
ÊÅÖÁËÁÉÏ 5

Ðßíáêåò

Óôï ðáñüí êåöÜëáéï ðåñéëáìâÜíïíôáé ïñéóìÝíá ðñùôáñ·éêÜ óôïé·åßá ôÞò Èåù-

ñßáò ÐéíÜêùí. (Èåìåëéþäåéò ïñéóìïß êáé éäéüôçôåò, ðñÜîåéò ðéíÜêùí, ðßíáêåò åéäé-

êÞò ìïñöÞò, ðåñéãñáöÞ ïìïìïñöéóìþí ìåôáîý ìç ôåôñéììÝíùí-äéáíõóìáôéêþí

·þñùí ðåðåñáóìÝíçò äéáóôÜóåùò ìÝóù ðéíÜêùí, ðßíáêåò áëëáãÞò âÜóåùí, óôïé-

·åéþäåéò ìåôáó·çìáôéóìïß ãñáììþí êáé óôçëþí ðéíÜêùí, áëãüñéèìïò áðáëïéöÞò

ôùí Gauss êáé Jordan, âáèìßäá ðßíáêùí, êñéôÞñéá áíôéóôñåøéìüôçôáò ôåôñáãùíé-

êþí ðéíÜêùí, ìÝèïäïò ðñïóäéïñéóìïý áíôéóôñüöïõ, éóïäýíáìïé êáé üìïéïé ðßíá-

êåò ê.Ü.)

5.1 ÈÅÌÅËÉÙÄÅÉÓ ÏÑÉÓÌÏÉ ÊÁÉ ÉÄÉÏÔÇÔÅÓ

5.1.1 Ïñéóìüò. (i) ¸óôù  ôõ·üí óþìá. ÅÜí ôá   åßíáé äõï ìç êåíÜ ðåðåñá-

óìÝíá õðïóýíïëá ôïýN ôüôå êÜèå áðåéêüíéóç

 :  ×  −→  (5.1)

ïíïìÜæåôáé (card()× card())-ðßíáêáò (Þìçôñåßï) ìå ôéò «åããñáöÝò1» ôïõ åéëçì-

ìÝíåò áðü ôï Áíôß ôïý (5.1) åßèéóôáé íá ãñÜöïõìå

()()∈×  üðïõ  :=  ( )  ãéá êÜèå ( ) ∈  × 

Ï ïñéóìüò áõôüò åöáñìüæåôáé ùò åðß ôï ðëåßóôïí óôçí åéäéêÞ ðåñßðôùóç üðïõ

 = {1    } êáé  = {1     }
1Ïé åããñáöÝò (áããë. entries) åíüò ðßíáêá (5.1) åßíáé ôá óôïé·åßá ôÞò åéêüíáò ôïõ.
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ãéá êÜðïéïõò ∈ NÊÜèå áðåéêüíéóç

 : {1    } × {1     } −→  (5.2)

åßíáé Ýíáò (× )-ðßíáêáò (Þ (× )-ìçôñåßï) ìå ôéò åããñáöÝò ôïõ åéëçììÝíåò

áðü ôï  Êáé åäþ, áíôß ôïý ó·åôéêþò äýó·ñçóôïõ óõìâïëéóìïý (5.2) ãñÜöïõìå

áðëþò ⎛⎜⎜⎜⎜⎜⎜⎝
11 12 · · · 1−1 1

21 22 · · · 2−1 2
...

...
. . .

...
...

−1 1 −1 2 · · · −1−1 −1
 1  2 · · · −1 

⎞⎟⎟⎟⎟⎟⎟⎠
Þ () 1≤≤

1≤≤
 üðïõ

 :=  :=  ( )  ∀ ( ) ∈ {1    } × {1     } (5.3)

Ôï óýíïëï üëùí ôùí (× )-ðéíÜêùí (ìå ôéò åããñáöÝò ôïõò åéëçììÝíåò áðü ôï)

èá óõìâïëßæåôáé ùò åîÞò:

Mat×() := {1 }×{1 } (5.4)

Ãéá ïéïõóäÞðïôå ðßíáêåò

A = () 1≤≤
1≤≤

∈Mat×() B = () 1≤≤
1≤≤

∈Mat×()

éó·ýåé (ðñïöáíþò) ç áìößðëåõñç óõíåðáãùãÞ

A = B⇐⇒  =   ∀ ( ) ∈ {1    } × {1     }

(ii) ÊÜèå ðßíáêáò

A = () 1≤≤
1≤≤

∈Mat×() (5.5)

äéáèÝôåé ãñáììÝò

Ãñ(A) := (1 2 · · ·  −1  ) ∈Mat1×()  ∈ {1    }

êáé  óôÞëåò

Óô(A) :=

⎛⎜⎝ 1
...



⎞⎟⎠ ∈Mat×1()  ∈ {1     }
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(H Ãñ(A) êáëåßôáé -ïóôÞ ãñáììÞ êáé çÓô(A) -ïóôÞ óôÞëç ôïýA) Ðñïöáíþò,

A = (Óô1(A) · · · Óô(A)) =

⎛⎜⎝ Ãñ1(A)
...

Ãñ(A)

⎞⎟⎠ 

(iii) ÊÜèå ðßíáêáò (5.5) ðïõ Ý·åé ôï ßäéï ðëÞèïò ãñáììþí êáé óôçëþí (Þôïé

 = ) êáëåßôáé ôåôñáãùíéêüò ðßíáêáò. Ç (êýñéá) äéáãþíéïò åíüò ôåôñáãùíé-

êïý ðßíáêá A = ()1≤≤ ∈ Mat×() åßíáé ôï õðïóýíïëï åããñáöþí ôïõ

{|  ∈ {1     }}  Ùò ìïíáäéáßïò (× )-ðßíáêáò ïñßæåôáé ï

I :=

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 · · · 0 0

0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 0

0 0 · · · 0 1

⎞⎟⎟⎟⎟⎟⎟⎠ ∈Mat×()

ìå üëåò ôéò åããñáöÝò ôéò áíÞêïõóåò óôçäéáãþíéü ôïõßóåò ìå ôï 1 êáé ìå ôéò ëïéðÝò

åããñáöÝò ôïõ ßóåò ìå ôï 0  Ðñïöáíþò,

I = ()1≤≤ üðïõ  :=
½
1  üôáí  = 

0  üôáí  6= 

ôï ëåãüìåíï óýìâïëï ôïý Kronecker.

(iv) ÊÜèå (× )-ðßíáêáò, ï ïðïßïò ðñïêýðôåé ýóôåñá áðü äéáãñáöÞ− ãñáì-

ìþí êáé −  óôçëþí åíüò ðßíáêá (5.5), ãéá êÜðïéïõò

 ∈ {1    } êáé  ∈ {1     } 
êáëåßôáé õðïðßíáêáò ôïýA

(v) ÄïèÝíôùí äýï ðáãéùìÝíùí äåéêôþí • ∈ {1    } êáé • ∈ {1     } êáé

åíüò ðßíáêá (5.5) êÜèå õðïðßíáêáò ôïýA ôÞò ìïñöÞò

C = () 1≤≤
1≤≤

∈Mat×()

üðïõ   ∈ N ìå  ≤ + 1− •  ≤ + 1− • êáé

 = •+(−1)•+(−1) ∀ ( ) ∈ {1     } × {1     }
êáëåßôáé (× )-ôÝìá·ïò2 (block) ôïýA

2Ôï áñ·áéïåëëçíéêü ïõóéáóôéêü ôÝìá·ïò (ãåí. ôïý ôåìÜ·ïõò, ðëçè. ôá ôåìÜ·ç ) åßíáé ç åëëçíéêÞ ëÝîç ðïõ áðïäßäåé

åðáêñéâþò ôïí (ìáèçìáôéêü) üñï block. (ÐñïÝñ·åôáé áðü ôï ñÞìá ôÝìíù, óõíáíôÜôáé Þäç óôï Ðåñß Ðáèþí ôïý Éððï-
êñÜôïõò [∼ 390-360 ð.μ.] êáé óôï Óõìðüóéïí ôïýÐëÜôùíïò [∼ 385 ð.μ.], êáé óçìáßíåé ìÝñïò ðñÜãìáôïò êïðÝíôïò,

èñáõóèÝíôïò Þ äéáéñåèÝíôïò / áðüóðáóìá/ ôìÞìá üëïõ ôéíüò. Ïìüññéæá áõôïý åßíáé ôá ïõóéáóôéêÜ ôïìÝáò, ôüìïò,
ôïìÞ, ôìÞóç, ôìÞìá, ôÝìåíïò ê.Ü., êáé õðïêïñéóôéêü ôïõ ôï ôåìÜ·éï.)
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(vi) ÊÜèå (× )-ðßíáêáò (ðïõ åíäÝ·åôáé íá áðïôåëåß ôÝìá·ïò Þ áêüìç êáé õðï-

ðßíáêá åíüò ðßíáêá (5.5)) ìå üëåò ôéò åããñáöÝò ôïõ ßóåò ìå ôï 0 èá óçìåéþíåôáé

ìå ôï óýìâïëï 0× (êáé èá ïíïìÜæåôáé ìçäåíéêüò (× )-ðßíáêáò).

5.1.2 Óçìåßùóç. (ÄéåõêïëõíôéêÝò ôáõôßóåéò) Áðü ôïýäå êáé óôï åîÞò èá ôáõôß-
æïõìå ôï Mat1×1() ìå ôï ßäéï ôï  êáé (ãåíéêüôåñá) ôá óôïé·åßá ôïý óõíüëïõ

Mat1×() ( ∈ N) ìå ôéò áíôßóôïé·åò3 äéáôåôáãìÝíåò -Üäåò:

Mat1×() 3 (1 2 · · · −1 ) “ = ” (1 2     −1 ) ∈ 

5.1.3 Ðñüôáóç. (Ôï Mat×() ùò -ä.·.) Ôï óýíïëï Mat×() åöïäéáæü-
ìåíï ìå ôçí ðñÜîç ôÞò ðñïóèÝóåùò ðéíÜêùí

Mat×()×Mat×() −→Mat×() (AB) 7−→ A+B (5.6)

êáé ôïý áñéèìçôéêïý ðïëëáðëáóéáóìïý

 ×Mat×() −→Mat×() (A) 7−→ A (5.7)

üðïõ

Ãñ(A+B) := Ãñ(A) + Ãñ(B) Ãñ(A) := Ãñ(A) ∀ ∈ {1    }

êáèßóôáôáé -äéáíõóìáôéêüò ·þñïò äéáóôÜóåùò  Ý·ùí ùò ìéá âÜóç ôïõ ôï
óýíïëï ðéíÜêùí 4

E :=
n
E
[]


¯̄̄
( ) ∈ {1    } × {1     }

o


üðïõ

E
[]
 := () 1≤≤

1≤≤
 ∀ ( ) ∈ {1    } × {1     }

(Ç åããñáöÞ ôïý E
[]
 ç åõñéóêüìåíç óôçí -ïóôÞ ãñáììÞ êáé óôçí -ïóôÞ óôÞëç

ôïõ åßíáé ôï 1  åíþ ïé ëïéðÝò åããñáöÝò ôïý E
[]
 åßíáé ßóåò ìå ôï 0 )

3Óôçí ðñáãìáôéêüôçôá, åðåéäÞ ôïMat1×() åßíáé -äéÜóôáôïò-äéáíõóìáôéêüò ·þñïò (âë. ðñüôáóç 5.1.3), ôáõ-

ôßæïõìå êÜèå ðßíáêá ðïõ äéáèÝôåé ìßá êáé ìüíïí ãñáììÞ êáé  óôÞëåò ìå ôçí åéêüíá ôïõ ìÝóù ôïý éóïìïñöéóìïý

Mat1×() 3 (1 2 · · · −1 ) 7−→ (1 2     −1 ) ∈ 



(ÓçìåéùôÝïí üôé ïñéóìÝíïé óõããñáöåßò ðñïôéìïýí íá ôáõôßæïõí êÜèå ðßíáêá ðïõ äéáèÝôåé ìßá êáé ìüíïí óôÞëç êáé 

ãñáììÝò ìå ôçí áíôßóôïé·ç-Üäá.)

4Åíßïôå, ôï E êáëåßôáé óõíÞèçò âÜóç ôïýMat×()
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Áðïäåéîç. Ôï óýíïëï (5.4) åßíáé Ýíáò-äéáíõóìáôéêüò ·þñïò ùò ðñïò ôéò «êáôÜ

óçìåßï» ðñÜîåéò ðñïóèÝóåùò êáé áñéèìçôéêïý ðïëëáðëáóéáóìïý (âë. 1.2.3 (iv)).

ÁõôÝò ïé ðñÜîåéò ôáõôßæïíôáé ìå ôéò (5.6) êáé (5.7) (ðñâë. (5.3)). Ç áâåëéáíÞ ïìÜäá

(Mat×+) Ý·åé ùò ïõäÝôåñï óôïé·åßï ôçò ôïí ìçäåíéêü ðßíáêá 0× Åðéðñï-
óèÝôùò, óýìöùíá ìå ôï (v) ôïý åäáößïõ 2.3.2, ôï óýíïëï©

()
¯̄
( ) ∈ {1    } × {1     }ª

áðïôåëåß ìéá âÜóç ôïý (5.4), üðïõ

() : {1    } × {1     } −→ 

ç áðåéêüíéóç, ç ôéìÞ ôÞò ïðïßáò óôï ( ) ∈ {1    } × {1     } ïñßæåôáé ùò
åîÞò:

() ( ) :=

½
0  üôáí ( ) 6= ( ) 
1  üôáí ( ) = ( ) 

Ðáñáôçñïýìå üôé ç ôéìÞ () ( ) åêöñÜæåôáé óõíáñôÞóåé ôùí (óõíÞèùí) óõìâü-

ëùí ôïý Kronecker ùò áêïëïýèùò:

() ( ) =   ∀ ( ) ∈ {1    } × {1     }

Áñêåß ëïéðüí íá èÝóïõìå E
[]
 := () ãéá êÜèå ( ) ∈ {1    }×{1     }

Ðñïöáíþò,

A =

X
=1

X
=1

E
[]
 

ãéá êÜèå A = () 1≤≤
1≤≤

∈Mat×() ¤

5.1.4 Óçìåßùóç. ¸óôù üôé ïé  åßíáé äõï-äéáíõóìáôéêïß ·þñïé Ý·ïíôåò äéá-

óôÜóåéò

dim( ) =  ∈ N dim( ) =  ∈ N

ÅðåéäÞ (óýìöùíá ìå ôï èåþñçìá 3.2.7 êáé ôçí ðñüôáóç 5.1.3) Ý·ïõìå

dim (Hom( )) =  =  = dim (Mat×()) 

ôï èåþñçìá 3.2.12 ìáò ðëçñïöïñåß üôé Hom( ) ∼= Mat×() ¼ðùò èá

äïýìå óôçí åðïìÝíç åíüôçôá (âë. 5.2.16 êáé 5.2.17 (ii)), åêêéíþíôáò áðü äýï äéáôå-

ôáãìÝíåò âÜóåéòB C ôùí êáé áíôéóôïß·ùò, åßíáé äõíáôüííá êáôáóêåõÜóïõìå

Ýíáí êáíïíéóôéêü éóïìïñöéóìü

MB
C : Hom( ) −→Mat×()
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ï ïðïßïò (êáôÜ ôï ðüñéóìá 3.2.6) åßíáé ï ìüíïò ïìïìïñöéóìüò ðïõ áðåéêïíßæåé ôç

âÜóç

B := { | ( ) ∈ {1     } × {1    }}

ôçí ïñéóèåßóá óôï èåþñçìá 3.2.7 åðß ôÞò âÜóåùò E ìå

MB
C () = E

[]
  ∀ ( ) ∈ {1     } × {1    }

5.1.5 Ïñéóìüò. (ÁíÜóôñïöïò ðßíáêá) Ï áíÜóôñïöïò åíüò (×)-ðßíáêá (5.5) åß-

íáé ï (×)-ðßíáêáò

A| = (0) 1≤≤
1≤≤

∈Mat×()

üðïõ 0 :=  ãéá êÜèå æåýãïò ( ) ∈ {1     } × {1    } ÓçìåéùôÝïí üôé

Ãñ(A
|) = Óô(A)

| Óô(A
|) = Ãñ(A)

| ∀ ( ) ∈ {1  } × {1 } (5.8)

5.1.6 Ðñüôáóç. ÅÜíAB ∈Mat×() (üðïõ ∈ N) êáé  ∈  ôüôå éó·ýïõí
ôá åîÞò :

(i) (A|)| = A

(ii) (A)
|
=  (A|) 

(iii) (A+B)
|
= A| +B| 

Áðïäåéîç. (i) Ôïýôï Ýðåôáé Üìåóá áðü ôéò éóüôçôåò (5.8).

(ii)-(iii) ÅÜíA = () 1≤≤
1≤≤

 B = () 1≤≤
1≤≤

êáé

 :=    :=  +   ∀ ( ) ∈ {1    } × {1     }

ôüôå (A)
|
= (0) 1≤≤

1≤≤
 (A+B)

|
= (0) 1≤≤

1≤≤
 ìå

0 =  =   
0
 =  =  +   ∀ ( ) ∈ {1    } × {1     }

ÅðïìÝíùò, (A)
|
=  (A|) êáé (A+B)| = A| +B|  ¤

5.1.7 Ïñéóìüò. (Ðïëëáðëáóéáóìüò ðéíÜêùí) Ãéá ïéïõóäÞðïôå   ∈ N ïñß-

æïõìå ôçí áðåéêüíéóç

Mat×()×Mat×() −→Mat×() (AB) 7−→ A ·B (5.9)

èÝôïíôáò (ãéá ïéïõóäÞðïôå A = () 1≤≤
1≤≤

 B = () 1≤≤
1≤≤

)

A ·B := () 1≤≤
1≤≤

  :=

X
=1
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Ï ðßíáêáò5 A · B ∈ Mat×() êáëåßôáé ãéíüìåíï ôùí A êáé B Ï õðïëïãéóìüò

ôùí åããñáöþí ôïõ äéåõêïëýíåôáé ìÝóù ôïý áêïëïýèïõ ó·Þìáôïò:

Ç ïñéæüíôéá äéáêåêïììÝíç ãñáììÞ ç äéåñ·ïìÝíç áðü ôçí -ïóôÞ ãñáììÞ ôïýA óõ-

íáíôÜ ôçí êáôáêüñõöçäéáêåêïììÝíç ãñáììÞ ôç äéåñ·ïìÝíçáðü ôçí -áóôÞóôÞëç

ôïýB óôçí åããñáöÞ  = Ãñ(A)· Óô(B) ôïý (× )-ðßíáêáA ·B ÅðïìÝíùò,

A ·B =

⎛⎜⎝ Ãñ1(A) · Óô1(B) · · · Ãñ1(A) · Óô(B)
...

...

Ãñ(A) · Óô1(B) · · · Ãñ(A) · Óô(B)

⎞⎟⎠
êáé

Ãñ(A ·B) = Ãñ(A) ·B ∀ ∈ {1    }
Óô(A ·B) = A · Óô(B) ∀ ∈ {1     }

(5.10)

ÓçìåéùôÝïí üôé, üôáí =  =  ç (5.9) áðïôåëåß ìéá (åóùôåñéêÞ) ðñÜîç åðß ôïý

Mat×()

5.1.8 Óçìåßùóç. (i) ÅÜí  ∈ N êáé

x = (1     ) y = (1     ) ∈  (=Mat1×() âë. 5.1.2)

ôüôå

x · y| =
X
=1

 ∈  (5.11)

5Ï ðßíáêáòA ·B ïñßæåôáé ìüíïí üôáí ôï ðëÞèïò ôùí óôçëþíA ôïý éóïýôáé ìå ôï ðëÞèïò ôùí ãñáììþí ôïýB!



186 ðéíáêåò

(ii) ÅÜí ∈ N êáé

A = () 1≤≤
1≤≤

∈Mat×() y = (1     ) ∈  (=Mat1×())

ôüôå

A · y| =

⎛⎜⎝ Ãñ1(A) · y|
...

Ãñ(A) · y|

⎞⎟⎠ =

⎛⎜⎜⎜⎜⎜⎝
P
=1

1

...
P
=1



⎞⎟⎟⎟⎟⎟⎠ ∈Mat×1() (5.12)

5.1.9 ËÞììá. Ãéá ïéïíäÞðïôå  ∈ N êáé ïéáäÞðïôå   ∈ 

a = (1     ) b = (1     ) x = (1     ) y = (1     ) ∈ 

éó·ýïõí ôá áêüëïõèá :

(i) (a+ b) · x| =  (a · x|) +  (b · x|) 
(ii) a · (x+ y)

|
=  (a · x|) +  (a · y|) 

Áðïäåéîç. (i) H (5.11) äßäåé

(a+ b) · x| =
X
=1

( + )

= 

Ã
X
=1



!
+ 

Ã
X
=1



!
=  (a · x|) +  (b · x|) 

(ii) Êáô' áíáëïãßáí,

a · (x+ y)
|
=

X
=1

 ( + )

= 

Ã
X
=1



!
+ 

Ã
X
=1



!
=  (a · x|) +  (a · y|) 

ïðüôå êáé ç äåýôåñç éóüôçôá åßíáé áëçèÞò. ¤

5.1.10 ËÞììá. Ãéá ïéïõóäÞðïôå AB ∈ Mat×() (üðïõ  ∈ N) êáé ïéáäÞ-
ðïôå   ∈  x = (1     ) y = (1     ) ∈ éó·ýïõí ôá áêüëïõèá :

(i) (A+ B) · x| =  (A · x|) +  (B · x|) 
(ii) A · (x+ y)

|
=  (A · x|) +  (A · y|) 
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Áðïäåéîç. (i) Ãéá êÜèå  ∈ {1    } ôï (i) ôïýëÞììáôïò 5.1.9 êáé ç(5.11) äßäïõí

(Ãñ (A+ B)) · x| = (Ãñ (A) + Ãñ (B)) · x|
=  (Ãñ (A) · x|) +  (Ãñ (B) · x|) 

áð' üðïõ Ýðåôáé üôé ç -ïóôÞ ãñáììÞ ôïý (A+ B) · x| óõìðßðôåé ìå ôçí -ïóôÞ

ãñáììÞ ôïý  (A · x|) +  (B · x|)  ¢ñá (ëüãù ôÞò (5.12))

(A+ B) · x| =  (A · x|) +  (B · x|) 

(ii) Êáô' áíáëïãßáí, ãéá êÜèå  ∈ {1    } ôï (ii) ôïý ëÞììáôïò 5.1.9 äßäåé

Ãñ (A) · (x+ y)
|
=  (Ãñ (A) · x|) +  (Ãñ (A) · y|) 

áð' üðïõ Ýðåôáé üôé ç -ïóôÞ ãñáììÞ ôïý A · (x+ y)
|
óõìðßðôåé ìå ôçí -ïóôÞ

ãñáììÞ ôïý  (A · x|) +  (A · y|)  ¢ñá êáé ç äåýôåñç éóüôçôá åßíáé áëçèÞò. ¤

5.1.11 ËÞììá. Ãéá ïéïõóäÞðïôå   ∈ N êáé x = (1     ) ∈ 

A = () 1≤≤
1≤≤

∈Mat×() B = () 1≤≤
1≤≤

∈Mat×()

éó·ýåé ç éóüôçôá

A · (B · x|) = (A ·B) · x| 

Áðïäåéîç. ÅðåéäÞ Ãñ (B · x|) =
P

=1

 ãéá êÜèå  ∈ {1     } (âë. (5.12)),
Ý·ïõìå

Ãñ (A · (B · x|)) =

X
=1



Ã
X

=1



!

