 23A isqÔei se k�je eukle�deio pla�sio.3. 2(2A → A) isqÔei se k�je seiriakì pla�sio.LÔsh.1. 2A → 22A pr�gmati isqÔei se k�je metabatikì pla�sio, diìti anM |=a1

2A, tìte M |=a2
A gia k�je a2 me < a1, a2 ∈ E >. Lìgw metabati-kìthta
, M |=a3

A gia k�je a3 me < a2, a3 ∈ E >. 'Ara M |=a1
22A.2. H prìtash 3A → 23A den isqÔei se k�je pla�sio pou ikanopoie� thsqèsh pou dìjhke sto tupolìgio, dhlad  th

∀a, b, c ∈ W (b, a), (c, a) ∈ E ⇒ (b, c) ∈ E.2



Gia par�deigma 3P0 → 23P0 den isqÔei sto M:
W = {a0, a1, a2}, E = {< a0, a1 >, < a0, a2 >}, P0 = {a1}.'Omw
 isqÔei se k�je eukle�deio pla�sio, diìti h eukle�deia sqèsh e�nai

∀a, b, c ∈ W (a, b), (a, c) ∈ E ⇒ (b, c) ∈ E.'Opoio
 èggraye èna apì ta parap�nw, jewr jhke w
 swst  ap�nthsh.3. H prìtash 2(2A → A) den isqÔei se k�je seiriakì pla�sio. Gia pa-r�deigma 2(2P0 → P0) den isqÔei sto M:
W = {a0, a1}, E = {< a0, a1 >, < a1, a1 >}, P0 = {a1}.Jèma 6 (1 Mon). Na de�xete ìti to sÔsthma K+5 e�nai apofas�simo gr�fon-ta
 me saf neia tou
 isqurismoÔ
 sa
.LÔsh. To sÔsthma autì e�nai peperasmèna axiwmatikopo�hsimo kai èqeithn idiìthta twn peperasmènwn montèlwn. Gia leptomèreie
 blèpe th shmei-¸sei
 tou maj mato
.Jèma 7 (2,5 Mon). Na de�xete ìti to sÔsthma K + B e�nai ègkuro, d�nonta
pl rh
 dikaiolìghsh.LÔsh. Or�zome mia sun�rthsh

f : {A : A tÔpo
 th
 tropik 
 logik 
} → {A : A tÔpo
 th
 klassik 
 logik 
}.me f(Pn) = Pn, f(¬A) = ¬f(A), f(A∨B) = f(A)∨f(B), f(2A) = f(A).De�qnoume ìti mia tupik  apìdeixh th
 ant�fash
 sto sÔsthma K +B d�nei miatupik  apìdeixh ant�fash
 sth klassik  logik . 'Atopo, diìti to klassikìsÔsthma th
 protasiak 
 logik 
 e�nai èkguro. 'Ara kai to K+B e�nai ègkuro.Gia leptomèreie
 blèpe th shmei¸sei
 tou maj mato
.
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