=

X
=1

⎛⎝ X
=1



⎞⎠ = Ãñ ((A ·B) · x|) 

ãéá êÜèå  ∈ {1     }, ïðüôå A · (B · x|) = (A ·B) · x|  ¤

5.1.12 Ðñüôáóç. Ãéá ïéïõóäÞðïôå    ∈ N éó·ýïõí ôá áêüëïõèá :

(i) ÅÜí A ∈ Mat×() B ∈ Mat×() êáé C ∈ Mat×() ôüôå

(A ·B) ·C = A · (B ·C) 

(ii) ÅÜí A ∈ Mat×() B ∈ Mat×() êáé  ∈  ôüôå

(A) ·B = A · (B) =  (A ·B) 
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(iii) ÅÜí A ∈ Mat×() BC ∈ Mat×() êáé D ∈ Mat×() ôüôå

A · (B+C) = A ·B+A ·C (B+C) ·D = B ·D+C ·D

(iv) Ãéá êÜèå A ∈ Mat×() éó·ýïõí ïé éóüôçôåò

A · I = A = I ·A
Áðïäåéîç. (i) Áðü ôç äåýôåñç åê ôùí éóïôÞôùí (5.10) êáé ôï ëÞììá 5.1.11 ëáìâÜ-

íïõìå

A · (B ·C) = A · ((B · Óô1(C))     (B · Óô(C)))
= (A · (B · Óô1(C))    A · (B · Óô(C)))
= (((A ·B) · Óô1(C))     ((A ·B) · Óô(C)))
= (A ·B) ·C

(ii) Ç ðñþôç éóüôçôá Ýðåôáé Üìåóá áðü ôï (i) êáé ç äåýôåñç ùò áêïëïýèùò:

 (A ·B) = ((A · Óô1(B))     (A · Óô(B)))
= ((A · Óô1(B))     (A · Óô(B)))
= (A · (Óô1(B))    A · (Óô(B))
= (A · Óô1(B)    A · Óô(B))
= A · (B) 

(iii) Áðü ôç äåýôåñç åê ôùí éóïôÞôùí (5.10) êáé ôï ëÞììá 5.1.10 ëáìâÜíïõìå

A · (B+C) = (A · (Óô1(B) + Óô1(C))    A · (Óô(B) + Óô(C)))

= (A · Óô1(B) +A · Óô1(C)    A · Óô(B) +A · Óô(C))
= (A · Óô1(B)    A · Óô(B)) + (A · Óô1(C)    A · Óô(C))
= A ·B+A ·C

êáé, áíôéóôïß·ùò,

(B+C) ·D = (B+C) · (Óô1(D)    Óô(D))
= (B · Óô1(D) +C · Óô1(D)    B · Óô(D) +C · Óô(D))
= (B · Óô1(D)    B · Óô(D)) + (C · Óô1(D)    C · Óô(D))
= B ·D+C ·D

(iv) Ôïýôï Ýðåôáé Üìåóá áðü ôïí ïñéóìü ôïý ãéíïìÝíïõ ðéíÜêùí. ¤

5.1.13 Ðñüôáóç. Ôï óýíïëï Mat×() (üðïõ  ∈ N), åöïäéáæüìåíï ìå ôçí ðñü-
óèåóç ðéíÜêùí (5.6) êáé ôïí ðïëëáðëáóéáóìü ðéíÜêùí (5.9), êáèßóôáôáé äáêôý-
ëéïò Ý·ùí ôïí I ùò ìïíáäéáßï óôïé·åßï.
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Áðïäåéîç. ¸ðåôáé áðü ôá (i), (iii) êáé (iv) ôÞò ðñïôÜóåùò 5.1.12, êáé áðü ôï üôé

ôï æåýãïò (Mat×()+) åßíáé áâåëéáíÞ ïìÜäá (âë. 5.1.3 êáé 1.1.12). ¤

5.1.14 Óçìåßùóç. (i) ÅÜí AB ∈ Mat×() êáé A · B = 0× ôüôå ãéá  ≥ 2
åßíáé äõíáôüí íá éó·ýåéA 6= 0× êáéB 6= 0× Åðß ðáñáäåßãìáôé,

E
[]
21 ·E[]22 = 0×

(ii) Ï äáêôýëéïò Mat×() ôùí ôåôñáãùíéêþí ðéíÜêùí äåí åßíáé ìåôáèåôéêüò

üôáí  ≥ 2 Åðß ðáñáäåßãìáôé,

E
[]
21 ·E[]22 = 0× 6= E[]21 = E

[]
22 ·E[]21 

Áðü ôçí Üëëç ìåñéÜ, ãéá ïéïõóäÞðïôå áìïéâáßùò ìåôáôéèÝìåíïõò (× )-ðßíáêåò,

Þôïé ãéá ïéïõóäÞðïôå ðßíáêåò AB ∈ Mat×() ãéá ôïõò ïðïßïõò ôõã·Üíåé íá

Ý·ïõìå A ·B = B ·A éó·ýåé ï äéùíõìéêüò ôýðïò6

(A+B)

=

X
=0

¡



¢
A ·B−

(âë. 1.1.17 (i), êáèþò êáé ôïí óõìâïëéóìü 1.1.15 (v)).

5.1.15 Ðáñáäåßãìáôá. (Åéäéêïß ôåôñáãùíéêïß ðßíáêåò) (i) ¸íáò ðßíáêáò

A = ()1≤≤ ∈Mat× ()

êáëåßôáé äéáãþíéïò ðßíáêáò üôáí õðÜñ·åé êÜðïéá -Üäá (1     ) ∈  ôÝôïéá

þóôå íá éó·ýåé

 :=  =

½
 üôáí  = 

0  üôáí  6= 

(Åí ôïéáýôç ðåñéðôþóåé, óçìåéþíïõìå ôïí A åí óõíôïìßá ùò diag(1     ))

Ðñïöáíþò, I = diag(1  1      1  1) Tï óýíïëï ôùí äéáãùíßùí ðéíÜêùí

Diag×() := {diag(1     ) | (1     ) ∈ }

åßíáé Ýíáò ãñáììéêüò õðü·ùñïò ôïýMat×() éóüìïñöïò ìå ôïí

(ii) ¸íáò ðßíáêáò A = ()1≤≤ ∈ Mat× () êáëåßôáé Üíù ôñéãùíéêüò (êáé
áíôéóôïß·ùò, êÜôù ôñéãùíéêüò) üôáí éó·ýåé  = 0 ãéá    (êáé áíôéóôïß·ùò,

6Ãéá êÜèåA ∈Mat×() èÝôïõìåA := A · · · · ·A| {z }
 öïñÝò

∀ ∈ N êáéA0 := I üôáíA 6= 0×
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ãéá   ), êáé áõóôçñþò Üíù ôñéãùíéêüò (êáé áíôéóôïß·ùò, áõóôçñþò êÜôù ôñé-

ãùíéêüò) üôáí  = 0 ãéá  ≥  (êáé áíôéóôïß·ùò, ãéá  ≤ ). Óõìâïëßæïõìå

ùò7

UT× ()  LT× ()  SUT× ()  SLT× ()

ôá óýíïëá ôùíÜíù, êÜôù, áõóôçñþò Üíùêáé áõóôçñþò êÜôùðéíÜêùíðïõáíÞêïõí

óôïMat× ()  Åßíáé åýêïëïò ï Ýëåã·ïò ôïý üôé áõôÜ ôá óýíïëá åßíáé ãñáììéêïß

õðü·ùñïé ôïý Mat× ()  Åðßóçò, áöÞíåôáé ùò Üóêçóç ç áðüäåéîç ôïý üôé ôïn
E
[]


¯̄̄
1 ≤  ≤  ≤ 

o
(êáé, áíôéóôïß·ùò, ôï

n
E
[]


¯̄̄
1 ≤  ≤  ≤ 

o
) åßíáé ìéá

âÜóç ôïý UT× () (êáé, áíôéóôïß·ùò, ôïý LT× ()). Åßíáé ðñüäçëï üôé

dim (UT× ()) = dim (LT× ()) = +
¡

2

¢
= 1

2
 (+ 1) 

Áðü ôçí Üëëç ìåñéÜ, åðåéäÞ ç áðåéêüíéóç

UT× () 3 A = ()1≤≤ 7−→ diag(11     ) ∈ Diag×()

åßíáé åðéìïñöéóìüò Ý·ùí ùò ðõñÞíá ôïõ ôïí SUT× ()  ôï 1ï èåþñçìá éóïìïñ-

öéóìþí 3.3.10 ìáò ðëçñïöïñåß üôé

UT× () SUT× () ∼= Diag×() ∼=  (5.13)

Ðáñïìïßùò,

LT× () SLT× () ∼= Diag×() ∼=  (5.14)

Ôï èåþñçìá 3.2.12, óå óõíäõáóìü ìå ôïõò (5.13), (5.14) êáé ôï (iii) ôïý ðïñßóìáôïò

2.4.16, äßäåé

dim (SUT× ()) = dim (SLT× ()) = 1
2
 (+ 1)−  = 1

2
(− 1)

5.1.16 Ïñéóìüò. ¸íáò ðßíáêáòA ∈Mat×() (üðïõ  ∈ N) êáëåßôáé óõììåôñé-
êüò (êáé áíôéóôïß·ùò, áíôéóõììåôñéêüò Þ óôñåâëïóõììåôñéêüò) üôáí

A = A| (êáé áíôéóôïß·ùò, üôáíA = −A|)

ÈÝôïõìå Sym× () := {A ∈Mat×()|A óõììåôñéêüò} êáé

ASym× () := {A ∈Mat×()|A áíôéóõììåôñéêüò} 
7Ïé âñá·õãñáößåò Diag, UT, LT, SUT êáé SLT åðåëÝãçóáí êáôÜ ôÝôïéïí ôñüðï, þóôå íá èõìßæïõí ôá áñ·éêÜ ôùí

üñùí diagonal, upper triangular, lower triangular, strictly upper triangular, strictly lower triangular.
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5.1.17 Ðñüôáóç. Ôá óýíïëá Sym× () êáé ASym× () åßíáé ãñáììéêïß õðü-
·ùñïé ôïý Mat×() ÅðéðñïóèÝôùò, åÜí 1 + 1 6= 0  ôüôå

Mat×() = Sym× ()⊕ASym× ()

êáé

dim (Sym× ()) = 1
2
 (+ 1)  dim (ASym× ()) = 1

2
(− 1)

Áðïäåéîç. ÅðåéäÞ 0× ∈ Sym× ()∩ ASym× ()  éó·ýåé

Sym× () 6= ∅ êáé ASym× () 6= ∅

Ãéá ïéáäÞðïôå   ∈  êáé ïéïõóäÞðïôå AB ∈ Sym× () Ý·ïõìå (ëüãù ôùí

(ii) êáé (iii) ôÞò ðñïôÜóåùò 5.1.6)

(A+ B)
|
= A| + B| = A+ B⇒ A+ B ∈ Sym× () 

ïðüôå ôï óýíïëï Sym× () åßíáé Ýíáò ãñáììéêüò õðü·ùñïò ôïýMat×() (äõ-
íÜìåé ôÞò ðñïôÜóåùò 1.3.2). Êáô' áíáëïãßáí, ãéá ïéáäÞðïôå   ∈  êáé ïéïõóäÞ-

ðïôå AB ∈ ASym× () Ý·ïõìå

(A+ B)
|
= A| + B| = − (A+ B)⇒ A+ B ∈ ASym× () 

ïðüôå êáé ôï ASym× () åßíáé Ýíáò ãñáììéêüò õðü·ùñïò ôïý Mat×() Áò

õðïèÝóïõìå ôþñá üôé 1+1 6= 0 ÊÜèåA∈Mat×() ãñÜöåôáé ùò Üèñïéóìá
A = B+C äõï ðéíÜêùíB := (1 + 1)

−1
(A+A|) ∈ Sym× () êáé

C := (1 + 1)
−1
(A−A|) ∈ ASym× () 

EðéðñïóèÝôùò, ãéá êÜèå A = ()1≤≤ ∈ Sym× ()∩ ASym× () óõíÜ-
ãïõìå üôé

A = A| = −A⇒  = −  ∀ ( ) ∈ {1     } × {1     }

êáé, ùò åê ôïýôïõ,

(1 + 1)  = 0

1 + 1 6= 0

)
⇒  = 0  ∀ ( ) ∈ {1     } × {1     }⇒ A = 0×

ïðüôå Mat×() = Sym× ()⊕ASym× () (âë. 1.5.4 (iii) êáé 1.5.5). ÔÝëïò,
åðåéäÞ ôï óýíïëïn

E
[]


¯̄̄
1 ≤  ≤ 

o
∪
n
E
[]
 +E

[]


¯̄̄
1 ≤    ≤ 

o
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áðïôåëåß ìéá âÜóç ôïý Sym× ()  óõìðåñáßíïõìå áöåíüò ìåí üôé

dim (Sym× ()) = +
¡

2

¢
= 1

2
 (+ 1) 

áöåôÝñïõ äå üôé

dim (ASym× ()) = dim (Mat×())− dim (Sym× ())

= 2 − 1
2
 (+ 1) = 1

2
(− 1)

ìÝóù ôÞò ðñïôÜóåùò 5.1.3 êáé ôïý ôýðïõ (2.17). ¤

5.1.18 Ïñéóìüò. (Ðßíáêåò, ïé äõíÜìåéò ôùí ïðïßùí ðëçñïýí åéäéêÝò éäéüôçôåò )

¸íáò ðßíáêáòA ∈Mat×() (üðïõ  ∈ N) êáëåßôáé
• ôáõôïäýíáìïò8⇐⇒

ïñó
A2 = A

• ìçäåíïäýíáìïò ⇐⇒
ïñó
∃ ∈ N : A = 0× (Ùò äåßêôçò åíüò ìçäåíïäýíáìïõ

ðßíáêáA ïñßæåôáé ï öõóéêüò áñéèìüò 0 := min { ∈ N|A = 0×} )
• åíåëéêôéêüò⇐⇒

ïñó
A2 = I

5.1.19 Ðáñáäåßãìáôá. (i) Ïé ôáõôïäýíáìïé ðßíáêåò ïé áíÞêïíôåò óôïíMat2×2()
åßíáé oé 02×2 I2 E

[22]
11  E

[22]
22 êáé ïé ðßíáêåò ôÞò ìïñöÞòµ

 

(1 − )−1 1 − 

¶
  ∈   ∈ r{0}

(ii) Ïé ìçäåíïäýíáìïé ðßíáêåò äåßêôç 2 ðïõ áíÞêïõí óôïí Mat2×2() åßíáé ïé ðß-
íáêåò ôÞò ìïñöÞòµ

0 

0 0

¶


µ
0 0

 0

¶
  ∈ r{0}

Þ µ
 

−2−1 −
¶
  ∈   ∈ r{0}

(iii) Ïé åíåëéêôéêïß ðßíáêåò ïé áíÞêïíôåò óôïí Mat2×2() åßíáé ïé I2−I2 êáé ïé

ðßíáêåò ôÞò ìïñöÞò µ
 

 −
¶
    ∈  :  = 1 − 2

(Ïé áðïäåßîåéò ôùí (i), (ii) êáé (iii) áöÞíïíôáé ùò Üóêçóç.)

8ÅÜí ïA åßíáé ôáõôïäýíáìïò, ôüôå (ðñïöáíþò)A = A ãéá êÜèå  ∈ N
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5.1.20 Ïñéóìüò. (ÁíôéóôñÝøéìïé ðßíáêåò) ¸óôù A ∈ Mat×() (üðïõ  ∈ N).
ËÝìå üôé o ðßíáêáòA åßíáé áíôéóôñÝøéìïò (Þ ìç éäéÜæùí) üôáí õößóôáôáé êÜðïéïò

B ∈Mat×() ôÝôïéïò þóôå íá éó·ýåé9

A ·B = B ·A = I (5.15)

êáé óõìâïëßæïõìå ôï óýíïëï üëùí ôùí áíôéóôñåøßìùí (× )-ðéíÜêùí ùò

GL() := {A ∈Mat×()|A áíôéóôñÝøéìïò} 

Ãéá êÜèå áíôéóôñÝøéìï ðßíáêá A ∈ Mat×() õðÜñ·åé áêñéâþò Ýíáò ðßíáêáò

B ∈ Mat×() ìå ôçí éäéüôçôá (5.15), êáèüôé õðÜñ·åé áêñéâþò Ýíá óõììåôñéêü

óôïé·åßï ôïýAùò ðñïò ôçí (åóùôåñéêÞ, ðñïóåôáéñéóôéêÞ) ðñÜîç ‘‘·'' ôçíïñéóèåßóá
åðß ôïý Mat×() (âë. ðñüôáóç 1.1.5). Ôï (åí ëüãù) óõììåôñéêü óôïé·åßï åíüò

áíôéóôñåøßìïõ ðßíáêá A ∈ Mat×() (ùò ðñïò ôçí ‘‘·'') êáëåßôáé áíôßóôñïöïò
(ðßíáêáò) ôïýA êáé óçìåéþíåôáé ìå ôï óýìâïëïA−1

5.1.21 ËÞììá. ÅÜí AB ∈ GL() ôüôå A ·B ∈ GL() êáé

(A ·B)−1 = B−1 ·A−1

Áðïäåéîç. ÅðåéäÞ (ëüãù ôùí éäéïôÞôùí 5.1.12 (i) êáé (iv) ôïý ðïëëáðëáóéáóìïý

ðéíÜêùí)

(A ·B) ·B−1 ·A−1 = A · ¡B ·B−1¢ ·A−1
= A · I ·A−1 = A ·A−1 = I

êáé

B−1 ·A−1 · (A ·B) = B−1 · ¡A−1 ·A¢ ·B
= B−1 · I ·B = B−1 ·B = I

Ý·ïõìå A ·B ∈ GL() êáé (A ·B)−1 = B−1 ·A−1 ¤

5.1.22 Ðñüôáóç. Ôï óýíïëï GL() åöïäéáæüìåíï ìå ôïí ðïëëáðëáóéáóìü ðé-
íÜêùí (5.9), êáèßóôáôáé ïìÜäá ìå ôïí I ùò ïõäÝôåñü ôçò óôïé·åßï êáé êáëåßôáé,
éäéáéôÝñùò, ãåíéêÞ ãñáììéêÞ ïìÜäá âáèìïý  ïñéæüìåíç õðåñÜíù ôïý 

Áðïäåéîç. ¸ðåôáé áðü ôï ëÞììá 5.1.21, ôá (i) êáé (iv) ôÞò ðñïôÜóåùò 5.1.12, êáé

áðü ôï ãåãïíüò üôé êÜèåA ∈GL() Ý·åé ôïíA
−1 ùò óõììåôñéêü (= áíôßóôñïöü

ôïõ). ¤
9¼ðùò èá äïýìå áñãüôåñá (óôï ðüñéóìá 5.4.17), o ðßíáêáòA åßíáé áíôéóôñÝøéìïò⇐⇒ åßôå ∃B ∈Mat×() :
A ·B = I åßôå ∃C∈Mat×() : C ·A = I (Ùò åê ôïýôïõ, ç (5.15) éóïäõíáìåß ìå ìéá áóèåíÝóôåñç óõíèÞêç.)
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5.1.23 Óçìåßùóç. Ç ãåíéêÞ ãñáììéêÞ ïìÜäá GL() äåí åßíáé áâåëéáíÞ óôçí ðå-

ñßðôùóç üðïõ  ≥ 2 Åðß ðáñáäåßãìáôé, èåùñþíôáò ôïýò áíôéóôñÝøéìïõò ðßíáêåò

A := E
[]
12 +E

[]
21  B := E

[]
11 +E

[]
12 +E

[]
22 

äéáðéóôþíïõìå üôé

A ·B = E[]12 +E
[]
21 +E

[]
22 6= E[]11 +E

[]
12 +E

[]
21 = B ·A

5.1.24 Ðáñáäåßãìáôá. (i) Ï ðßíáêáò

A := E
[22]
11 +E

[22]
12 =

µ
1 1

0 0

¶
∈Mat2×2()

åßíáé éäéÜæùí, Þôïé ìç áíôéóôñÝøéìïò, äéüôé åÜí õðïèÝóïõìå üôé

∃B =
µ

 

 

¶
∈Mat2×2() : A ·B = B ·A = I2

ôüôå êáôáëÞãïõìå óå Üôïðï, áöïý åßíáé áäýíáôïí íá éó·ýåé  =  = 1 êáé (ôáõ-

ôï·ñüíùò)  =  = 0 6= 1 
(ii) Ôï Üèñïéóìá äõï áíôéóôñåøßìùí ðéíÜêùí äåí åßíáé êáô' áíÜãêçí áíôéóôñÝøé-

ìïò ðßíáêáò. Ð.·.,

A :=

µ
1 −1
1 0

¶
 B :=

µ
0 2

−1 0

¶
∈ GL2(Q)

Ý·ïíôåò ùò áíôéóôñüöïõò ôïõò ôïýò

A−1 =
µ

0 1

−1 1

¶
 B−1 =

µ
0 −1
1
2

0

¶


áëëÜ (ëüãù ôïý (i))

A+B =

µ
1 1

0 0

¶
∈ GL2(Q)

(iii) ÅÜíAB ∈Mat×()r{0×} êáé A · B = 0× ôüôå áìöüôåñïé ïé AB

åßíáé éäéÜæïíôåò. ÐñÜãìáôé° åÜí õðïèÝóïõìå üôé ï A åßíáé áíôéóôñÝøéìïò, ôüôå

êáôáëÞãïõìå óå Üôïðï, áöïý

0× = A−1 · 0× = A−1 · (A ·B)
=

¡
A−1 ·A¢ ·B = I ·B = B

(Ðáñïìïßùò áðïäåéêíýåôáé üôé ïB åßíáé ùóáýôùò ìç áíôéóôñÝøéìïò.)
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(iv) Ðñïöáíþò, êÜèå ôáõôïäýíáìïò ðßíáêáòA ∈Mat×()r{I} åßíáé éäéÜæùí.
(v) ÁöÞíåôáé ùò Üóêçóç ç åðáëÞèåõóç ôÞò áìößðëåõñçò óõíåðáãùãÞò

A = ()1≤≤ ∈ UT× () ∩GL()⇐⇒  6= 0  ∀ ∈ {1     }

5.1.25 Ðñüôáóç. ÅÜí A ∈ Mat×() êáé B ∈ Mat×() (üðïõ   ∈ N),
ôüôå

(A ·B)| = B| ·A| 

Áðïäåéîç. ÅÜíA = () 1≤≤
1≤≤

 B = () 1≤≤
1≤≤

êáé C := A · B = () 1≤≤
1≤≤



ôüôå

 :=

X
=1

 ∀ ( ) ∈ {1    } × {1     }

êáéA| = (0) 1≤≤
1≤≤

 B| = (0) 1≤≤
1≤≤

C| = () 1≤≤
1≤≤

ìå

0 =   ∀ ( ) ∈ {1    } × {1     }
0 =  ∀ ( ) ∈ {1     } × {1     }
0 =  ∀ ( ) ∈ {1    } × {1     }

ÊáôÜ óõíÝðåéáí, ãéá ïéïäÞðïôå ( ) ∈ {1    } × {1     }

0 =  =

X
=1

 =

X
=1

0
0
 =

X
=1

0
0


ïðüôå C| = B| ·A|  ¤

5.1.26 Ðñüôáóç. ¸óôù A ∈ Mat×() (üðïõ  ∈ N). ÅÜí ï A åßíáé áíôéóôñÝ-
øéìïò, ôüôå êáé ï áíÜóôñïöüò ôïõ A| åßíáé áíôéóôñÝøéìïò, êáé

(A|)−1 = (A−1)| 

Áðïäåéîç. ÅðåéäÞA ·A−1 = A−1 ·A = I êáé (ðñïöáíþò) (I)
|
= I áðü ôçí

ðñüôáóç 5.1.25 ðñïêýðôåé üôé

(A−1)| ·A| =
¡
A ·A−1¢| = I = ¡A−1 ·A¢| = A| · (A−1)| 

ïðüôå ïA| åßíáé áíôéóôñÝøéìïò êáé (A|)−1 = (A−1)|  ¤

5.1.27 Ïñéóìüò. ¸íáòA∈Mat×() ( ∈ N) êáëåßôáé ïñèïãþíéïò ðßíáêáò üôáí
A ·A| = I
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5.1.28 ÐáñÜäåéãìá. Ï ðßíáêáòµ
cos() − sin()
sin() cos()

¶
∈Mat2×2(R)  ∈ [0 2) 

åßíáé ïñèïãþíéïò, äéüôé sin()2 + cos()2 = 1

5.1.29 Ðñüôáóç. (i) ÅÜí ïé AB ∈Mat×() ( ∈ N) åßíáé ïñèïãþíéïé, ôüôå êáé
ôï ãéíüìåíü ôïõò A ·B åßíáé Ýíáò ïñèïãþíéïò ðßíáêáò.
(ii) ÊÜèå ïñèïãþíéïò ðßíáêáò A ∈ Mat×() ( ∈ N) åßíáé áíôéóôñÝøéìïò êáé
A−1 = A| 

Áðïäåéîç. (i) ÅÜí ïé AB ∈ Mat×() åßíáé ïñèïãþíéïé, ôüôå, ëüãù ôÞò ðñï-

ôÜóåùò 5.1.25,

(A ·B) · (A ·B)| = (A ·B) · (B| ·A|) = A · (B ·B|) ·A|

= A · I ·A| = A ·A| = I

(ii) ÅÜí ï A ∈Mat×() åßíáé ïñèïãþíéïò, ôüôå áðü ôï (i) ôÞò ðñïôÜóåùò 5.1.6

êáé ôçí ðñüôáóç 5.1.25 ëáìâÜíïõìå

A ·A| = I ⇒ A| ·A = A| · (A|)| = (A ·A|)| = I| = I

ïðüôå ïA åßíáé áíôéóôñÝøéìïò êáéA−1 = A|  ¤

5.1.30 Ïñéóìüò. Óýìöùíá ìå ôçí ðñüôáóç 5.1.29, ôï óýíïëï

O() := {A ∈Mat×()|A ïñèïãþíéïò}

ôùí ïñèïãùíßùí (× )-ðéíÜêùí áðïôåëåß ìéá õðïïìÜäá ôÞò GL() ÁõôÞ êá-

ëåßôáé, éäéáéôÝñùò, ïñèïãþíéá ïìÜäá âáèìïý  ïñéæüìåíç õðåñÜíù ôïý

5.1.31 Ðñüôáóç. ¸óôù A ∈ Mat×() ( ∈ N). ÅÜí éêáíïðïéïýíôáé ôáõôï·ñü-
íùò äýï åê ôùí êÜôùèé óõíèçêþí, ôüôå éêáíïðïéåßôáé êáé ç ôñßôç.

(i) Ï A åßíáé óõììåôñéêüò ðßíáêáò.

(ii) Ï A åßíáé ïñèïãþíéïò ðßíáêáò.

(iii) Ï A åßíáé åíåëéêôéêüò ðßíáêáò.

Áðïäåéîç. [(i) êáé (ii)]⇒(iii) ÅÜí ïA åßíáé óõììåôñéêüò êáé ïñèïãþíéïò, ôüôå

A = A|

A ·A| = I

¾
=⇒ I = A ·A| = A ·A = A2



§ 5.2 ðéíáêåò êáé ïìïìïñöéóìïé 197

[(i) êáé (iii)]⇒(ii) ÅÜí ïA åßíáé óõììåôñéêüò êáé åíåëéêôéêüò, ôüôå

A = A|

A2 = I

¾
=⇒ I = A

2 = A ·A = A ·A| 

[(ii) êáé (iii)]⇒(i) ÅÜí ïA åßíáé ïñèïãþíéïò êáé åíåëéêôéêüò, ôüôå

A ·A| = I
A2 = I

¾
=⇒ A| = I ·A| = A · (A ·A|) = A · I = A

ïðüôå ïA åßíáé óõììåôñéêüò. ¤

5.2 ÐÉÍÁÊÅÓ ÊÁÉ ÏÌÏÌÏÑÖÉÓÌÏÉ

Ïé ïìïìïñöéóìïß ìåôáîý äõï ìç ôåôñéììÝíùí -äéáíõóìáôéêþí ·þñùí ðåðåñá-

óìÝíçò äéáóôÜóåùò åßíáé äõíáôüí íá ðåñéãñáöïýí ìå ôç âïÞèåéá êáôáëëÞëùí ðé-

íÜêùí, õðü ôçí ðñïûðüèåóç üôé êáíåßò åñãÜæåôáé ìå ðáãéùìÝíåò äéáôåôáãìÝíåò
âÜóåéò (áõôþí ôùí ·þñùí).

5.2.1 Ïñéóìüò. ÄïèÝíôïò åíüò ðßíáêáA ∈Mat×() (üðïõ óþìá, ∈ N)
ïñßæïõìå ôçí áðåéêüíéóç

A : 
 −→  (1     ) = x 7−→ A (x) := x ·A| = (A · x|)| 

5.2.2 ÐáñÜäåéãìá. Ç áðåéêüíéóç A üðïõ = R êáé

A :=

⎛⎜⎝ 2− 3
√
5 4

1 7

1
3

√
11

⎞⎟⎠ ∈Mat3×2(R)

ïñßæåôáé áðü ôïí ôýðï

R2 3 ( ) 7−→ A ( ) := ((2− 3
√
5)+ 4 + 7 1

3
+

√
11) ∈ R3

5.2.3 ËÞììá. (i) A ∈ Hom(
) ãéá êÜèå A ∈ Mat×()

(ii) A+B = A + B ãéá ïéïõóäÞðïôå AB ∈ Mat×() êáé   ∈ 

Áðïäåéîç. (i) Ãéá ïéáäÞðïôå   ∈  êáé ïéáäÞðïôå x1x2 ∈  ôá (ii) êáé (iii)

ôÞò ðñïôÜóåùò 5.1.12 äßäïõí

A (x1 + x2) = (x1 + x2) ·A| = (x1) ·A| + (x2) ·A|

=  (x1·A|) +  (x2·A|) = A (x1) + A (x2) 
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ïðüôå ç A åßíáé ïìïìïñöéóìüò (äõíÜìåé ôÞò ðñïôÜóåùò 3.1.3).

(ii) Ãéá ïéáäÞðïôå   ∈  êáé ïéïõóäÞðïôå AB ∈ Mat×() Ý·ïõìå (ëüãù

ôùí (ii) êáé (iii) ôÞò ðñïôÜóåùò 5.1.6 êáé ôïý (iii) ôÞò ðñïôÜóåùò 5.1.12)

A+B(x) = x· (A+ B)
|
= x· (A| + B|)

=  (x ·A|) +  (x ·B|) = A(x) + B(x)

ãéá êÜèå x ∈ ¤

5.2.4 ËÞììá. ÅÜí A ∈ Mat×() êáé B ∈ Mat×() (üðïõ   ∈ N), ôüôå
A·B = A ◦ B

Áðïäåéîç. Ãéá êÜèå x ∈  Ý·ïõìå (ìÝóù ôÞò ðñïôÜóåùò 5.1.25 êáé ôïý (i) ôÞò

ðñïôÜóåùò 5.1.12)

A·B (x) = x· (A ·B)| = (x ·B|) ·A| = A (x ·B|) = (A ◦ B) (x) 

ïðüôå A·B = A ◦ B ¤

5.2.5 Ïñéóìüò. Ãéá ïéïõóäÞðïôå  ∈ N êáé  ∈ Hom(
) ïñßæïõìå ôïí

ðßíáêá

A := ((e
[]
1 )

| (e
[]
2 )

| · · · (e[] )
|) ∈Mat×()

üðïõ e
[]
1      e

[]
 åßíáé ôá óôïé·åßá ôÞò óõíÞèïõò âÜóåùò ôïý (âë. 2.3.2 (iii)).

5.2.6 Ðáñáäåßãìáôá. (i) ¸óôù  : R2 −→ R2 ç óôñïöÞ ðåñß ôçí áñ·Þ ôùí áîüíùí

êáôÜ ãùíßá  ∈ [0 2) (ìå öïñÜ áíôßèåôç åêåßíçò ôùí äåéêôþí ôïý ñïëïãéïý) ç

ïñéæüìåíç áðü ôïí ôýðï

( ) := ( cos ()−  sin ()   sin () +  cos ()) ∀ ( ) ∈ R2

(âë. 3.1.5 (vii)). Ôüôå

A = ((1 0)
| (0 1)|) =

µ
cos () − sin ()
sin () cos ()

¶
∈Mat2×2(R)

(ii) Ï ðßíáêáò ðïõ áíôéóôïé·åß óôçí áðåéêüíéóç ðñïâïëÞò

 : R3 −→ R2 (  ) 7−→ (  ) := ( )

(ôùí óçìåßùí ôïý R3 åðß ôïý åðéðÝäïõ ôïý êáèïñéæïìÝíïõ áðü ôïõò Üîïíåò ôùí 

êáé  âë. 3.1.5 (viii)) åßíáé ï

A = ((1 0 0)
| (0 1 0)| (0 0 1)|) =

µ
1 0 0

0 1 0

¶
∈Mat2×3(R)
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5.2.7 ËÞììá. A+ = A + A ãéá ïéáäÞðïôå   ∈  êáé ïéïõóäÞðïôå
  ∈ Hom(

)

Áðïäåéîç. Ðñïöáíþò,

A+ =
³³
( + ) (e

[]
1 )
´|

· · ·
³
( + ) (e[] )

´|´
=

³³
(e

[]
1 )

| + (e
[]
1 )

|
´
· · ·

³
(e[] )

| + (e[] )
|
´´

=
³
(e

[]
1 )

| · · · (e[] )
|
´
+
³
(e

[]
1 )

| · · · (e[] )
|
´

= 
³
(e

[]
1 )

| · · · (e[] )
|
´
+ 

³
(e

[]
1 )

| · · · (e[] )
|
´

= A + A

ëüãù ôùí (ii) êáé (iii) ôÞò ðñïôÜóåùò 5.1.6. ¤

5.2.8 ËÞììá. Ãéá êÜèå  ∈ Hom(
) êáé êÜèå A ∈ Mat×() éó·ýïõí

ïé éóüôçôåò

A
=  êáé AA = A

Áðïäåéîç. Ãéá êÜèå x = (1     ) ∈  Ý·ïõìå

A
(x) = x ·A|

 = (1     ) · ((e[]1 )| · · · (e[] )
|)|

= (1     ) ·

⎛⎜⎜⎝
(e

[]
1 )
...

(e
[]
 )

⎞⎟⎟⎠ =

X
=1

(e
[]
 )

= 

Ã
X
=1

e
[]
 )

!
=  (1     ) = (x)

ïðüôå A
=  ÅîÜëëïõ, ìÝóù ôÞò ðñïôÜóåùò 5.1.25 óõíÜãïõìå üôé

AA = (A(e
[]
1 )

| A(e
[]
2 )

| · · · A(e[] )
|)

=
³³
e
[]
1 ·A|

´| ³
e
[]
2 ·A|

´|
· · ·

³
e[] ·A|

´|´
=

³
A ·

³
e
[]
1

´|
A ·

³
e
[]
2

´|
· · · A ·

³
e[]

´|´
= A

ïðüôå êáé ç äåýôåñç éóüôçôá åßíáé áëçèÞò. ¤

5.2.9 ËÞììá. ÅÜí  ∈ Hom(
) êáé  ∈ Hom(

) (  ∈ N),
ôüôå

A◦ = A ·A 
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Áðïäåéîç. Ï A◦ åßíáé ( × )-ðßíáêáò Ý·ùí ôïí
³

³
(e

[]
 )
´´|

ùò -ïóôÞ ôïõ

óôÞëç. ÅðåéäÞ (óýìöùíá ìå ôï ëÞììá 5.2.8) A
=  êáé A

=  ìÝóù ôÞò ðñï-

ôÜóåùò 5.1.25 óõíÜãïõìå üôé³

³
(e

[]
 )
´´|

=
³

³
A

(e
[]
 )
´´|

=
³

³
e
[]
 ·A|



´´|
=

³
A

³
e
[]
 ·A|



´´|
=
³
e
[]
 ·A|

 ·A|


´|
= (A ·A ) ·

³
e
[]


´|
 ∀ ∈ {1     }

ÊáôÜ óõíÝðåéáí, ïé  óôÞëåò áìöïôÝñùí ôùíA◦ êáéA ·A óõìðßðôïõí. ¤

5.2.10 Èåþñçìá. Ç áðåéêüíéóç

Φ :Mat×() −→ Hom(
) A 7−→ Φ(A) := A (5.16)

áðïôåëåß éóïìïñöéóìü -äéáíõóìáôéêþí ·þñùí ìå ôïí

Ψ : Hom(
) −→Mat×()  7−→ Ψ() := A  (5.17)

ùò áíôßóôñïöü ôïõ.

Áðïäåéîç. Óýìöùíá ìå ôï (ii) ôïý ëÞììáôïò 5.2.3,

Φ(A+ B) = A+B = A + B = Φ(A) + Φ(B)

ãéá ïéáäÞðïôå   ∈  êáé ïéïõóäÞðïôå AB ∈ Mat×() Óýìöùíá ìå ôï

ëÞììá 5.2.7,

Ψ( + ) = A+ = A + A = Ψ() + Ψ()

ãéá ïéáäÞðïôå   ∈  êáé ïéïõóäÞðïôå   ∈Hom(
)ÊáôÜ óõíÝðåéáí,

ïé áðåéêïíßóåéòΦΨ åßíáé ïìïìïñöéóìïß (äõíÜìåé ôÞò ðñïôÜóåùò 3.1.3). ÅîÜëëïõ,

ìÝóù ôïý ëÞììáôïò 5.2.8, ãéá êÜèå  ∈ Hom(
) Ý·ïõìå

(Φ ◦Ψ) () = Φ (A ) = A
= 

êáé ãéá êÜèå A ∈Mat×()

(Ψ ◦ Φ) (A) = Ψ (A) = AA = A

ÊáôÜ óõíÝðåéáí, Φ ◦Ψ = idHom() êáé Ψ ◦ Φ = idMat×() ¤



§ 5.2 ðéíáêåò êáé ïìïìïñöéóìïé 201

5.2.11 Ðüñéóìá. ¼ôáí  =  ôüôå ç áðåéêüíéóç (5.16), åêôüò áðü éóïìïñöé-
óìüò -äéáíõóìáôéêþí ·þñùí ìåôáîý ôùí Mat×() êáé End() åßíáé êáé
éóïìïñöéóìüò äáêôõëßùí. (Âë. 3.1.24 (i) êáé 5.1.13.)

Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôï èåþñçìá 5.2.10 êáé ôï ëÞììá 5.2.4. ¤

5.2.12 Óçìåßùóç. (i) ÐñoôéèÝìåèá íá ãåíéêåýóïõìå ôï èåþñçìá 5.2.10 ìå ôïí äéá-

íõóìáôéêü ·þñï Hom( ) óôç èÝóç ôïýHom(
) üðïõ åßíáé ôõ-

·üíôåò -äéáíõóìáôéêïß ·þñïé äéáóôÜóåùò  êáé  áíôéóôïß·ùò. Ðñïò ôïýôï

åßíáé áðáñáßôçôç ç èåþñçóç äéáôåôáãìÝíùí âÜóåþí ôïõò, ïé ïðïßåò, óýìöùíá

ìå ôçí ðñüôáóç 5.2.13 ðïõ áêïëïõèåß, êáèïñßæïõí ìïíïóçìÜíôùò éóïìïñöéóìïýò

∼=−→  êáé

∼=−→ 

(ii) ¸óôù  Ýíáò -äéáíõóìáôéêüò ·þñïò  äéáóôÜóåùò  ∈ N Ìéá äéáôåôáã-

ìÝíç -Üäá (v1    v) ∈   óôïé·åßùí ôïý  êáëåßôáé äéáôåôáãìÝíç âÜóç ôïý

 üôáí ôï óýíïëï {v1    v} áðïôåëåß ìéá âÜóç ôïý  õðü ôç óõíÞèç Ýííïéá.

(Áðü óõíïëïèåùñçôéêÞ óêïðéÜ, ôï {v1    v} éóïýôáé ìå ôï
©
v(1)    v()

ª
ãéá ïéáäÞðïôå áìößññéøç  : {1     } −→ {1     }  Ç åðéëïãÞ ìéáò óõãêå-
êñéìÝíçò äéáôÜîåùò áõôþí ôùí  óôïé·åßùí ïäçãåß óôçí ðáãßùóç åíüò óõãêåêñé-

ìÝíïõ óõóôÞìáôïò óõíôåôáãìÝíùí ôïý  ÅöåîÞò èá ãñÜöïõìå B = (v1    v)
ãéá íá äçëïýìå üôé ôï B åßíáé ìéá äéáôåôáãìÝíç âÜóç ôïý  åí áíôéèÝóåé ðñïò ôïí

óõìâïëéóìü B = {v1    v}  ìÝóù ôïý ïðïßïõ äåí áðáéôåßôáé ç ðáãßùóç ìéáò

óõãêåêñéìÝíçò äéáôÜîåùò ôùí óôïé·åßùí ôïõ.)

(iii) ÅÜí ç B = (v1    v) åßíáé ôõ·ïýóá äéáôåôáãìÝíç âÜóç åíüò -

äéáíõóìáôéêïý ·þñïõ  äéáóôÜóåùò  ∈ N êáé E := (e
[]
1      e

[]
 ) ôüôå, êáôÜ

ôï ðüñéóìá 3.2.6, õößóôáôáé Ýíáò êáé ìüíïí ïìïìïñöéóìüò

B :  −→  ìå B(v) := e
[]
  ∀ ∈ {1     }

êáé Ýíáò êáé ìüíïí ïìïìïñöéóìüò

B :  −→  ìå B(e
[]
 ) := v ∀ ∈ {1     }

ÅðåéäÞ

(B ◦ B)|E = id |E êáé (B ◦ B)|B = id |B 
ôï ðüñéóìá 3.2.5 ìáò ðëçñïöïñåß üôé

B ◦ B = id êáé B ◦ B = id 

ïðüôå áìöüôåñïé ïé B êáé B åßíáé éóïìïñöéóìïß ìå −1B = B êáé −1B = B ËÝìå

üôé ï éóïìïñöéóìüò10 B åßíáé ôï óýóôçìá óõíôåôáãìÝíùí ôïý  ôï êáèïñéæüìåíï

10Ðñïóï·Þ! ÏñéóìÝíïé óõããñáöåßò åñãÜæïíôáé ìå ôïí B óôç èÝóç ôïý B (áëë' áõôü áðïôåëåß åðïõóéþäç óýìâáóç).
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ìÝóù ôÞò B ÊÜèå óôïé·åßï v ∈  ãñÜöåôáé ùò ãñáììéêüò óõíäõáóìüò

v =

X
=1

v üðïõ ôá 1      ∈  åßíáé ìïíïóçìÜíôùò ïñéóìÝíá

(âë. 2.3.3 (iv)) êáé áðåéêïíßæåôáé ìÝóù ôïý éóïìïñöéóìïý B óôï

B(v) =
X
=1

B(v) =
X
=1

e
[]
 = (1     ) 

Ôï (1     ) ∈  êáëåßôáé äéÜíõóìá óõíôåôáãìÝíùí êáé ôï  -ïóôÞ óõíôå-

ôáãìÝíç ôïý v ùò ðñïò ôçí B ãéá êÜèå  ∈ {1     }

5.2.13 Ðñüôáóç. Ãéá êÜèå -äéáíõóìáôéêü ·þñï  äéáóôÜóåùò  ∈ N ç áðåéêü-
íéóç ½

äéáôåôáãìÝíåò

âÜóåéò ôïý 

¾
−→

½
éóïìïñöéóìïß

 :  −→ 

¾
ç ïñéæüìåíç áðü ôïí ôýðï

B 7−→ (B) := B

åßíáé ìéá áìößññéøç Ý·ïõóá ôçí áðåéêüíéóç½
éóïìïñöéóìïß

 :  −→ 

¾
−→

½
äéáôåôáãìÝíåò

âÜóåéò ôïý 

¾
ôçí ïñéæüìåíç áðü ôïí ôýðï

 7−→  () := (−1(e[]1 )     
−1(e[] ))

ùò áíôßóôñïöü ôçò.

Áðïäåéîç. Ãéá êÜèå äéáôåôáãìÝíç âÜóç B = (v1    v) ôïý  Ý·ïõìå

( ◦ ) (B) =  (B) = (−1B (e
[]
1 )     

−1
B (e[] )) = (v1    v) = B

êáé ãéá êÜèå éóïìïñöéóìü  :  −→ 

( ◦ ) () = 
³
(−1(e[]1 )     

−1(e[] ))
´
= 

(−1(e[]1 ) −1(e[] ))
= 

üðïõ ç ôåëåõôáßá éóüôçôá Ýðåôáé áðü ôï ðüñéóìá 3.2.5, êáèüóïí


(−1(e[]1 ) −1(e[] ))

(−1(e[] )) = e
[]
 = (−1(e[] )) ∀ ∈ {1     }

ÅðïìÝíùò, áìöüôåñåò ïé   åßíáé áìöéññßøåéò ìå −1 =  êáé −1 =  ¤
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5.2.14 Ïñéóìüò. (Ðßíáêáò ðáñáóôÜóåùò ïìïìïñöéóìïý) ¸óôù üôé ïé  åßíáé

-äéáíõóìáôéêïß ·þñïé äéáóôÜóåùò

dim( ) =  ∈ N êáé dim( ) =  ∈ N

áíôéóôïß·ùò, êáé  ∈ Hom( ) ÅÜí ïé B = (v1    v) C = (w1    w)

åßíáé äéáôåôáãìÝíåò âÜóåéò ôùí  êáé áíôéóôïß·ùò, ôüôå ç óýíèåóç

C ◦  ◦ −1B ∈ Hom(
)

ç êáôá·ùñéæüìåíç óôï ìåôáèåôéêü äéÜãñáììá



B ∼=

²²

ª

 // 

C∼=

²²


C◦◦−1B
// 

êáëåßôáé ðáñÜóôáóç óõíôåôáãìÝíùí ôïý  ùò ðñïò ôéò B êáé C åíþ ç åéêüíá ôçò

MB
C () := Ψ

¡
C ◦  ◦ −1B

¢
= AC◦◦−1B ∈Mat×() (5.18)

ìÝóù ôÞò Ψ êáëåßôáé ðßíáêáò ðáñáóôÜóåùò ôïý  ùò ðñïò ôéò11 B êáé C

5.2.15 ËÞììá. Oé áðåéêïíßóåéò

ΦBC :Hom(
) −→ Hom( )  7−→ ΦBC () := −1C ◦  ◦ B (5.19)

êáé

ΨBC : Hom( ) −→ Hom(
)  7−→ ΨBC () := C ◦  ◦ −1B (5.20)

åßíáé éóïìïñöéóìïß ìå ôïí Ýíáí áíôßóôñïöï ôïý Üëëïõ.

Áðïäåéîç. Ãéá ïéáäÞðïôå   ∈  êáé ïéïõóäÞðïôå   ∈ Hom(
)

Ý·ïõìå (ëüãù ôÞò ðñïôÜóåùò 3.1.8)

ΦBC ( + ) = −1C ◦ ( + ) ◦ B = −1C ◦ ( ( ◦ B) +  ( ◦ B))
= 

¡
−1C ◦  ◦ B

¢
+ 

¡
−1C ◦  ◦ B

¢
= ΦBC () + ΦBC ()

11Óôçí åéäéêÞ ðåñßðôùóç üðïõ = êáé B = C oMB
B() ïíïìÜæåôáé ðßíáêáò ðáñáóôÜóåùò ôïý åíäïìïñöéóìïý

 ùò ðñïò ôç B
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Êáô' áíáëïãßáí, ãéá ïéáäÞðïôå   ∈  êáé ïéïõóäÞðïôå   ∈ Hom( )

ΨBC ( + ) = C ◦ ( + ) ◦ −1B = C ◦ (
¡
 ◦ −1B

¢
+ 

¡
 ◦ −1B

¢
)

= 
¡
C ◦  ◦ −1B

¢
+ 

¡
C ◦  ◦ −1B

¢
= ΨBC () + ΨBC ()

¢ñá ïéΦBC êáéΨBC åßíáé ïìïìïñöéóìïß äõíÜìåé ôÞò ðñïôÜóåùò 3.1.3. Áðü ôçí Üëëç

ìåñéÜ, ãéá êÜèå  ∈Hom(
) ëáìâÜíïõìå¡

ΨBC ◦ ΦBC
¢
() = ΨBC

¡
−1C ◦  ◦ B

¢
= C ◦

¡
−1C ◦  ◦ B

¢ ◦ −1B
=

¡
C ◦ −1C

¢ ◦  ◦ ¡B ◦ −1B ¢
= id ◦  ◦ id = 

êáé ãéá êÜèå  ∈Hom( )¡
ΦBC ◦ΨBC

¢
() = ΦBC

¡
C ◦  ◦ −1B

¢
= −1C ◦

¡
C ◦  ◦ −1B

¢ ◦ B
=

¡
−1C ◦ C

¢ ◦  ◦ ¡−1B ◦ B¢
= id ◦  ◦ id = 

ïðüôå ΨBC ◦ ΦBC = idHom() êáé Φ
B
C ◦ΨBC = idHom( ) ¤

5.2.16 Èåþñçìá. ÅÜí ïé  åßíáé -äéáíõóìáôéêïß ·þñïé Ý·ïíôåò äéáóôÜóåéò

dim( ) =  ∈ N dim( ) =  ∈ N

ôüôå ãéá ïéåóäÞðïôå äéáôåôáãìÝíåò âÜóåéò B C ôùí  êáé  áíôéóôïß·ùò, ïé
óõíèÝóåéò

MB
C := Ψ ◦ΨBC êáé LBC := Φ

B
C ◦ Φ

(âë. (5.16), (5.17), (5.19) êáé (5.20)) ïé åíôáóóüìåíåò óôá ìåôáèåôéêÜ äéáãñÜììáôá

Hom(
)

Ψ

∼=

&&MM
MMM

MMM
MMM

MMM
MMM

MMM
MM

©

Hom( )

ΨBC
∼=

88qqqqqqqqqqqqqqqqqqqqqqq

MB
C

∼= // Mat×()
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êáé

Hom(
)

ΦBC
∼=

&&MM
MMM

MMM
MMM

MMM
MMM

MMM
MMM

©

Mat×()

Φ

∼=

88qqqqqqqqqqqqqqqqqqqqqq

LBC

∼= // Hom( )

åßíáé éóïìïñöéóìïß ìå ôïí Ýíáí áíôßóôñïöï ôïý Üëëïõ.

Áðïäåéîç. Ïé áðåéêïíßóåéò MB
C êáé LBC  ïýóåò óõíèÝóåéò éóïìïñöéóìþí, åßíáé

éóïìïñöéóìïß. (Bë. èåþñçìá 5.2.10, ëÞììá 5.2.15 êáé ðñüôáóç 3.1.17 (iii).) Åðé-

ðñïóèÝôùò,

MB
C ◦ LBC =

¡
Ψ ◦ΨBC

¢ ◦ ¡ΦBC ◦ Φ¢ = Ψ ◦ ¡ΨBC ◦ ΦBC ¢ ◦ Φ
= Ψ ◦ ¡idHom()

¢ ◦ Φ = Ψ ◦ Φ = idMat×()

êáé

LBC ◦MB
C =

¡
ΦBC ◦ Φ

¢ ◦ ¡Ψ ◦ΨBC ¢ = ΦBC ◦ (Φ ◦Ψ) ◦ΨBC
= ΦBC ◦

¡
idHom()

¢ ◦ΨBC = ΦBC ◦ΨBC = idHom( )

ÅðïìÝíùò,
¡
MB

C
¢−1

= LBC êáé
¡
LBC
¢−1

=MB
C  ¤

5.2.17 Óçìåßùóç. (i) Ç åéêüíáMB
C () := AC◦◦−1B ïéïõäÞðïôå  ∈Hom( )

ìÝóù ôïý éóïìïñöéóìïýMB
C åßíáé ï ðßíáêáò ðáñáóôÜóåùò (5.18) ôïý  ùò ðñïò

ôéò B êáé C åíþ ç åéêüíá ïéïõäÞðïôåA ∈Mat×() ìÝóù ôïý éóïìïñöéóìïýLBC
åßíáé ï ïìïìïñöéóìüò

LBC (A) := −1C ◦ A ◦ B ∈ Hom( )

ÅÜíB = (v1    v) êáé C = (w1    w) ôüôå ãéá êÜèå  ∈ {1     } ç -ïóôÞ
óôÞëç ôïý MB

C () åßíáé ï áíÜóôñïöïò ôïý äéáíýóìáôïò óõíôåôáãìÝíùí ôïý (v)
ùò ðñïò ôç âÜóç C üôáí áõôü ôï åêëáìâÜíïõìå ùò (1 ×)-ðßíáêá. ÐñÜãìáôé°
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ãéá êÜèå (1     ) ∈  Ý·ïõìå

¡
C ◦  ◦ −1B

¢
(1     ) =

¡
C ◦  ◦ −1B

¢⎛⎝ X
=1

e
[]


⎞⎠
=

X
=1

(C((−1B (e
[]
 )))) =

X
=1

 (C ((v)))

= (1     ) ·

⎛⎜⎝ C ((v1))
...

C ((v))

⎞⎟⎠ 

ÅêöñÜæïíôáò ôï (v) ùò ãñáììéêü óõíäõáóìü (v) =

X
=1

w üðïõ ôá óôïé-

·åßá 1       ∈  åßíáé ìïíïóçìÜíôùò ïñéóìÝíá ãéá êÜèå  ∈ {1     }
ëáìâÜíïõìå

C ((v)) =
X
=1

C (w) =

X
=1

e
[]
 = (1      ) 

áð' üðïõ Ýðåôáé üôé

¡
C ◦  ◦ −1B

¢
(1     ) = (1     ) ·

⎛⎜⎝ C ((v1))
...

C ((v))

⎞⎟⎠

= (1     ) ·

⎛⎜⎝ 11 · · · 1
...

...

1 · · · 

⎞⎟⎠ 

ÊáôÜ óõíÝðåéáí,

MB
C () =

⎛⎜⎝ 11 · · · 1
...

...

1 · · · 

⎞⎟⎠
|

=

⎛⎜⎝ 11 · · · 1
...

...

1 · · · 

⎞⎟⎠  (5.21)

Åê ðáñáëëÞëïõ, ãéá êÜèå  ∈ {1     } ôï äéÜíõóìá óõíôåôáãìÝíùí ôïý
LBC (A) (v) ∈  ìðïñåß íá éäùèåß ùò ï (1 × )-ðßíáêáò ï ðñïêýðôùí êáôü-
ðéí áíáóôñïöÞò ôÞò -ïóôÞò óôÞëçò Óô(A) ∈Mat×1() ôïý ðßíáêá A

(ii) Ï éóïìïñöéóìüò

MB
C : Hom( ) −→Mat×()  7−→MB

C () := AC◦◦−1B 
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åßíáé êáíïíéóôéêüò éóïìïñöéóìüò, õðü ôçí Ýííïéá üôé áðïôåëåß (êáôÜ ôï ðüñéóìá

3.2.6) ôïí ìïíáäéêü ïìïìïñöéóìü ðïõ áðåéêïíßæåé ôç âÜóç

B := { | ( ) ∈ {1     } × {1    }}

ôçí ïñéóèåßóá óôï èåþñçìá 3.2.7 åðß ôÞò âÜóåùò

E :=
n
E
[]


¯̄̄
( ) ∈ {1    } × {1     }

o
ôÞò ïñéóèåßóáò óôçí ðñüôáóç 5.1.3, ìå

MB
C () = E

[]
  ∀ ( ) ∈ {1     } × {1    }

ÐñÜãìáôé° åðåéäÞ ãéá êÜèå  ∈ {1     } Ý·ïõìå (åî ïñéóìïý)

(v) = w = w  ∀ ( ) ∈ {1     } × {1    }

óõíÜãïõìå üôé

C ((v)) = C (w) =

X
=1

e
[]
 = (1     ) 

ïðüôå (ëüãù ôùí ðñïáíáöåñèÝíôùí óôï (i))

MB
C () =

⎛⎜⎝ 11 · · · 1
...

...

1 · · · 

⎞⎟⎠ = E
[]
 ∈Mat×()

ãéá êÜèå æåýãïò ( ) ∈ {1     } × {1    }

5.2.18 ÐáñÜäåéãìá. ÅÜí èåùñÞóïõìå ôïí ïìïìïñöéóìü Q-äéáíõóìáôéêþí ·þñùí

 : Q2 −→ Q3 ( ) 7−→  ( ) := (1
2
−   − 5

3
)

êáé ôéò äéáôåôáãìÝíåò âÜóåéò B = (v1v2) êáé C = (w1w2w3) ôùí Q2 êáé Q3
áíôéóôïß·ùò, üðïõ

v1 = (
1
3
−2

7
) v2 = (1 5)

w1 = (1 0 1) w2 = (2 1 1) w3 = (1 1 1)

ôüôå

¡
C ◦  ◦ −1B

¢
( ) = ( ) ·

⎛⎝ ¡
C ◦  ◦ −1B

¢
(e
[2]
1 )¡

C ◦  ◦ −1B
¢
(e
[2]
2 )

⎞⎠
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ãéá êÜèå ( ) ∈ Q2 ìå¡
C ◦  ◦ −1B

¢
(e
[2]
1 ) = (C ◦ ) (−1B (e

[2]
1 )) = C ( (v1))

= C
¡
1
2
· 1
3
− (−2

7
)−2

7
 1
3
+ 5

3
· 2
7

¢
= C

¡
19
42
−2

7
 17
21

¢
= C

¡
23
21
(1 0 1)− 5

14
(2 1 1) + 1

14
(1 1 1)

¢
= 23

21
C (1 0 1)− 5

14
C (2 1 1) + 1

14
C(1 1 1)

= 23
21
e
[3]
1 − 5

14
e
[3]
2 + 1

14
e
[3]
3 =

¡
23
21
− 5

14
 1
14

¢
êáé ¡

C ◦  ◦ −1B
¢
(e
[2]
2 ) = (C ◦ ) (−1B (e

[2]
2 )) = C ( (v2))

= C
¡
1
2
· 1− 5 5 1− 5

3
· 5¢ = C

¡−9
2
 5− 22

3

¢
= C

¡−37
3
(1 0 1) + 17

6
(2 1 1) + 13

6
(1 1 1)

¢
= −37

3
C (1 0 1) + 17

6
C (2 1 1) + 13

6
C(1 1 1)

= −37
3
e
[3]
1 + 17

6
e
[3]
2 + 13

6
e
[3]
3 =

¡−37
3
 17
6
13
6

¢


ïðüôå

MB
C () = Ψ

¡
C ◦  ◦ −1B

¢
= AC◦◦−1B

=

Ã
23
21

− 5
14

1
14

−37
3

17
6

13
6

!|
=

⎛⎜⎝
23
21

−37
3

− 5
14

17
6

1
14

13
6

⎞⎟⎠ 

5.2.19 ËÞììá. ÅÜí ïé  åßíáé -äéáíõóìáôéêïß ·þñïé Ý·ïíôåò äéáóôÜóåéò

dim( ) =  ∈ N dim( ) =  ∈ N

êáé  ∈ Hom( ) ôüôå o ðßíáêáò ðáñáóôÜóåùò ôïý  ùò ðñïò äõï äéáôå-
ôáãìÝíåò âÜóåéò

B = (v1    v) C = (w1    w)

ôùí  êáé  áíôéóôïß·ùò, åßíáé o

MB
C () = (w


 ((v))) 1≤≤

1≤≤


üðïõ (w
1    w


) ç (åê êáôáóêåõÞò

12 äéáôåôáãìÝíç) äõúêÞ âÜóç ôïý  

12¢ðáî êáé èåùñÞóïõìå ìéá äéáôåôáãìÝíç âÜóç åíüò ìç ôåôñéììÝíïõ-äéáíõóìáôéêïý ·þñïõ ðåðåñáóìÝíçò äéá-

óôÜóåùò, ç äõúêÞ âÜóç ôïý   êáèßóôáôáé (áðü ôïí ôñüðï êáôáóêåõÞò ôçò) äéáôåôáãìÝíç. (Âë. èåþñçìá 4.2.7.)
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Áðïäåéîç. ÅêöñÜæïíôáò ôï (v) ùò ãñáììéêü óõíäõáóìü (v) =

X
=1

w

üðïõ ôá óôïé·åßá 1       ∈  åßíáé ìïíïóçìÜíôùò ïñéóìÝíá, ëáìâÜíïõìå

w
 ((v)) = w




Ã
X
=1

w

!
=

X
=1

w

 (w) =

X
=1

 =  

ãéá êÜèå ( ) ∈ {1    } × {1     } ïðüôå ï éó·õñéóìüò åßíáé áëçèÞò ëüãù

ôÞò (5.21). ¤

5.2.20 Èåþñçìá. ÅÜí ïé  åßíáé -äéáíõóìáôéêïß ·þñïé Ý·ïíôåò äéáóôÜóåéò

dim( ) =  ∈ N dim( ) =  ∈ N
 ∈ Hom( ) êáé

B = (v1    v) C = (w1    w)

åßíáé äéáôåôáãìÝíåò âÜóåéò ôùí  êáé  áíôéóôïß·ùò, ôüôå o ðßíáêáò ðáñáóôÜ-
óåùò ôïý áíáóôñüöïõ > ∈ Hom(

  ) ôïý  ùò ðñïò ôéò (åê êáôáóêåõÞò
äéáôåôáãìÝíåò) äõúêÝò âÜóåéò

C = (w
1    w


) B = (v1    v)

ôùí C êáé B áíôéóôïß·ùò, åßíáé o

MC
B(

|) =MB
C ()

|  (5.22)

Þôïé ï áíÜóôñïöïò ôïý ðßíáêá ðáñáóôÜóåùò ôïý  ùò ðñïò ôéò B êáé C
Áðïäåéîç. ÅÜí MC

B(
|) = () 1≤≤

1≤≤
∈ Mat×() ôüôå (óýìöùíá ìå ôá

ðñïáíáöåñèÝíôá óôï åäÜöéï 5.2.17 (i))

>(w
 ) =

X
=1

v



Áðü ôïí ïñéóìü ôÞò äõúêÞò âÜóåùò êáé ôïý áíáóôñüöïõ > ôïý ïìïìïñöéóìïý 

(âë. 4.2.7 êáé 4.3.1) óõíÜãïõìå üôé

 =

X
=1

 =

X
=1

 (v

 (v)) =

Ã
X

=1

v



!
(v)

= >(w
 ) (v) = (w


 ◦ ) (v) = w

 ( (v))

Ùò åê ôïýôïõ, ç éóüôçôá (5.22) Ýðåôáé áðü ôç ìïñöÞ ôùí åããñáöþí ôïý ðßíáêá

MB
C () ôçí ðåñéãñáöåßóá óôï ëÞììá 5.2.19. ¤
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5.2.21 Èåþñçìá. ¸óôù üôé ïé   åßíáé -äéáíõóìáôéêïß ·þñïé Ý·ïíôåò äéá-
óôÜóåéò

dim() =  dim( ) =  dim( ) =  (  ∈ N)

êáé  ∈Hom(  )  ∈Hom( ) ÅÜí ïéAB C åßíáé äéáôåôáãìÝíåò âÜóåéò
ôùí   êáé  áíôéóôïß·ùò, ôüôå

MA
C ( ◦ ) =MB

C () ·MA
B ()

êáé

LAC (A ·B) = LBC (A) ◦ LAB (B)

ãéá ïéïõóäÞðïôå ðßíáêåò A ∈ Mat×() êáé B ∈ Mat×()

Áðïäåéîç. Tï äéÜãñáììá



◦

%%



²²

ª

A // 

B◦◦−1A

²²
C◦(◦)◦−1A

yy



ª

²²

B
// 

C◦◦−1B

²²
 C

// 

åßíáé ìåôáèåôéêü, êáèüóïí¡
C ◦  ◦ −1B

¢ ◦ ¡B ◦  ◦ −1A ¢ = C ◦  ◦
¡
−1B ◦ B

¢ ◦  ◦ −1A
= C ◦  ◦ id ◦  ◦ −1A
= C ◦ ( ◦ ) ◦ −1A 

ïðüôå

MA
C ( ◦ ) = Ψ

¡
C ◦ ( ◦ ) ◦ −1A

¢
= AC◦(◦)◦−1A

= A(C◦◦−1B )◦(B◦◦−1A ) = AC◦◦−1B ·AB◦◦−1A
= Ψ

¡
C ◦  ◦ −1B

¢ ·Ψ ¡B ◦  ◦ −1A ¢
= MB

C () ·MA
B ()
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äõíÜìåé ôïý ëÞììáôïò 5.2.9. ÅðéðñïóèÝôùò, ãéá ïéïõóäÞðïôåA ∈Mat×() êáé
B ∈Mat×()

LBC (A) · LAB (B) =
¡
−1C ◦ A ◦ B

¢ ◦ ¡−1B ◦ B ◦ A¢
= −1C ◦ A ◦

¡
B ◦ −1B

¢ ◦ B ◦ A
= −1C ◦ A ◦ id ◦ B ◦ A = −1C ◦ A ◦ B ◦ A
= −1C ◦ AB ◦ A = LAC (A ·B)

äõíÜìåé ôïý ëÞììáôïò 5.2.4. ¤

5.2.22 Ðüñéóìá. ÅÜí ôï B åßíáé ìéá äéáôåôáãìÝíç âÜóç åíüò -äéáíõóìáôéêïý
·þñïõ  äéáóôÜóåùò  ∈ N ôüôå ç áðåéêüíéóç

MB
B : End( ) −→Mat×()  7−→MB

B() := AB◦◦−1B 

åêôüò áðü éóïìïñöéóìüò -äéáíõóìáôéêþí ·þñùí, åßíáé êáé éóïìïñöéóìüò äá-
êôõëßùí Ý·ùí ôçí

LBB :Mat×() −→ End( ) A 7−→ LBB(A)

ùò áíôßóôñïöü ôïõ. (Âë. 3.1.24 (i) êáé 5.1.13.)

Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôá èåùñÞìáôá 5.2.16 êáé 5.2.21. ¤

5.2.23 Ðüñéóìá. ÅÜí ôï B åßíáé ìéá äéáôåôáãìÝíç âÜóç åíüò -äéáíõóìáôéêïý
·þñïõ  äéáóôÜóåùò  ∈ N ôüôå ïé áêüëïõèåò óõíèÞêåò åßíáé éóïäýíáìåò :
(i)  ∈ Aut( )

(ii) MB
B() ∈ GL()

ÅðéðñïóèÝôùò, åÜí éêáíïðïéïýíôáé áõôÝò ïé óõíèÞêåò, ôüôå

MB
B()

−1 =MB
B(
−1)

Áðïäåéîç. (i)⇒(ii) ÅÜí  ∈ Aut( ) ôüôå

MB
B(
−1) ·MB

B() =M
B
B(
−1 ◦ ) =MB

B(id ) = AB◦id ◦−1B = Aid = I

êáé

MB
B() ·MB

B(
−1) =MB

B( ◦ −1) =MB
B(id ) = AB◦id ◦−1B = Aid = I

ïðüôåMB
B() ∈ GL() (ìåM

B
B()

−1 =MB
B(
−1)).
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(ii)⇒(i) ÅÜíMB
B() ∈ GL() ôüôå

LBB(M
B
B()

−1) ◦  = LBB
¡
MB

B()
−1) ◦ LBB(MB

B()
¢

= LBB
¡
MB

B()
−1 ·MB

B()
¢
= LBB(I) = id

êáé

 ◦ LBB(MB
B()

−1) = LBB(M
B
B() ◦ LBB(MB

B()
−1)

= LBB
¡
MB

B() ·MB
B()

−1¢ = LBB(I) = id 

ïðüôå  ∈ Aut( ) (ìå 
−1 = LBB(M

B
B()

−1)). ¤

5.2.24 Ðüñéóìá. ÅÜí ôï B åßíáé ìéá äéáôåôáãìÝíç âÜóç åíüò -äéáíõóìáôéêïý
·þñïõ  äéáóôÜóåùò  ∈ N ôüôå ïé áêüëïõèåò óõíèÞêåò åßíáé éóïäýíáìåò :
(i) A ∈ GL()

(ii) LBB(A) ∈ Aut( )

ÅðéðñïóèÝôùò, åÜí éêáíïðïéïýíôáé áõôÝò ïé óõíèÞêåò, ôüôå

LBB(A)
−1 = LBB(A

−1)

Áðïäåéîç. ¸ðåôáé áðü ôï èåþñçìá 5.2.16 êáé ôï ðüñéóìá 5.2.23. ¤

5.2.25 Ðüñéóìá. ÅÜí ôï B åßíáé ìéá äéáôåôáãìÝíç âÜóç åíüò -äéáíõóìáôéêïý
·þñïõ  äéáóôÜóåùò  ∈ N ôüôå ç áðåéêüíéóç

MB
B
¯̄
Aut( )

: Aut( ) −→ GL()  7−→MB
B() := AB◦◦−1B 

åßíáé Ýíáò éóïìïñöéóìüò ïìÜäùí. (Âë. 3.1.24 (ii) êáé 5.1.22.)

Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôá ðïñßóìáôá 5.2.23 êáé 5.2.24. ¤

5.2.26 Ïñéóìüò. (ÁëëáãÞ âÜóåùò) ¸óôù  Ýíáò-äéáíõóìáôéêüò ·þñïò äéáóôÜ-

óåùò dim( ) =  ∈ N ÅÜí ïé B = (v1    v) B0 = (v01    v
0
) åßíáé äõï

äéáôåôáãìÝíåò âÜóåéò ôïý  ôüôå ï éóïìïñöéóìüò

B0 ◦ −1B :  −→ 

ï êáôá·ùñéæüìåíïò óôï ìåôáèåôéêü äéÜãñáììá



B
∼=

~~}}
}}
}}
}}
}}
}}
}}
}}

B0
∼=

ÃÃA
AA

AA
AA

AA
AA

AA
AA

A

ª



B0◦−1B

∼= // 
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(ðïõáðïôåëåß ôçí ðáñÜóôáóçóõíôåôáãìÝíùí ôïý id ùò ðñïò ôéò B êáé B0) êáëåß-
ôáé ìåôáó·çìáôéóìüò óõíôåôáãìÝíùí ùò ðñïò ôï æåýãïò (BB0) êáé ï ðßíáêáò

TBB0 :=M
B
B0(id ) ∈Mat×()

ðßíáêáò ìåôáâÜóåùò13 áðü ôçí B óôçí B0

5.2.27 Óçìåßùóç. Ãéá êÜèå  ∈ {1     } ç -ïóôÞ óôÞëç ôïý TBB0 åßíáé ï áíÜ-

óôñïöïò ôïý äéáíýóìáôïò óõíôåôáãìÝíùí ôïýv ùò ðñïò ôç âÜóçB0 üôáí áõôü ôï

åêëáìâÜíïõìå ùò (1× )-ðßíáêá. ÐñÜãìáôé° ãéá êÜèå (1     ) ∈  Ý·ïõìå

¡
B0 ◦ −1B

¢
(1     ) =

¡
B0 ◦ −1B

¢Ã P
=1

e
[]


!

=
P
=1

(B0(−1B (e
[]
 ))) =

P
=1

 (B0 (v)) = (1     ) ·

⎛⎜⎝ B0 (v1)
...

B0 (v)

⎞⎟⎠ 

ÅêöñÜæïíôáò ôï v ùò ãñáììéêü óõíäõáóìü v =

X
=1

v
0
 üðïõ ôá óôïé·åßá

1      ∈  åßíáé ìïíïóçìÜíôùò ïñéóìÝíá ãéá êÜèå  ∈ {1     } ëáìâÜ-
íïõìå

B0 (v) =
X
=1

B0 (v0) =
X
=1

e
[]
 = (1      ) 

áð' üðïõ Ýðåôáé üôé

¡
B0 ◦ −1B

¢
(1     ) = (1     ) ·

⎛⎜⎝ 11 · · · 1
...

...

1 · · · 

⎞⎟⎠ 

ÊáôÜ óõíÝðåéáí,

TBB0 = AB0◦−1B =

⎛⎜⎝ 11 · · · 1
...

...

1 · · · 

⎞⎟⎠
|

=

⎛⎜⎝ 11 · · · 1
...

...

1 · · · 

⎞⎟⎠ 

5.2.28 Ðáñáäåßãìáôá. (i) ÅÜí èåùñÞóïõìå ôéò äéáôåôáãìÝíåò âÜóåéò

B = (v1v2v3) B0 = (v01v02v03)
13Ðñïóï·Þ! ÏñéóìÝíïé óõããñáöåßò ïíïìÜæïõí ðßíáêá ìåôáâÜóåùò áðü ôçíB óôçíB0 ôïíTB0

B  Åäþ äåí èá áêïëïõ-

èçèåß áõôÞ ç ïñïëïãßá! (¼ðùò èá äïýìå óôï ëÞììá 5.2.29,TB0
B = (TB

B0 )
−1)
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ôïýQ-äéáíõóìáôéêïý ·þñïõQ3 üðïõ

v1 = (1−1 2) v2 = (2 3 7) v3 = (2 3 6)
v01 = (1 2 2) v

0
2 = (−1 3 3) v03 = (−2 7 6)

ôüôå

v1 = v01 + 6v
0
2 − 3v03

v2 = 13
5
v01 +

43
5
v02 − 4v03

v3 = 12
5
v01 +

32
5
v02 − 3v03

ïðüôå o ðßíáêáò ìåôáâÜóåùò áðü ôçí B óôçí B0 åßíáé ï

TBB0 :=M
B
B0(idQ3) = AB0◦−1B =

⎛⎝ 1 6 −3
13
5

43
5
−4

12
5

32
5
−3

⎞⎠|

=

⎛⎝ 1 13
5

12
5

6 43
5

32
5

−3 −4 −3

⎞⎠ 

(ii) ÅÜí èåùñÞóïõìå ôéò äéáôåôáãìÝíåò âÜóåéò

B = (1X+ 1 (X+ 1)2     (X+ 1)) B0 = (1XX2   X)
ôïýR-äéáíõóìáôéêïý·þñïõR [X]≤   ∈ N ôüôå ãéá êÜèå  ∈ {0 1     } Ý·ïõìå

(X+ 1)

=

X
=0

µ




¶
X +

X
=+1

0 · X 

ïðüôå o ðßíáêáò ìåôáâÜóåùò áðü ôçí B óôçí B0 åßíáé ï

TBB0 =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 · · · 1

0
¡
1
1

¢ ¡
2
1

¢ · · · ¡

1

¢
... 0

¡
2
2

¢ · · · ¡

2

¢
...

...
...

. . .
...

0 0 0 · · · ¡



¢

⎞⎟⎟⎟⎟⎟⎟⎟⎠
∈Mat(+1)×(+1)(R) (5.23)

(âë. 5.2.27).

5.2.29 ËÞììá. O TBB0 åßíáé áíôéóôñÝøéìïò êáé
¡
TBB0

¢−1
= TB

0
B 

Áðïäåéîç. ÅðåéäÞ (óýìöùíá ìå ôï èåþñçìá 5.2.21) éó·ýïõí ïé éóüôçôåò

TBB0 ·TB
0

B = MB
B0(id ) ·MB0

B (id ) =M
B0
B0(id ◦ id ) =MB0

B0(id )

= AB0◦id ◦−1B0
= Aid = I = AB◦id ◦−1B =MB

B(id )

= MB
B(id ◦ id ) =MB0

B (id ) ·MB
B0(id ) = T

B0
B ·TBB0 

ï ðßíáêáò TBB0 åßíáé áíôéóôñÝøéìïò êáé
¡
TBB0

¢−1
= TB

0
B  ¤
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5.2.30 ÐáñÜäåéãìá. Óôï ðáñÜäåéãìá 5.2.28 (ii) Ý·ïõìå

X = ((X+ 1)− 1) =
X

=0

µ




¶
(−1)− (X+ 1) 

∀ ∈ {0 1     }  ïðüôå o ðßíáêáò ìåôáâÜóåùò áðü ôçí B0 óôçí B åßíáé ï

TB
0

B =
¡
TBB0

¢−1
=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 1 · · · (−1)
0
¡
1
1

¢ −¡2
1

¢ · · · (−1)−1 ¡
1

¢
... 0

¡
2
2

¢ · · · (−1)−2 ¡
2

¢
...

...
...

. . .
...

0 0 0 · · · ¡



¢

⎞⎟⎟⎟⎟⎟⎟⎟⎠
 (5.24)

5.2.31 Ðñüôáóç. ÅÜí ïé AB åßíáé äéáôåôáãìÝíåò âÜóåéò åíüò ìç ôåôñéììÝíïõ -
äéáíõóìáôéêïý ·þñïõ  ðåðåñáóìÝíçò äéáóôÜóåùò, ôüôå ï ðßíáêáò ìåôáâÜóåùò
áðü ôçí äõéêÞ A ôÞò A óôç äõúêÞ B ôÞò B åßíáé ï

TA


B =
¡
(TAB )

|¢−1 = ¡(TAB )−1¢|  (5.25)

Áðïäåéîç. Ïé (5.25) åßíáé áëçèåßò ëüãù ôùí éóïôÞôùí

TA


B = (TB


A)−1 = (MB
A(id ))−1 = (MB

A(id
|
 ))
−1

= (MA
B (id )

|)−1 =
¡
(TAB )

|¢−1 = ¡(TAB )−1¢| 
üðïõ ç ðñþôç åî áõôþí Ýðåôáé áðü ôï ëÞììá 5.2.29, ç ôñßôç áðü ôï (ii) ôÞò ðñïôÜ-

óåùò 4.3.2, ç ôÝôáñôç áðü ôçí (5.22) (åöáñìïæüìåíç ãéá ôçí ôáõôïôéêÞ áðåéêüíéóç

 = id ) êáé ç Ýêôç áðü ôçí ðñüôáóç 5.1.26. ¤

5.2.32 ÐáñÜäåéãìá. ÅÜí èåùñÞóïõìå ôéò äéáôåôáãìÝíåò âÜóåéò A = (u1u2) êáé

B = (v1v2) ôïýQ2 üðïõ

u1 = (1
1
2
) u2 = (

7
3
 8) v1 = (3 5) v2 = (

3
5
−4

7
)

ôüôå

u1 =
61
330
v1 +

49
66
v2 u2 =

644
495
v1 − 259

99
v2

ïðüôå

TAB =

Ã
61
330

644
495

49
66

−259
99

!
=⇒
(5.25)

TA


B =

Ã
74
41

21
41

184
205

− 183
1435

!
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5.2.33 Èåþñçìá. ¸óôù üôé ïé  åßíáé ìç ôåôñéììÝíïé -äéáíõóìáôéêïß ·þñïé
ðåðåñáóìÝíçò äéáóôÜóåùò êáé  ∈ Hom( ) ÅÜí ïé BB0 åßíáé äõï äéáôå-
ôáãìÝíåò âÜóåéò ôïý  êáé ïé C C0äõï äéáôåôáãìÝíåò âÜóåéò ôïý  ôüôå

MB0
C0 () = T

C
C0 ·MB

C () ·TB
0

B = TCC0 ·MB
C () ·

¡
TBB0

¢−1
 (5.26)

Áðïäåéîç. ÅÜí dim( ) =  ∈ N dim( ) =  ∈ N ôüôå

C0 ◦  ◦ −1B0 =
¡
C0 ◦ id ◦ −1C

¢ ◦ ¡C ◦  ◦ −1B ¢ ◦ ¡B0 ◦ id ◦ −1B ¢−1 
êÜôé ðïõ ðáñåìöáßíåôáé óôï «ôñéóäéÜóôáôï» ìåôáèåôéêü äéÜãñáììá


 //

id

²²

B !!C
CCC

CCC
C 

id

²²

C

""DD
DDD

DDD



C◦◦−1B
//

B0◦id ◦−1B
²²



C0◦id ◦−1C

²²


 //

B0 !!C
CCC

CCC
C 

C0

""DD
DDD

DDD



C0◦◦−1B0
// 

ïðüôå

MB0
C0 () = Ψ

¡
C0 ◦  ◦ −1B0

¢
= AC0◦◦−1B0

= AC0◦id ◦−1C ·AC◦◦−1B ·A
(B0◦id ◦−1B )

−1

= Ψ
¡
C0 ◦ id ◦ −1C

¢ ·Ψ ¡C ◦  ◦ −1B ¢ ·Ψ(B ◦ id ◦ −1B0 )
=MC

C0(id ) ·MB
C () ·MB0

B (id )

= TCC0 ·MB
C () ·TB

0
B 

Ç äåýôåñç éóüôçôá ôïý (526) Ýðåôáé áðü ôï ëÞììá 5.2.29. ¤

5.2.34 ÐáñÜäåéãìá. ÅÜí èåùñÞóïõìå ôïí ïìïìïñöéóìü Q-äéáíõóìáôéêþí ·þñùí

 : Q3 −→ Q2 (  ) 7−→  (  ) := (1
2
−  +  + 3 − 2

5
)

ôéò äéáôåôáãìÝíåò âÜóåéò B = (v1v2v3) B0 = (v01v02v03) ôïýQ3 üðïõ

v1 = (1 0 1) v2 = (1 1 1) v3 = (2 1 1)

v01 = (1 1 0) v
0
2 = (1 0 1) v

0
3 = (0 1 1)
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êáé ôéò äéáôåôáãìÝíåò âÜóåéò C = (w1w2) C0 = (w0
1w

0
2) ôïýQ

2 üðïõ

w1 = (1 3)  w2 = (4 2) w
0
1 = (3

1
2
) w0

2 = (
1
5
−2

7
)

ôüôå oé ðßíáêåò TBB0  T
C
C0 M

B
C () êáéM

B0
C0 () õðïëïãßæïíôáé ùò åîÞò: ÅðåéäÞ

v1 = 0 · v01 + 1 · v02 + 0 · v03
v2 = 1

2
v01 +

1
2
v02 +

1
2
v03

v3 = 1 · v01 + 1 · v02 + 0 · v03
o ðßíáêáò ìåôáâÜóåùò áðü ôçíB óôçíB0 (åðß ôç âÜóåé ôùí ðñïáíáöåñèÝíôùí óôç
óçìåßùóç 5.2.27) åßíáé ï

TBB0 :=M
B
B0(idQ3) = AB0◦−1B =

⎛⎝ 0 1 0
1
2

1
2

1
2

1 1 0

⎞⎠|

=

⎛⎝ 0 1
2

1

1 1
2

1

0 1
2

0

⎞⎠ 

Ý·ùí ùò áíôßóôñïöü ôïõ ôïí

¡
TBB0

¢−1
= TB

0
B =

⎛⎝ −1 1 0

0 0 2

1 0 −1

⎞⎠ 

Êáô' áíáëïãßáí, åðåéäÞ

w1 =
62
67
w0
1 − 595

67
w02 w2 =

108
67
w0
1 − 280

67
w02

o ðßíáêáò ìåôáâÜóåùò áðü ôçí C óôçí C0 åßíáé ï

TCC0 :=M
C
C0(idQ2) = AC0◦−1C =

Ã
62
67

−595
67

108
67

−280
67

!|
=

Ã
62
67

108
67

− 595
67

−280
67

!


Áðü ôçí Üëëç ìåñéÜ,

¡
C ◦  ◦ −1B

¢
(  ) = (  ) ·

⎛⎜⎜⎝
¡
C ◦  ◦ −1B

¢
(e
[3]
1 )¡

C ◦  ◦ −1B
¢
(e
[3]
2 )¡

C ◦  ◦ −1B
¢
(e
[3]
3 )

⎞⎟⎟⎠
ãéá êÜèå (  ) ∈ Q3 ìå¡

C ◦  ◦ −1B
¢
(e
[3]
1 ) = (C ◦ ) (−1B (e[3]1 )) = C ( (v1))

= C
¡
1
2
· 1− 0 + 1 1 + 3 · 0− 2

5
· 1¢

= C
¡
3
2
 3
5

¢
= C

¡− 3
50
(1 3) + 39

100
(4 2)

¢
= − 3

50
C (1 3) + 39

100
C (4 2)

= − 3
50
e
[2]
1 + 39

100
e
[2]
2 =

¡− 3
50
 39
100

¢



218 ðéíáêåò

êáé (êáôüðéí åêôåëÝóåùò áíáëüãùí ðñÜîåùí)¡
C ◦  ◦ −1B

¢
(e
[3]
2 ) =

¡
67
50
− 21

100

¢

¡
C ◦  ◦ −1B

¢
(e
[3]
3 ) =

¡
41
25
− 4

25

¢


Ùò åê ôïýôïõ, ï ðßíáêáò ðáñáóôÜóåùò ôïý  ùò ðñïò ôéò B êáé C åßíáé ï

MB
C () = Ψ

¡
C ◦  ◦ −1B

¢
= AC◦◦−1B

=

⎛⎜⎝ −
3
50

39
100

67
50

− 21
100

41
25

− 4
25

⎞⎟⎠
|

=

Ã
− 3
50

67
50

41
25

39
100

− 21
100

− 4
25

!

(âë. (5.21)). Ï ðßíáêáò ðáñáóôÜóåùò ôïý  ùò ðñïò ôéò B0 êáé C0 ðñïóäéïñßæåôáé
áðü ôçí (5.26):

MB0
C0 () = T

C
C0 ·MB

C () ·TB
0

B

=

Ã
62
67

108
67

−595
67

−280
67

!
·
Ã
− 3
50

67
50

41
25

39
100

− 21
100

− 4
25

!
·
⎛⎝ −1 1 0

0 0 2

1 0 −1

⎞⎠
=

Ã
46
67

192
335

182
335

−1715
134

−147
134

−546
67

!


5.2.35 Ðüñéóìá. ÅÜí ïé BB0 åßíáé äéáôåôáãìÝíåò âÜóåéò åíüò ìç ôåôñéììÝíïõ -
äéáíõóìáôéêïý ·þñïõ  ðåðåñáóìÝíçò äéáóôÜóåùò êáé  ∈ End( ) ôüôå

MB0
B0() = T

B
B0 ·MB

B() ·TB
0

B = TBB0 ·MB
B() ·

¡
TBB0

¢−1
 (5.27)

Áðïäåéîç. ¸ðåôáé ýóôåñá áðü åöáñìïãÞ ôïý èåùñÞìáôïò 5.2.33 óôçí åéäéêÞ ðå-

ñßðôùóç üðïõ  = C = B êáé C0 = B0 ¤

5.2.36 ÐáñÜäåéãìá. ÅÜí èåùñÞóïõìå ôéò äéáôåôáãìÝíåò âÜóåéò

B = (1X+ 1 (X+ 1)2     (X+ 1)) B0 = (1XX2   X)

ôïýR-äéáíõóìáôéêïý ·þñïõR [X]≤   ∈ N êáé ôïí åíäïìïñöéóìü

D|R[X]≤ : R[X]≤ −→ R[X]≤

ôïýR [X]≤ (âë. 3.1.16 (xvii)), ôüôå

D|R[X]≤ (1) = 0 D|R[X]≤ ((X+ 1)

) =  (X+ 1)

−1
 ∀ ∈ {1     }



§ 5.2 ðéíáêåò êáé ïìïìïñöéóìïé 219

ïðüôå ï ðßíáêáò ðáñáóôÜóåùò ôïý D|R[X]≤ ùò ðñïò ôç âÜóç B åßíáé ï

MB
B(D|R[X]≤) := AB◦◦−1B =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 · · · 0

0 0 2 0 · · · 0
... 0 0 3 · · · 0
...

...
...

. . .
...

0 0 · · · · · · · · · 

0 0 0 · · · · · · 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠


ÅðåéäÞ

D|R[X]≤ (1) = 0 D|R[X]≤ (X) = X−1 ∀ ∈ {1     }
ï ðßíáêáò ðáñáóôÜóåùò ôïý D|R[X]≤ ùò ðñïò ôç âÜóç B0 åßíáé ï

MB0
B0(D|R[X]≤) := AB0◦◦−1B0

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 · · · 0

0 0 2 0 · · · 0
... 0 0 3 · · · 0
...

...
...

. . .
...

0 0 · · · · · · · · · 

0 0 0 · · · · · · 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠


ïðüôåMB
B(D|R[X]≤) =MB0

B0(D|R[X]≤)Áðü ôçí Üëëç ìåñéÜ, åðåéäÞ ïéTBB0 êáéT
B0
B

åßíáé ãíùóôïß (âë. (5.23) êáé (5.24)), ï ðßíáêáò ðáñáóôÜóåùò ôïý D|R[X]≤ ùò ðñïò

ôç âÜóç B0 ìðïñåß íá õðïëïãéóèåß, åíáëëáêôéêþò, ìÝóù ôÞò (5.27):

MB0
B0(D|R[X]≤) = TBB0 ·MB

B(D|R[X]≤) ·TB
0

B

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
¡
1
1

¢ −¡2
1

¢
+ 2
¡
2
2

¢ ¡
3
1

¢− 2¡3
2

¢
+ 3
¡
3
3

¢ · · ·
P
=1

(−1)− ¡−1
0

¢¡



¢
0 0 2

¡
1
1

¢¡
2
2

¢ −2¡1
1

¢¡
3
2

¢
+ 3
¡
2
1

¢¡
3
3

¢ · · ·
P
=2

(−1)− ¡−1
1

¢¡



¢
... 0 0 3

¡
2
2

¢¡
3
3

¢ · · ·
P
=3

(−1)− ¡−1
2

¢¡



¢
...

...
...

...

0 0 · · · · · · · · · 
¡
−1
−1

¢¡



¢
[= ]

0 0 0 · · · · · · 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠



Êáô' áõôüí ôïí ôñüðï êáôáëÞãïõìå óôéò áêüëïõèåò (óôïé·åéþäåéò áëëÜ ìç ôåôñéì-

ìÝíåò) óõíäõáóôéêÝò ôáõôüôçôåò (ãéá êÜèå  ≥ 2):
P
=

(−1)− 
µ
 − 1
 − 1

¶µ




¶
= 0 ∀ ∈ {2     } êáé ∀ ∈ {1      − 1}
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5.2.37 Ðüñéóìá. ÅÜí ïé AB C åßíáé äéáôåôáãìÝíåò âÜóåéò åíüò ìç ôåôñéììÝíïõ
-äéáíõóìáôéêïý ·þñïõ  ðåðåñáóìÝíçò äéáóôÜóåùò, ôüôå

TAC = T
B
C ·TAB  (5.28)

Áðïäåéîç. ¸ðåôáé Üìåóá ýóôåñá áðü åöáñìïãÞ ôïý èåùñÞìáôïò 5.2.33 óôçí åé-

äéêÞ ðåñßðôùóç üðïõ  =  = id  A = B0 êáé C = C0 ¤

5.2.38 ÐáñÜäåéãìá. ÅÜí èåùñÞóïõìå ôéò äéáôåôáãìÝíåò âÜóåéò

A = ((1
√
3) (2 +

3
√
7 6)) B = ((1 1)  ( 1

2
 3
7
)) C = ((1 0)  (

√
2 9))

ôïýR-äéáíõóìáôéêïý ·þñïõR2 ôüôå

(1
√
3) = (−6 + 7√3) (1 1) + (14− 14√3)( 1

2
 3
7
)

(2 + 3
√
7 6) = (30− 6 3

√
7) (1 1) + (−56 + 14 3

√
7)(1

2
 3
7
)

(1 1) = (1− 1
9

√
2) (1 0) + 1

9
(
√
2 9)¡

1
2
 3
7

¢
= ( 1

2
− 1

21

√
2) (1 0) + 1

21
(
√
2 9)

ïðüôå

TAB =

Ã
−6 + 7√3 30− 6 3

√
7

14− 14√3 −56 + 14 3
√
7

!
 TBC =

Ã
1− 1

9

√
2 1

2
− 1

21

√
2

1
9

1
21

!


Ç (5.28) äßäåé

TAC = T
B
C ·TAB =

Ã
1− 1

9

√
2
√
3 2 + 3

√
7− 2

3

√
2

1
9

√
3 2

3

!


5.3 ÓÔÏÉμÅÉÙÄÅÉÓ ÌÅÔÁÓμÇÌÁÔÉÓÌÏÉ

5.3.1 Ïñéóìüò. (ÄμÃ êáé ÄμÓ) ¸óôùA ∈Mat×() ( óþìá, ∈ N).
Ï ãñáììéêüò õðü·ùñïò

ÄμÃ(A) := Lin ({Ãñ1(A)    Ãñ(A)}) ⊆Mat1×()

ôïý Mat1×() (ï ðáñáãüìåíïò áðü ôéò ãñáììÝò ôïýA) êáëåßôáé äéáíõóìáôéêüò

·þñïò ãñáììþí ôïýA Êáô' áíáëïãßáí, ï ãñáììéêüò õðü·ùñïò

ÄμÓ(A) := Lin ({Óô1(A)    Óô(A)}) ⊆Mat×1()

ôïý Mat×1() (ï ðáñáãüìåíïò áðü ôéò óôÞëåò ôïý A) êáëåßôáé äéáíõóìáôéêüò

·þñïò óôçëþí ôïýA
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5.3.2 Ïñéóìüò. (Óôïé·åéþäåéò ìåôáó·çìáôéóìïß ãñáììþí) (i) Ãéá ïéïäÞðïôå óôïé-

·åßï  ∈ r{0}   ∈ N êáé  ∈ {1    } ç áðåéêüíéóç

Mat×() −→Mat×() A =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

Ãñ1(A)
...

Ãñ(A)
...

Ãñ(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎠
7−→

⎛⎜⎜⎜⎜⎜⎜⎜⎝

Ãñ1(A)
...

Ãñ(A)
...

Ãñ(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎠
= A

0


ìÝóù ôÞò ïðïßáò ç -ïóôÞ ãñáììÞ åíüòA ðïëëáðëáóéÜæåôáé ìå ôï  êáëåßôáé óôïé-

·åéþäçò ìåôáó·çìáôéóìüò ãñáììþí ôýðïõ É. Ãé' áõôüí ·ñçóéìïðïéåßôáé ç âñá·õ-

ãñáößá:

A
Â Ãñ 7→Ãñ // A0

(ii) Ãéá ïéïäÞðïôå  ∈  êáé   ∈ {1    }  6=  ç áðåéêüíéóç

Mat×() −→Mat×() A =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

Ãñ1(A)
...

Ãñ(A)
...

Ãñ(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎠
7−→

⎛⎜⎜⎜⎜⎜⎜⎜⎝

Ãñ1(A)
...

Ãñ(A) + Ãñ(A)
...

Ãñ(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎠
= A

0


ìÝóù ôÞò ïðïßáò ç -ïóôÞ ãñáììÞ åíüò A áíôéêáèßóôáôáé ìå ôï Üèñïéóìá ôÞò -

ïóôÞò ãñáììÞò êáé ôÞò -ïóôÞò ãñáììÞò ðïëëáðëáóéáóèåßóáò ìå ôï  êáëåßôáé

óôïé·åéþäçò ìåôáó·çìáôéóìüò ãñáììþí ôýðïõ ÉI. μñçóéìïðïéïýìåíç âñá·õãñá-

ößá:

A
Â Ãñ 7→Ãñ+Ãñ // A0

(iii) ÅÜí   ∈ {1    }  6=  ôüôå ç áðåéêüíéóç

Mat×() −→Mat×() A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ãñ1(A)
...

Ãñ(A)
...

Ãñ(A)
...

Ãñ(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
7−→

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ãñ1(A)
...

Ãñ(A)
...

Ãñ(A)
...

Ãñ(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= A

0


(üôáí    êáé ìå áëëáãÞ ôÞò äéáôÜîåùò ôùí Ãñ(A) êáé Ãñ(A) üôáí   ),

ìÝóù ôÞò ïðïßáò ç -ïóôÞ ãñáììÞ åíüò A áíôéêáèßóôáôáé ìå ôçí -ïóôÞ ãñáììÞ
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ôïõ (êáé ôáíÜðáëéí), êáëåßôáé óôïé·åéþäçò ìåôáó·çìáôéóìüò ãñáììþí ôýðïõ ÉII.

μñçóéìïðïéïýìåíç âñá·õãñáößá:

A
Â Ãñ↔Ãñ // A0

5.3.3 Ðñüôáóç. ¸óôù ôõ·þí ðßíáêáòA ∈Mat×() ( ∈ N). ÅÜí ïA0 åßíáé
Ýíáò ðßíáêáò ï ïðïßïò ðñïêýðôåé ýóôåñá áðü åêôÝëåóç äéáäï·éêþí óôïé·åéùäþí
ìåôáó·çìáôéóìþí ãñáììþí ôïý A ôüôå

ÄμÃ(A) = ÄμÃ(A0)

Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôçí ðñüôáóç 1.4.9 (åöáñìïæüìåíç ãéá ôéò ãñáì-

ìÝò ôïý A ïé ïðïßåò ðáñÜãïõí ôïí ãñáììéêü õðü·ùñï  = ÄμÃ(A) ôïý -

äéáíõóìáôéêïý ·þñïõ  =Mat1×())). ¤

5.3.4 Ïñéóìüò. (Êëéìáêùôïß ðßíáêåò) ¸óôù A = () 1≤≤
1≤≤

∈ Mat×()

( ∈ N). Ï A êáëåßôáé êëéìáêùôüò ðßíáêáò üôáí åßíáé åßôå ï ìçäåíéêüò

ðßíáêáò 0× åßôå Ýíáò ìç ìçäåíéêüò ðßíáêáò ãéá ôïí ïðïßï õðÜñ·åé êÜðïéïò

 ∈ {1    } êáèþò êáé äåßêôåò 1      ïýôùò þóôå íá éêáíïðïéïýíôáé ïé

óõíèÞêåò:

(i) 1 ≤ 1  · · ·   ≤ 

(ii)  = 0 ãéá êÜèå  ∈ {1     } êáé êÜèå  ∈ {1     }
(iii)  = 0 ãéá êÜèå  ∈ {    } êáé êÜèå  ∈ {1     }
(iv)  6= 0 ãéá êÜèå  ∈ {1     }
Åí ôïéÜõôç ðåñéðôþóåé, ïA åßíáé ôÞò ìïñöÞò

Ïé åããñáöÝò 11       ïíïìÜæïíôáé, éäéáéôÝñùò, êáèïäçãçôéêÝò åããñáöÝò ôïý

A ÅÜí, ðÝñáí ôùí (i)-(iv), éêáíïðïéïýíôáé êáé ïé óõíèÞêåò:

(v) 11 =    =  = 1 êáé

(vi)  = 0 ãéá êÜèå  ∈ {1     − 1} êáé êÜèå  ∈ {1     }
ôüôå ïA êáëåßôáé áíçãìÝíïò êëéìáêùôüò ðßíáêáò.
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5.3.5 Ïñéóìüò. ËÝìå üôé äõï ðßíáêåò áíÞêïíôåò óôïí Mat×() åßíáé ãñáììïú-
óïäýíáìïé üôáí ï Ýíáò ìðïñåß íá ðñïêýøåé áðü ôïí Üëëïí ýóôåñá áðü ôçí åêôÝ-

ëåóçðåðåñáóìÝíïõ ðëÞèïõò óôïé·åéùäþí ìåôáó·çìáôéóìþí ãñáììþí (ôýðïõ É, ÉÉ

Þ ÉÉÉ).

Ç ·ñçóéìüôçôá ôùí óôïé·åéùäþí ìåôáó·çìáôéóìþí ãñáììþí êáèßóôáôáé ðñüäçëç

óôï áêüëïõèï:

5.3.6 Èåþñçìá. (Áëãüñéèìïò áðáëïéöÞò ôùí Gauss êáé Jordan)

¸óôù ôõ·þí ðßíáêáò A ∈ Mat×() Ôüôå éó·ýïõí ôá åîÞò :

(i) O A åßíáé ãñáììïúóïäýíáìïò ìå êÜðïéïí êëéìáêùôü ðßíáêá.

(ii)ÅÜíA 6= 0× ôüôå ïA åßíáé ãñáììïúóïäýíáìïò ìå Ýíáí êáé ìüíïí áíçãìÝíï
êëéìáêùôü ðßíáêá 14 Aáí.êë.

Áðïäåéîç ôïõ (i). Áò õðïèÝóïõìå üôé A 6= 0× Áðü ôïí A = () 1≤≤
1≤≤

áðïêôïýìå Ýíáí Üëëïí ðßíáêáA(1)

AÃ A(1)

ìÝóù ôùí åîÞò âçìÜôùí:

ÂÞìá 1ï. ÄéáôñÝ·ïõìå ôéò óôÞëåò ôïýA áðü åðÜíù ðñïò ôá êÜôù (åêêéíþíôáò áðü

ôçí ðñþôç óôÞëç), Ýùò üôïõ óõíáíôÞóïõìå ôçí ðñþôç ìç ìçäåíéêÞ åããñáöÞ 11 :

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 · · · 0 0 ∗ · · · ∗
...

...
...

...
...

...
... 0 ∗ · · · ∗

...
... 11 ∗ · · · ∗

...
... ∗ ∗ · · · ∗

...
...

...
...

...

0 · · · 0 ∗ ∗ · · · ∗

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠


ÂÞìá 2ï. ÅÜí ôï 11 äåí âñßóêåôáé óôçí ðñþôç ãñáììÞ, äçëáäÞ åÜí 1 6= 1

ôüôå åíáëëÜóïõìå ôéò Ãñ1(A) êáé Ãñ1(A) (óôïé·åéþäçò ìåôáó·çìáôéóìüò ãñáììþí

ôýðïõ ÉII) êáé óõìâïëßæïõìå ôïí ðñïêýðôïíôá ðßíáêá ùò eA = (e) 1≤≤
1≤≤

 Áõôüò

Ý·åé ôï e11 ùò ðñþôç ôïõ êáèïäçãçôéêÞ åããñáöÞ.

14Ðñïóï·Þ! ÏñéóìÝíïé óõããñáöåßò äåí óõìðåñéëáìâÜíïõí ôç óõíèÞêç (vi) óôïí ïñéóìü 5.3.4 ôïý áíçãìÝíïõ êëé-

ìáêùôïý ðßíáêá. (ÂÜóåé ôÞò (vi), ïé åããñáöÝò ðïõ áíÞêïõí óôçí ßäéá óôÞëç ìå êÜðïéá êáèïäçãçôéêÞ åããñáöÞ êáé

âñßóêïíôáé åðÜíù áðü áõôÞí, ïöåßëïõí íá åßíáé ßóåò ìå ôï 0 ) Ùóôüóï, ç ìïíáäéêüôçôá ôïý ôåëéêþò ðñïêýðôï-

íôïò «áíçãìÝíïõ» êëéìáêùôïý ðßíáêá (ðïõ åßíáé óçìáíôéêÞ ãéá äéÜöïñåò åöáñìïãÝò) ðñïûðïèÝôåé ôï üôé ðëçñïýíôáé

áìöüôåñåò ïé óõíèÞêåò (v) êáé (vi)!
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ÂÞìá 3ï. ÌåôáôñÝðïõìå üëåò ôéò åããñáöÝò ôÞò óôÞëçò Óô1(
eA) ôéò åõñéóêüìåíåò

êÜôù áðü áðü ôï e11 óå 0 êáôüðéí åêôåëÝóåùò (óôïí eA) ìåôáó·çìáôéóìþíãñáì-

ìþí ôýðïõ ÉI:

Ãñ 7−→ Ãñ +
³
−e1e11

´
Ãñ1 ∀ ∈ {2    }

(Ïé -ïóôÝò óôÞëåò ìå   1 ìÝíïõí áíåðçñÝáóôåò.) Êáôüðéí ôïýôïõ ëáìâÜíïõìå

Ýíáí ðßíáêá ôÞò ìïñöÞò

A(1) :=

⎛⎜⎜⎜⎜⎝
0 · · · 0 

(1)
11 ∗ · · · ∗

0 · · · 0 0
...

...
...

0 · · · 0 0

A2

⎞⎟⎟⎟⎟⎠ 

üðïõ ïA2 åßíáé Ýíáò (− 1)× (− 1)-ðßíáêáò üôáí ≥ 2 êáé   1 Óôéò ðå-

ñéðôþóåéò, üðïõ Ý·ïõìå åßôå  = 1 åßôå  = 1 åßôå ôïíA2 ìçäåíéêü, óôáìáôïýìå.

ÅéäÜëëùò, áðïêôïýìå Ýíáí Üëëïí ðßíáêáA(2)

A(1) Ã A(2)

áêïëïõèþíôáò åê íÝïõ ôá âÞìáôá 1-3 ìå ôïí (åî õðïèÝóåùò ìç ìçäåíéêü) A2 óôç

èÝóç ôïý A Åí ðñïêåéìÝíù, åßíáé äõíáôüí íá åðåêôåßíïõìå ôïõò åêôåëïýìåíïõò

ìåôáó·çìáôéóìïýò ãñáììþí ôïý A2 óå ìåôáó·çìáôéóìïýò ãñáììþí ôïý ðßíáêá

A(1) ·ùñßò ôïí åðçñåáóìü ôùí ðñþôùí 1 óôçëþí (êáèüôé áõôÝò Ý·ïõí ìüíïí ìç-

äåíéêÝò åããñáöÝò). Êáô' áõôüí ôïí ôñüðï ðñïêýðôåé Ýíáò ðßíáêáò ôÞò ìïñöÞò

A(2) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

0 · · · 0 
(2)
11

∗ · · · · · ·
0 · · · 0 0 · · · 0 

(2)
22

· · · · · · ∗
∗ · · · ∗

0 · · · 0 0 · · · 0 0
...

...
...

...

0 · · · 0 0 · · · 0 0

A3

⎞⎟⎟⎟⎟⎟⎟⎟⎠


ìå ìéá íÝá êáèïäçãçôéêÞ åããñáöÞ 
(2)
22

 üðïõ ï A3 üôáí ≥ 3 êáé   2 åßíáé

Ýíáò ðßíáêáò ìå ìßá ãñáììÞêáé ôïõëÜ·éóôïí ìßá óôÞëçëéãüôåñçáð' ü,ôé ïA2Óôéò

ðåñéðôþóåéò, üðïõ Ý·ïõìå åßôå  = 2 åßôå  = 2 åßôå ôïí A3 ìçäåíéêü, óôáìá-

ôïýìå. ÅéäÜëëùò, óõíå·ßæïõìå áõôÞí ôç äéáäéêáóßá (ìå ôïí A3 óôç èÝóç ôïý A

ê.ï.ê.) áðïêôþíôáò íÝïõò ðßíáêåòA(3)A4A
(4) ê.ëð.

· · ·Ã A() Ã A(+1) Ã · · ·
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Ç åí ëüãù äéáäéêáóßá óôáìáôÜ ýóôåñá áðü  åöáñìïãÝò ôùí âçìÜôùí 1-3 üôáí

åßôå  =  åßôå  =  åßôå o A+1 åßíáé ìçäåíéêüò. Êáé óôéò ôñåéò ðåñéðôþóåéò ï

A() åßíáé Ýíáò êëéìáêùôüò ðßíáêáò.

Áðïäåéîç ôïõ ðñùôïõ ìåñïõò ôïõ (ii). Ãéá íá ìåôáâïýìå áðü ôïí ðßíáêá

A() = (
()
 ) 1≤≤

1≤≤
óå Ýíáí áíçãìÝíï êëéìáêùôü ðßíáêá, åêôåëïýìå åí ðñþôïéò

(óôïíA()) ìåôáó·çìáôéóìïýò ãñáììþí ôýðïõ I:

Ãñ 7−→ 1


()



Ãñ ∀ ∈ {1     }

ïýôùò þóôå üëåò ïé êáèïäçãçôéêÝò åããñáöÝò ôïý ðñïêýðôïò êëéìáêùôïý ðßíáêá

A0 = (0) 1≤≤
1≤≤

íá åßíáé ßóåò ìå 1 (âë. óõíèÞêç 5.3.4 (v)). Êáôüðéí ôïýôïõ,

åêôåëïýìå (óôïíA0) ìåôáó·çìáôéóìïýò ãñáììþí ôýðïõ ÉI:

Ãñ 7−→ Ãñ + (−0)Ãñ ∀ ∈ {1  } êáé ∀ ∈ {1   − 1}

åéóðñÜôôïíôáò Ýíáí ðßíáêá A00 = (00) 1≤≤
1≤≤

 Êáô' áõôüí ôïí ôñüðï ôá óôïé·åßá

0 ôÞò Ãñ(A
0) áíôåêáèåóôÜèçóáí ìå ôá óôïé·åßá 00 = 0 ãéá êÜèå    (âë.

óõíèÞêç 5.3.4 (vi)). ÅðïìÝíùò, ïA00 åßíáé áíçãìÝíïò êëéìáêùôüò ðßíáêáò êáé áñ-
êåß íá èÝóïõìå

Aáí.êë. := A00

Ôï üôé áõôüò ï ðßíáêáò åßíáé ï ìüíïò áíçãìÝíïò êëéìáêùôüò ðßíáêáò, ï ïðïßïò

åßíáé ãñáììïúóïäýíáìïò ìå ôïí áñ·éêü A èá áðïäåé·èåß áñãüôåñá óôç óåëßäá

245. ¤

5.3.7 ÐáñÜäåéãìá. Ï ìïíáäéêüò áíçãìÝíïò êëéìáêùôüò ðßíáêáò ðïõ åßíáé ãñáì-

ìïúóïäýíáìïò ìå ôïí

A :=

⎛⎝ 0 0 −1 2 3

−1 1 −3 0 2

1 −1 1 4 3

⎞⎠ ∈Mat3×5(Q)

åßíáé ï

Aáí.êë. =

⎛⎝ 1 −1 0 6 0

0 0 1 −2 0

0 0 0 0 1

⎞⎠ ∈Mat3×5(Q)

ÐñÜãìáôé° åöáñìüæïíôáò ôïí áëãüñéèìï áðáëïéöÞò ôùí Gauss êáé Jordan ëáìâÜ-
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íïõìå⎛⎜⎝ 0 0 −1 2 3

−1 1 −3 0 2

1 −1 1 4 3

⎞⎟⎠ Â Ãñ1↔Ãñ2 //

⎛⎜⎝ −1 1 −3 0 2

0 0 −1 2 3

1 −1 1 4 3

⎞⎟⎠
Â Ãñ3 7→Ãñ3+Ãñ1 //

⎛⎜⎝ −1 1 −3 0 2

0 0

0 0

−1 2 3

−2 4 5

⎞⎟⎠
Â Ãñ3 7→Ãñ3+(−2)Ãñ2 //

⎛⎜⎝ −1 1 −3 0 2

0 0 −1 2 3

0 0 0 0 −1

⎞⎟⎠
Â Ãñ1 7→(−1)Ãñ1 //

⎛⎜⎝ 1 −1 3 0 −2
0 0 −1 2 3

0 0 0 0 −1

⎞⎟⎠
Â Ãñ2 7→(−1)Ãñ2 //

⎛⎜⎝ 1 −1 3 0 −2
0 0 1 −2 −3
0 0 0 0 −1

⎞⎟⎠
Â Ãñ3 7→(−1)Ãñ3 //

⎛⎜⎝ 1 −1 3 0 −2
0 0 1 −2 −3
0 0 0 0 1

⎞⎟⎠
Â Ãñ1 7→Ãñ1+2Ãñ3 //

⎛⎜⎝ 1 −1 3 0 0

0 0 1 −2 −3
0 0 0 0 1

⎞⎟⎠
Â Ãñ2 7→Ãñ2+3Ãñ3 //

⎛⎜⎝ 1 −1 3 0 0

0 0 1 −2 0

0 0 0 0 1

⎞⎟⎠
Â Ãñ1 7→Ãñ1+(−3)Ãñ2 //

⎛⎜⎝ 1 −1 0 6 0

0 0 1 −2 0

0 0 0 0 1

⎞⎟⎠
5.3.8 Ïñéóìüò. (Óôïé·åéþäåéò ìåôáó·çìáôéóìïß óôçëþí) (i) Ãéá ïéïäÞðïôå óôïé-

·åßï  ∈ r{0}   ∈ N êáé  ∈ {1     } ç áðåéêüíéóç

Mat×() −→Mat×() A =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

Óô1(A)
...

Óô(A)
...

Óô(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎠

|

7−→

⎛⎜⎜⎜⎜⎜⎜⎜⎝

Óô1(A)
...

Óô(A)
...

Óô(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎠

|

= A
0


ìÝóù ôÞò ïðïßáò ç -áóôÞ óôÞëç åíüòA ðïëëáðëáóéÜæåôáé ìå ôï  êáëåßôáé óôïé-
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·åéþäçò ìåôáó·çìáôéóìüò óôçëþí ôýðïõ É. μñçóéìïðïéïýìåíç âñá·õãñáößá:

A
Â Óô 7→Óô // A0

(ii) Ãéá ïéïäÞðïôå  ∈  êáé   ∈ {1     }  6=  ç áðåéêüíéóç

Mat×() −→Mat×() A =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

Óô1(A)
...

Óô(A)
...

Óô(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎠

|

7−→

⎛⎜⎜⎜⎜⎜⎜⎜⎝

Óô1(A)
...

Óô(A) + Óô(A)
...

Óô(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎠

|

= A
0


ìÝóù ôÞò ïðïßáò ç -áóôÞ óôÞëç åíüò A áíôéêáèßóôáôáé ìå ôï Üèñïéóìá ôÞò -

áóôÞò óôÞëçò êáé ôÞò -ïóôÞò óôÞëçò ðïëëáðëáóéáóèåßóáò ìå ôï  êáëåßôáé óôïé-

·åéþäçò ìåôáó·çìáôéóìüò óôçëþí ôýðïõ ÉI. μñçóéìïðïéïýìåíç âñá·õãñáößá:

A
Â Óô 7→Óô+Óô // A0

(iii) ÅÜí   ∈ {1     }  6=  ôüôå ç áðåéêüíéóç

Mat×() −→Mat×() A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Óô1(A)
...

Óô(A)
...

Óô(A)
...

Óô(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

|

7−→

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Óô1(A)
...

Óô(A)
...

Óô(A)
...

Óô(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

|

= A
0


(üôáí    êáé ìå áëëáãÞ ôÞò äéáôÜîåùò ôùí Óô(A) êáé Óô(A) üôáí   ),

ìÝóù ôÞò ïðïßáò ç -áóôÞ óôÞëç åíüò A áíôéêáèßóôáôáé ìå ôçí -ïóôÞ óôÞëç ôïõ

(êáé ôáíÜðáëéí), êáëåßôáé óôïé·åéþäçò ìåôáó·çìáôéóìüò óôçëþí ôýðïõ ÉII. μñç-

óéìïðïéïýìåíç âñá·õãñáößá:

A
Â Óô↔Óô // A0

5.3.9 Ðñüôáóç. ¸óôù ôõ·þí ðßíáêáòA ∈Mat×() ( ∈ N). ÅÜí ïA0 åßíáé
Ýíáò ðßíáêáò ï ïðïßïò ðñïêýðôåé ýóôåñá áðü åêôÝëåóç äéáäï·éêþí óôïé·åéùäþí
ìåôáó·çìáôéóìþí óôçëþí ôïý A ôüôå

ÄμÓ(A) = ÄμÓ(A0)
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Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôçí ðñüôáóç 1.4.9 (åöáñìïæüìåíç ãéá ôéò  óôÞ-

ëåò ôïý A ïé ïðïßåò ðáñÜãïõí ôïí ãñáììéêü õðü·ùñï  = ÄμÓ(A) ôïý -

äéáíõóìáôéêïý ·þñïõ  =Mat×1()). ¤

5.3.10 Ïñéóìüò. ËÝìå üôé äõï ðßíáêåò (áíÞêïíôåò óôïíMat×()) åßíáé óôçëïú-
óïäýíáìïé üôáíï Ýíáò ìðïñåß íáðñïêýøåé áðü ôïíÜëëïíýóôåñááðü ôçíåêôÝëåóç

ðåðåñáóìÝíïõ ðëÞèïõò óôïé·åéùäþí ìåôáó·çìáôéóìþí óôçëþí (ôýðïõ É, ÉÉ Þ ÉÉÉ).

5.3.11 Èåþñçìá. ÊÜèå ìç ìçäåíéêüò êëéìáêùôüò ðßíáêáò B ∈ Mat×()
( ∈ N) ìå  êáèïäçãçôéêÝò åããñáöÝò åßíáé óôçëïúóïäýíáìïò ìå ôïí (óå ôÝó-
óåñá ôåìÜ·ç ·ùñéæüìåíïí) ðßíáêáÃ

I 0×(−)
0(−)× 0(−)×(−)

!
 (5.29)

Áðïäåéîç. ¸óôù B = () 1≤≤
1≤≤

Ýíáò ìç ìçäåíéêüò êëéìáêùôüò ðßíáêáò. Áò

õðïèÝóïõìå üôé ïé äåßêôåò 1      éêáíïðïéïýí ôéò óõíèÞêåò (i)-(iv) ôïý ïñéóìïý

5.3.4 ãéá ôïí B ïýôùò þóôå ïé 11       íá åßíáé ïé êáèïäçãçôéêÝò åããñáöÝò

ôïõ. ÅíáëëÜóóïíôáò ôçí Óô(B) ìå ôçí Óô(B) ãéá åêåßíïõò ôïõò  ∈ {1     }
ãéá ôïõò ïðïßïõò éó·ýåé  6=  (åêôåëþíôáò óôïé·åéþäåéò ìåôáó·çìáôéóìïýò óôç-

ëþí ôýðïõ III), êáèéóôïýìå ôïíB óôçëïúóïäýíáìï ìå Ýíáí ðßíáêá ôÞò ìïñöÞò

B(0) =

Ã
B0 C

0(−)× 0(−)×(−)

!


üðïõB0 = (0)1≤≤ ∈ Diag×() ìå

0 =

⎧⎨⎩
0  üôáí  6= 

  üôáí  = 

êáé C = () 1≤≤
1≤≤−

Ýíáò ðßíáêáò ðåñéÝ·ùí ôéò üðïéåò ìç ìçäåíéêÝò åããñáöÝò

ôïý B åíäÝ·åôáé íá åîáêïëïõèïýí íá õößóôáíôáé ýóôåñá áðü áõôïýò ôïõò óôïé-

·åéþäåéò ìåôáó·çìáôéóìïýò. Åíóõíå·åßá, åêôåëïýìå (óôïíB(0)) ôïõò áêüëïõèïõò

óôïé·åéþäåéò ìåôáó·çìáôéóìïýò óôçëþí ôýðïõ ÉÉ:

Óô+ 7−→ Óô+ +
¡−1(011)−1¢Óô1 ∀ ∈ {1     − }

Êáô' áõôüí ôïí ôñüðï áðïêôïýìå Ýíáí ðßíáêá, óôçëïúóïäýíáìï ìå ôïí B(0) ôÞò

ìïñöÞò

B(1) =

Ã
B0 C(1)

0(−)× 0(−)×(−)

!
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üðïõ ï C(1) åßíáé Ýíáò ( × (− ))-ðßíáêáò ìå üëåò ôéò åããñáöÝò ôÞò ðñþôçò ôïõ

ãñáììÞò ßóåò ìå ôï 0  ÅðáíáëáìâÜíïíôáò ôï ßäéï ôÝ·íáóìá (áõôÞí ôç öïñÜ ìå

ôïíB(1) óôçèÝóçôïýB(0) êáé ìå ôçíÓô2(B
(1)) óôçèÝóçôÞò Óô1(B

(0))) áðïêôïýìå

Ýíáí ðßíáêá, óôçëïúóïäýíáìï ìå ôïíB(0) ôÞò ìïñöÞò

B(2) =

Ã
B0 C(2)

0(−)× 0(−)×(−)

!


üðïõ ï C(2) åßíáé Ýíáò ( × ( − ))-ðßíáêáò ìå üëåò ôéò åããñáöÝò ôùí äýï ðñþ-

ôùí ôïõ ãñáììþí ßóåò ìå ôï 0  Óõíå·ßæïíôáò áõôÞí ôç äéáäéêáóßá öèÜíïõìå óôïí

ðßíáêá

B() =

Ã
B0 C()

0(−)× 0(−)×(−)

!


üðïõ

C() = 0×(−)

Åí ôÝëåé, êÜíïíôáò ·ñÞóç ôùí  óôïé·åéùäþí ìåôáó·çìáôéóìþí óôçëþí ôïý B()

(ôýðïõ É):

Óô 7−→ (0)
−1Óô ∀ ∈ {1     }

êáôáëÞãïõìå óôïí ðßíáêá 5.29. ¤

5.3.12 Ïñéóìüò. Ãéá ïéïíäÞðïôå  ∈ N êáé ïéïäÞðïôå óþìá  ïñßæïíôáé ïé áêü-

ëïõèïé ðßíáêåò (áíÞêïíôåò óôïí Mat×()) ðïõ êáëïýíôáé óôïé·åéþäåéò ðßíá-

êåò15:

D
[]
 () := I + (− 1)E[]   ∈   ∈ {1     }

R
[]
 () := I + E

[]
   ∈    ∈ {1     }  6= 

S
[]
 := I −E[] −E[] +E

[]
 +E

[]
    ∈ {1     }

15Åéäéêüôåñåò ïíïìáóßåò ðïõ ·ñçóéìïðïéïýíôáé ãé' áõôïýò åßíáé ïé åîÞò: ÏéD
[]

 () êáëïýíôáé óôïé·åéþäåéò äéáóôï-

ëÝò, ïéR
[]

 () óôïé·åéþäåéò äéáôìÞóåéò êáé ïé S
[]

 óôïé·åéþäåéò ìåôáôáêôéêïß ðßíáêåò.
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Ðñïöáíþò,D
[]
 () = diag( 1      1| {z }

−1 öïñÝò

  1      1| {z }
− öïñÝò

) êáé üôáí, ð.·.,   

R
[]
 () =


↓


↓⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 · · · 0 · · · 0 · · · 0
...

. . .
...

...
...

0 · · · 1 · · ·  · · · 0
...

...
. . .

...
...

0 · · · 0 · · · 1 · · · 0
...

...
...

. . .
...

0 · · · 0 · · · 0 · · · 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

← 

← 

êáé

S
[]
 =


↓


↓⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 · · · 0 · · · 0 · · · 0
...

. . .
...

...
...

0 · · · 0 · · · 1 · · · 0
...

...
. . .

...
...

0 · · · 1 · · · 0 · · · 0
...

...
...

. . .
...

0 · · · 0 · · · 0 · · · 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

← 

← 

5.3.13 ËÞììá. Ãéá ôïõò óôïé·åéþäåéò ðßíáêåò éó·ýïõí ïé áêüëïõèåò éóüôçôåò :

(i) D
[]
 () = D

[]
 () ·D[]

 () 

(ii) R
[]
 (+ ) = R

[]
 () ·R[]

 ()  êáé

(iii) S
[]
 · S[] = I

ãéá ïéïõóäÞðïôå   ∈ {1     }  6=  êáé   ∈ 

Áðïäåéîç. (i) ÅðåéäÞ E[] · E[] = E
[]
  ôá (ii), (iii) êáé (iv) ôÞò ðñïôÜóåùò

5.1.12 äßäïõí

D
[]
 () = (I + (− 1)E[] )(I + (− 1)E[] )

= I · I + I · ((− 1)E[] )

+((− 1)E[] ) · I + ((− 1)E[] ) · ((− 1)E[] )

= I + ((− 1)E[] ) + ((− 1)E[] ) + (− 1) (− 1)E[]

= I + ((− 1) + (− 1) + (− 1) (− 1))E[]

= I + (− 1)E[] = D
[]
 () ·D[]

 () 
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(ii) ÅðåéäÞE
[]
 ·E[] = 0× ç ðñüôáóç 5.1.12 äßäåé

R
[]
 () ·R[]

 () = (I + E
[]
 ) · (I + E

[]
 )

= I + E
[]
 + E

[]
 + (E

[]
 ) · (E[] )

= I + E
[]
 + E

[]
 + (E

[]
 ·E[] )

= I + E
[]
 + E

[]
 = R

[]
 (+ ) 

(iii) ÅðåéäÞ

E
[]
 ·E[] = E

[]
 = E

[]
 ·E[]

E
[]
 ·E[] = E

[]
 = E

[]
 ·E[]

E
[]
 ·E[] = E

[]
 = E

[]
 ·E[]

E
[]
 ·E[] = E

[]
 = E

[]
 ·E[]

êáé

E
[]
 ·E[] = E

[]
 ·E[] = E

[]
 ·E[]

= E
[]
 ·E[] = E

[]
 ·E[] = 0×

Ý·ïõìå

S
[]

 · S[] = (I −E[] −E[] +E
[]

 +E
[]

 )2

= (I −E[] −E[] +E
[]

 +E
[]

 ) + (−E[] +E
[]

 −E[] )

+(−E[] +E
[]

 −E[] ) + (E
[]

 −E[] +E
[]

 ) + (E
[]

 −E[] +E
[]

 )

ðïõ (êáôüðéí áðáëïéöÞò ðñïóèåôÝùí) éóïýôáé ìå ôïí I ¤

5.3.14 Ðñüôáóç. Ïé D[]
 () êáé S[] åßíáé óõììåôñéêïß (âë. 5.1.16) êáé

(R
[]
 ())

| = R
[]
 ()  S

[]
 = S

[]
 

ÅðéðñïóèÝôùò, üëïé ïé óôïé·åéþäåéò ðßíáêåò åßíáé áíôéóôñÝøéìïé (äçëáäÞáíÞêïõí
óôçí ïìÜäá GL() âë. 5.1.22), êáé ïé áíôßóôñïöïß ôïõò åßíáé ïé åîÞò :

(D
[]
 ())−1 = D[]



¡
−1

¢
 (R

[]
 ())

−1 = R[]
 (−)  (S[] )

−1 = S[] 

Áðïäåéîç. Ðñïöáíþò,

D
[]
 ()

|
= (I + (− 1)E[] )| = I| + (− 1)E[]|

= I + (− 1)E[] = D
[]
 ()
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êáé (ìÝóù ôïý (i) ôïý ëÞììáôïò 5.3.13)

D
[]
 () ·D[]



¡
−1

¢
= D

[]


¡
−1

¢
= D

[]
 (1) = D

[]


¡
−1

¢ ·D[]
 () 

ÅîÜëëïõ,

(R
[]
 ())

| = (I + E
[]
 )| = I| + E

[]|


= I + E
[]
 = R

[]
 ()

êáé (ìÝóù ôïý (ii) ôïý ëÞììáôïò 5.3.13)

R
[]
 () ·R[]

 (−) = R[]
 (0) = I = R

[]
 (−) ·R[]

 () 

ÔÝëïò, ç éóüôçôá S
[]
 = S

[]
 Ýðåôáé Üìåóá áðü ôïí ïñéóìü êáé

(S
[]
 )

| = (I −E[] −E[] +E
[]
 +E

[]
 )|

= I| −E[]| −E[]| +E
[]|
 +E

[]|


= I −E[] −E[] +E
[]
 +E

[]
 = S

[]
 

åíþ ç åðáëÞèåõóç ôïý éó·õñéóìïý ðåñß ôÞò áíôéóôñåøéìüôçôáò ôùí S
[]
 åßíáé ðñü-

äçëç ëüãù ôïý (iii) ôïý ëÞììáôïò 5.3.13. ¤

5.3.15 Ðñüôáóç. Ïé óôïé·åéþäåéò ðßíáêåò óõó·åôßæïíôáé ìåôáîý ôïõò ìÝóù ôùí
áêïëïýèùí éóïôÞôùí :

(i) R
[]
 (0) = D

[]

 (1) = S
[]

 = I

(ii) R
[]
 () = D

[]


¡
−1

¢
R
[]
 (1)D

[]
 () 

(iii) R
[]
 () = D

[]


¡
−1

¢
R
[]
 ()D

[]
 () 

(iv) R
[]
 () = D

[]
 ()R

[]
 ()D

[]


¡
−1

¢
 êáé

(v) S
[]
 = R

[]
 (1)R

[]
 (−1)R[]

 (1)D
[]
 (−1) 

ãéá ïéïõóäÞðïôå    ∈ {1     }  6=  êáé   ∈ 

Áðïäåéîç. ¸ðåôáé ýóôåñá áðü (ó·åôéêþò ìáêñïóêåëåßò) ðñÜîåéò êáé áöÞíåôáé

ùò Üóêçóç. ¤

5.3.16 Èåþñçìá. ¸óôù ôõ·þí ðßíáêáòA = () 1≤≤
1≤≤

∈Mat×() ( ∈ N).
Ôüôå éó·ýïõí ôá åîÞò :

(i)Ï ðßíáêáòA0 ï ïðïßïò ðñïêýðôåé ýóôåñá áðü ôçí åêôÝëåóç åíüò óôïé·åéþäïõò
ìåôáó·çìáôéóìïý ãñáììþí 5.3.2 ôïýA éóïýôáé ìå ôïí A ðïëëáðëáóéáæüìåíï åî
áñéóôåñþí ìå Ýíáí êáôÜëëçëï óôïé·åéþäç ðßíáêá. ÓõãêåêñéìÝíá, áíáëüãùò ôïý
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ôýðïõ ôïý åêôåëïýìåíïõ óôïé·åéþäïõò ìåôáó·çìáôéóìïý ãñáììþí, ï A0 åßíáé
áõôüò ðïõ êáôá·ùñßæåôáé óôïí êÜôùèé êáôÜëïãï :

Ôýðïò A0

I D
[]
 () ·A ( ∈ r{0})

II R
[]
 () ·A ( ∈   6= )

III S
[]
 ·A ( 6= )

(ii) Ï ðßíáêáò A0 ï ïðïßïò ðñïêýðôåé ýóôåñá áðü ôçí åêôÝëåóç åíüò óôïé·åéþ-
äïõò ìåôáó·çìáôéóìïý óôçëþí 5.3.8 ôïý A éóïýôáé ìå ôïí A ðïëëáðëáóéáæü-
ìåíï åê äåîéþí ìå Ýíáí êáôÜëëçëï óôïé·åéþäç ðßíáêá. ÓõãêåêñéìÝíá, áíáëüãùò
ôïý ôýðïõ ôïý åêôåëïýìåíïõ óôïé·åéþäïõò ìåôáó·çìáôéóìïý óôçëþí, ï A0 åßíáé
áõôüò ðïõ êáôá·ùñßæåôáé óôïí êÜôùèé êáôÜëïãï :

Ôýðïò A0

I A ·D[]

 () ( ∈ r{0})

II A ·R[]

 () ( ∈   6= )

III A · S[] ( 6= )

Áðïäåéîç. (i)Ðåñßðôùóç ðñþôç. ÅÜíïA0 åßíáé ï ðßíáêáò ðïõðñïêýðôåé ýóôåñá
áðü áíôéêáôÜóôáóçôÞò Ãñ(A) ìå ôï ðïëëáðëÜóéü ôçò Ãñ(A) ãéá êÜðïéïíäåßêôç

 ∈ {1    } êáé  ∈ r{0} ôüôå

D
[]
 () ·A = (I + (− 1)E[]

 ) ·A = I ·A+ (− 1)E[]
 ) ·A

= A+ ((− 1) ) 1≤≤
1≤≤

= A0

Ðåñßðôùóç äåýôåñç. ÅÜí ï A0 åßíáé ï ðßíáêáò ðïõ ðñïêýðôåé ýóôåñá áðü áíôé-

êáôÜóôáóç ôÞò Ãñ(A) ìå ôçí Ãñ(A) + Ãñ(A) ãéá êÜðïéïõò   ∈ {1    }
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 6=  êáé  ∈  ôüôå

R
[]
 () ·A = (I + E

[]
 ) ·A = I ·A+ E

[]
 ·A

= A+ () 1≤≤
1≤≤

= A0

Ðåñßðôùóç ôñßôç. ÅÜí ïA0 åßíáé ï ðßíáêáò ðïõ ðñïêýðôåé ýóôåñá áðü áíôéêáôÜ-

óôáóç ôÞò Ãñ(A) ìå ôçí Ãñ(A) ãéá êÜðïéïõò   ∈ {1    }  6=  ôüôå

A0 = A−E[]
 ·A−E[]

 ·A+E[]
 ·A+E[]

 ·A
= (I −E[]

 −E[]
 +E

[]
 +E

[]
 ) ·A = S

[]
 ·A

(ii) Ðåñßðôùóç ðñþôç. ÅÜí ïA0 åßíáé ï ðßíáêáò ðïõ ðñïêýðôåé ýóôåñá áðü áíôé-

êáôÜóôáóçôÞò Óô(A) ìå ôï ðïëëáðëÜóéü ôçò Óô(A) ãéá êÜðïéïí  ∈ {1     }
êáé  ∈ r{0} ôüôå

A ·D[]

 () = A · (I + (− 1)E[] ) = A · I + (− 1)A ·E[]

 )

= A+ ((− 1) ) 1≤≤
1≤≤

= A0

Ðåñßðôùóç äåýôåñç. ¸óôù A0 ï ðßíáêáò ðïõ ðñïêýðôåé ýóôåñá áðü áíôéêáôÜ-

óôáóç ôÞò Óô(A) ìå ôçí Óô(A) + Óô(A) ãéá êÜðïéïõò   ∈ {1     }  6= 

êáé  ∈ Áðü ôéò ðñïôÜóåéò 5.1.25 êáé 5.3.14 óõíÜãïõìå üôé

(A ·R[]

 ())
| = (R

[]

 ())
| ·A| = R

[]

 () ·A| 

ÅðïìÝíùò, ï (A ·R[]

 ())
| åßíáé ï ðßíáêáò ðïõ ðñïêýðôåé ýóôåñá áðü áíôéêáôÜ-

óôáóç ôÞò Ãñ(A
|) ìå ôçí Ãñ(A|) + Ãñ(A

|) êáé, ùò åê ôïýôïõ,

A0 = A ·R[]

 () 

Ðåñßðôùóç ôñßôç. ¸óôùA0 ï ðßíáêáò ðïõ ðñïêýðôåé ýóôåñá áðü áíôéêáôÜóôáóç

ôÞò Óô(A) ìå ôçí Óô(A) ãéá êÜðïéïõò   ∈ {1     }  6= Áðü ôéò ðñïôÜóåéò

5.1.25 êáé 5.3.14 Ýðåôáé üôé

(A · S[] )
| = (S

[]

 )
| ·A| = S

[]

 ·A| 

ÅðïìÝíùò, ï (A ·S[] )
| åßíáé ï ðßíáêáò ðïõðñïêýðôåé ýóôåñá áðü áíôéêáôÜóôáóç

ôÞò Ãñ(A
|) ìå ôçí Ãñ(A|) êáé, ùò åê ôïýôïõ,A0 = A · S[]  ¤

5.3.17 ËÞììá. Ãéá êÜèå ìç ìçäåíéêü ðßíáêá A ∈ Mat×() ( ∈ N) õðÜñ-
·ïõí óôïé·åéþäåéò ðßíáêåò P1    P ∈ GL()( ∈ N), ôÝôïéïé þóôå ï

P · · · · ·P1 ·A

íá åßíáé ï áíçãìÝíïò êëéìáêùôüò ðßíáêáò Aáí.êë.
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Áðïäåéîç. Óýìöùíá ìå ôï èåþñçìá 5.3.6, áðü êÜèå ìç ìçäåíéêü A áðïêôÜôáé

Ýíáò êáé ìüíïí áíçãìÝíïò êëéìáêùôüò ðßíáêáò Aáí.êë. êáôüðéí åêôåëÝóåùò ðåðå-

ñáóìÝíïõðëÞèïõò óôïé·åéùäþíìåôáó·çìáôéóìþí (ïñéóìÝíùí) ãñáììþí ôïõ. ÅÜí

õðïèÝóïõìå üôé ãéá ôçí áðüêôçóç ôïýAáí.êë. ·ñçóéìïðïéïýíôáé  óôïé·åéþäåéò ìå-

ôáó·çìáôéóìïß ãñáììþí, ôüôå áõôüò ãñÜöåôáé ùò

Aáí.êë. = (P · (· · · · (P2 · (P1 ·A)))
üðïõêáèÝíáò åê ôùíP1    P ∈GL() åßíáé óôïé·åéþäçò ðßíáêáò (D

[]
 () 

 ∈ r{0} R[]
 ()   ∈  Þ S

[]
 , ãéá êáôÜëëçëïõò   ∈ {1    }  6= ),

åðß ôç âÜóåé ôùí åðåîçãçèÝíôùí óôï (i) ôïý èåùñÞìáôïò 5.3.16. ¤

5.3.18 ËÞììá. Ãéá ïéïíäÞðïôå ìç ìçäåíéêü êëéìáêùôü ðßíáêá B ∈ Mat×()
( ∈ N) ðïõ Ý·åé  êáèïäçãçôéêÝò åããñáöÝò õðÜñ·ïõí óôïé·åéþäåéò ðßíáêåò
Q1    Q ∈ GL() ( ∈ N), ôÝôïéïé þóôå

B ·Q1 · · · · ·Q =

Ã
I 0×(−)

0(−)× 0(−)×(−)

!
 (5.30)

Áðïäåéîç. Óýìöùíá ìå ôï èåþñçìá 5.3.11 ïéïóäÞðïôå ðßíáêáò B áõôïý ôïý åß-

äïõò åßíáé óôçëïúóïäýíáìïò ìå ôïí ðßíáêáÃ
I 0×(−)

0(−)× 0(−)×(−)

!


Ï ôåëåõôáßïò ðßíáêáò, áðïêôïýìåíïò êáôüðéí åêôåëÝóåùò ðåðåñáóìÝíïõ ðëÞ-

èïõò óôïé·åéùäþí ìåôáó·çìáôéóìþí (ïñéóìÝíùí) óôçëþí ôïý B åßíáé ôÞò

ìïñöÞò((B ·Q1) · · · · ) ·Q) ( ∈ N), üðïõ êáèÝíáò åê ôùí Q1    Q ∈ GL()

åßíáé óôïé·åéþäçò ðßíáêáò (D
[]
 ()   ∈ r{0} R[]

 ()   ∈  Þ S
[]
 , ãéá

êáôÜëëçëïõò   ∈ {1     }  6= ), åðß ôç âÜóåé ôùí åðåîçãçèÝíôùí óôï (ii) ôïý

èåùñÞìáôïò 5.3.16. ¤

5.3.19 Èåþñçìá. Ãéá êÜèå ìç ìçäåíéêü ðßíáêáA ∈Mat×() ( ∈ N) õðÜñ-
·ïõí óôïé·åéþäåéò ðßíáêåò

P1    P ∈ GL() êáé Q1    Q ∈ GL() (  ∈ N),
ôÝôïéïé þóôå íá éó·ýåé

P ·A ·Q =

Ã
I 0×(−)

0(−)× 0(−)×(−)

!
 (5.31)

üðïõ P := P · · · · ·P1 Q := Q1 · · · · ·Q êáé P ·A Ýíáò áíçãìÝíïò êëéìáêùôüò
ðßíáêáò ìå  êáèïäçãçôéêÝò åããñáöÝò.
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Áðïäåéîç. Óýìöùíá ìå ôï ëÞììá 5.3.17 õðÜñ·ïõí óôïé·åéþäåéò ðßíáêåò

P1    P ∈ GL()( ∈ N), ôÝôïéïé þóôå Aáí.êë. = P · A ( 6= 0×) üðïõ
P := P · · · · · P1 ÅÜí ï Aáí.êë. Ý·åé  êáèïäçãçôéêÝò åããñáöÝò, ôüôå, óýìöùíá

ìå ôï ëÞììá 5.3.18, õðÜñ·ïõí óôïé·åéþäåéò ðßíáêåòQ1    Q ∈GL() ( ∈ N),
ôÝôïéïé þóôå ïAáí.êë. ·Q íá ãñÜöåôáé õðü ôç ìïñöÞ (5.30), üðïõQ := Q1 · · · · ·Q

¢ñá ç éóüôçôá (5.31) åßíáé áëçèÞò. ¤

5.3.20 Óçìåßùóç. (Äéáäéêáóßá ðñïóäéïñéóìïý ôùí P êáé Q) (i) ÄïèÝíôïò åíüò ìç

ìçäåíéêïý ðßíáêáA ∈Mat×() ( ∈ N) åßíáé äõíáôüò ï (ðñáêôéêüò) ðñïó-

äéïñéóìüò áíôéóôñåøßìùí (×)-ðéíÜêùíP êáé áíôéóôñåøßìùí (×)-ðéíÜêùí

Q ðïõ ðëçñïýí ôéò óõíèÞêåò ôéò ðáñáôåèåßóåò óôï èåþñçìá 5.3.19 áêïëïõèþíôáò

ôçí åîÞò äéáäéêáóßá: Åêêéíïýìå áðü ôç (äéáôåôáãìÝíç) ôñéÜäáðéíÜêùí (A I I)

êáé åêôåëïýìå ðåðåñáóìÝíïõ ðëÞèïõò óôïé·åéþäåéò ìåôáó·çìáôéóìïýò (ïñéóìÝ-

íùí) ãñáììþí Þ/êáé óôçëþí ôïýA Ýùò üôïõ êáôáëÞîïõìå óôïí ðßíáêá ôïý äåîéïý

ìÝëïõò ôÞò (5.31):

(A I I) 7−→ · · · 7−→
ÃÃ

I 0×(−)
0(−)× 0(−)×(−)

!
PQ

!


Åí ðñïêåéìÝíù, äåí åßíáé áíáãêáßï íá åêôåëïýìå üëïõò ôïõò óôïé·åéþäåéò ìåôá-

ó·çìáôéóìïýò ãñáììþíðñï ôùíóôïé·åéùäþíìåôáó·çìáôéóìþíóôçëþí (Þôï áíôß-

èåôï): ¸·ïõìå ôï äéêáßùìá áíáìåßîåùò ôùí äýï åéäþí óôïé·åéùäþí ìåôáó·çìáôé-

óìþí. Ùóôüóï, åê ðáñáëëÞëïõ, ïöåßëïõìå

(a) íá åêôåëïýìå üëïõò ôïõò åêÜóôïôå ·ñçóéìïðïéïýìåíïõò óôïé·åéþäåéò ìåôáó·ç-

ìáôéóìïýò ãñáììþí êáé óôïí I (êáé íá áöÞíïõìå áõôüí êáé ïéïíäÞðïôå êáô'

áõôüí ôïí ôñüðï ðñïêýðôïíôá ðßíáêá áíåðçñÝáóôï üôáí ìåóïëáâïýí óôïé·åéþ-

äåéò ìåôáó·çìáôéóìïß óôçëþí ôïýðñþôïõóôïé·åßïõ ôÞò üðïéáò ôñéÜäáò áíáöïñÜò

ìáò),

(b) íá åêôåëïýìå üëïõò ôïõò åêÜóôïôå ·ñçóéìïðïéïýìåíïõò óôïé·åéþäåéò ìåôáó·ç-

ìáôéóìïýò óôçëþí êáé óôïí I (êáé íá áöÞíïõìå áõôüí êáé ïéïíäÞðïôå êáô' áõôüí

ôïí ôñüðï ðñïêýðôïíôá ðßíáêá áíåðçñÝáóôï üôáí ìåóïëáâïýí óôïé·åéþäåéò ìå-

ôáó·çìáôéóìïß ãñáììþí ôïýðñþôïõóôïé·åßïõ ôÞò üðïéáò ôñéÜäáò áíáöïñÜò ìáò)

êáé

(c) íá ðñïóäéïñßæïõìå (Üìá ôç ëÞîåé ôÞò äéáäéêáóßáò) ôïõò óôïé·åéþäåéò ðßíáêåò

ðïõ áðïôåëïýí ôïõò ðáñÜãïíôåò ôùí ôåëéêþò åîáãïìÝíùíP êáéQ ìÝóù ôïý èåù-

ñÞìáôïò 5.3.16.

(ii) ÅðåéäÞ (êáôÜ êáíüíá) õðÜñ·ïõí ðïéêßëïé ôñüðïé åêôåëÝóåùò ôùí áðáéôïýìå-

íùí óôïé·åéùäþí ìåôáó·çìáôéóìþí ãñáììþí Þ/êáé óôçëþí óôï (i), ïé åîáãüìåíïé

ðßíáêåò P êáé Q äåí åßíáé (ãéá ôïí äïèÝíôá ðßíáêá A) êáô' áíÜãêçí ìïíïóçìÜ-

íôùò ïñéóìÝíïé!
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Ôá (i) êáé (ii) áðïóáöçíßæïíôáé ìÝóù ôïý åðïìÝíïõ ðáñáäåßãìáôïò.

5.3.21 ÐáñÜäåéãìá. Èåùñïýìå ôïí (2× 3)-ðßíáêá

A :=

µ
1 −1 1

1 0 −1
¶
∈Mat2×3(Q)

μñçóéìïðïéþíôáò äýï óôïé·åéþäåéò ìåôáó·çìáôéóìïýò ãñáììþí, áêïëïõèïýìå-

íïõò áðü äýï óôïé·åéþäåéò ìåôáó·çìáôéóìïýò óôçëþí:

(A I2 I3) =

⎛⎜⎝Ã 1 −1 1

1 0 −1

!


Ã
1 0

0 1

!


⎛⎜⎝ 1 0 0

0 1 0

0 0 1

⎞⎟⎠
⎞⎟⎠

Â Ãñ2 7→Ãñ2+(−1)Ãñ1 //

⎛⎜⎝Ã 1 −1 1

0 1 −2

!


Ã
1 0

−1 1

!


⎛⎜⎝ 1 0 0

0 1 0

0 0 1

⎞⎟⎠
⎞⎟⎠

Â Ãñ1 7→Ãñ1+Ãñ2 //

⎛⎜⎝Ã 1 0 −1
0 1 −2

!


Ã
0 1

−1 1

!


⎛⎜⎝ 1 0 0

0 1 0

0 0 1

⎞⎟⎠
⎞⎟⎠

Â Óô3 7→Óô3+Óô1 //

⎛⎜⎝Ã 1 0 0

0 1 −2

!


Ã
0 1

−1 1

!


⎛⎜⎝ 1 0 1

0 1 0

0 0 1

⎞⎟⎠
⎞⎟⎠

Â Óô3 7→Óô3+2Óô2 //

⎛⎜⎝Ã 1 0 0

0 1 0

!


Ã
0 1

−1 1

!


⎛⎜⎝ 1 0 1

0 1 2

0 0 1

⎞⎟⎠
⎞⎟⎠ 

ëáìâÜíïõìå

P ·A ·Q =

µ
1 0 0

0 1 0

¶


üðïõ

P = R
[2]
12 (1) ·R[2]

21 (−1) =
µ
1 1

0 1

¶
·
µ

1 0

−1 1

¶
=

µ
0 1

−1 1

¶
êáé

Q = R
[3]
13 (1) ·R[3]

23 (2) =

⎛⎝ 1 0 1

0 1 0

0 0 1

⎞⎠ ·
⎛⎝ 1 0 0

0 1 2

0 0 1

⎞⎠ =

⎛⎝ 1 0 1

0 1 2

0 0 1

⎞⎠ 
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Áðü ôçí Üëëç ìåñéÜ, Ýíá äéáöïñåôéêü ìåßãìá óôïé·åéùäþí ìåôáó·çìáôéóìþí äßäåé

(A I2 I3) =

⎛⎜⎝Ã 1 −1 1

1 0 −1

!


Ã
1 0

0 1

!


⎛⎜⎝ 1 0 0

0 1 0

0 0 1

⎞⎟⎠
⎞⎟⎠

Â Ãñ2 7→Ãñ2+(−1)Ãñ1 //

⎛⎜⎝Ã −1 1 1

0 1 −1

!


Ã
1 0

0 1

!


⎛⎜⎝ 0 1 0

1 0 0

0 0 1

⎞⎟⎠
⎞⎟⎠

Â Ãñ1 7→Ãñ1+Ãñ2 //

⎛⎜⎝Ã −1 0 2

0 1 −1

!


Ã
1 −1
0 1

!


⎛⎜⎝ 0 1 0

1 0 0

0 0 1

⎞⎟⎠
⎞⎟⎠

Â Óô1 7→(−1)Óô1 //

⎛⎜⎝Ã 1 0 0

0 1 −2

!


Ã
1 −1
0 1

!


⎛⎜⎝ 0 1 0

−1 0 0

0 0 1

⎞⎟⎠
⎞⎟⎠

Â Óô3 7→Óô3+(−2)Óô1 //

⎛⎜⎝Ã 1 0 0

0 1 0

!


Ã
1 −1
0 1

!


⎛⎜⎝ 0 1 0

−1 0 2

0 0 1

⎞⎟⎠
⎞⎟⎠

Â Óô3 7→Óô3+Óô2 //

⎛⎜⎝Ã 1 0 0

0 1 0

!


Ã
1 −1
0 1

!


⎛⎜⎝ 0 1 1

−1 0 2

0 0 1

⎞⎟⎠
⎞⎟⎠ 

ïðüôå

P ·A ·Q =

µ
1 0 0

0 1 0

¶
 P = R

[2]
12 (−1) =

µ
1 −1
0 1

¶
êáé ⎛⎝ 0 1 1

−1 0 2

0 0 1

⎞⎠ = Q = S
[3]
12 ·D[3]

1 (−1) ·RS[3]13 (−2) ·R[3]
23 (1)

=

⎛⎝ 0 1 0

1 0 0

0 0 1

⎞⎠ ·
⎛⎝ −1 0 0

0 1 0

0 0 1

⎞⎠ ·
⎛⎝ 1 0 −2
0 1 0

0 0 1

⎞⎠ ·
⎛⎝ 1 0 0

0 1 1

0 0 1

⎞⎠ 

5.4 ÂÁÈÌÉÄÁÐÉÍÁÊÁ

5.4.1 Ïñéóìüò. Ùò âáèìßäá åíüò ðßíáêá A ∈ Mat×() (üðïõ  óþìá êáé

 ∈ N) ïñßæåôáé ç âáèìßäá

rank(A) := rank(A) = dim(Im(A))
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ôïý ïìïìïñöéóìïý A ∈Hom(
) (âë. 5.2.1 êáé 5.2.3 (i)). Ðñïöáíþò,

0 ≤ rank(A) ≤ min{} (5.32)

(âë. ðñüôáóç 3.2.19).

5.4.2 Ðñüôáóç. (i) ÅÜí AB ∈ Mat×() ( ∈ N), ôüôå
|rank(A)− rank(B)| ≤ rank(A+B) ≤ rank(A) + rank(B)

(ii) ÅÜí A ∈ Mat×() êáé B ∈ Mat×() (  ∈ N), ôüôå
rank(A) + rank(B)−  ≤ rank(A ·B) ≤ min {rank(A) rank(B)} 

Áðïäåéîç. (i) ÅðåéäÞ A+B = A + B (âë. 5.2.3 (ii)), áñêåß íá åöáñìïóèåß ç

ðñüôáóç 3.2.29 ãéá ôïõò ïìïìïñöéóìïýò A êáé B

(ii) ÅðåéäÞ A·B = A ◦ B (âë. ëÞììá 5.2.4), ôïýôï Ýðåôáé áðü ôá (v) êáé (vi) ôÞò

ðñïôÜóåùò 3.2.30 (åöáñìïæüìåíá ãéá ôïõò ïìïìïñöéóìïýò A êáé B). ¤

5.4.3 Ðñüôáóç. Ãéá êÜèå A ∈ Mat×() ( ∈ N) éó·ýïõí ôá åîÞò :
(i) ÅÜí Q ∈ GL() ôüôå rank(A ·Q) = rank(A)

(ii) ÅÜí P ∈ GL() ôüôå rank(P ·A) = rank(A)

Áðïäåéîç. (i) ÅÜí Q ∈ GL() ôüôå ï åíäïìïñöéóìüò Q ôïý åßíáé áõôï-

ìïñöéóìüò ôïý (âë. ðüñéóìá16 5.2.23), ïðüôå Q(
) =  Ùò åê ôïýôïõ,

rank(A ·Q) = dim(Im(A·Q))

= dim(Im(A ◦ Q)) (âë. ëÞììá 5.2.4)

= dim(A(Q(
)) = dim(A(

))

= dim(Im(A)) = rank(A)

(ii) ÅÜíP ∈GL() ôüôå ï åíäïìïñöéóìüò P ôïý åßíáé áõôïìïñöéóìüò ôïý

 (âë. ðüñéóìá 5.2.23), ïðüôå

A(
) = Im(A) ∼= P(Im(A)) = P(A(

))

ÊáôÜ óõíÝðåéáí,

rank(P ·A) = dim(Im(P·A))

= dim(Im(P ◦ A)) (âë. ëÞììá 5.2.4)

= dim(P(A(
)) = dim(A(

)) (âë. èåþñçìá 3.2.12)

= dim(Im(A)) = rank(A)

¢ñá êáé ç äåýôåñç éóüôçôá åßíáé áëçèÞò. ¤
16Åí ðñïêåéìÝíù,  =  êáéME

E(Q) = Q üðïõ E = (e
[]
1      e[] )
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5.4.4 Èåþñçìá. ÅÜí ïé  åßíáé -äéáíõóìáôéêïß ·þñïé Ý·ïíôåò äéáóôÜóåéò

dim( ) =  ∈ N dim( ) =  ∈ N
êáé  ∈ Hom( ) ôüôå õðÜñ·ïõí äéáôåôáãìÝíåò âÜóåéò

B = (v1    v) C = (w1    w)

ôùí  êáé  áíôéóôïß·ùò, ôÝôïéåò þóôå ï ðßíáêáò ðáñáóôÜóåùò ôïý  ùò ðñïò
áõôÝò íá åßíáé ï (óå ôÝóóåñá ôåìÜ·ç ·ùñéæüìåíïò) ðßíáêáò

MB
C () =

Ã
I 0×(−)

0(−)× 0(−)×(−)

!
 (5.33)

üðïõ  := rank()

Áðïäåéîç. ¸óôù  Ýíá óõìðëÞñùìá ôïý ðõñÞíá Ker() ôïý  åíôüò ôïý  Óýì-

öùíá ìå ôï (ii) ôïý ëÞììáôïò 3.2.10 ï åðéìïñöéóìüò

̌
¯̄

:  −→ Im() u 7−→ (u)

ï åðáãüìåíïò áðü ôïí  | åßíáé éóïìïñöéóìüò. ÅðéëÝãïõìå ìéá äéáôåôáãìÝíç

âÜóç (w1    w) ôïý-äéáíõóìáôéêïý ·þñïõ Im() Ôüôå ç

(v1    v) üðïõ v := ( ̌
¯̄

)−1(w) ∀ ∈ {1     } 

åßíáé ìéá äéáôåôáãìÝíç âÜóç ôïý  Åí óõíå·åßá, åðéëÝãïõìå ìéá äéáôåôáãìÝíç

âÜóç (v+1    v) ôïý Ker() ÅðåéäÞ  = Ker() ⊕  ∼= ⊕ Ker() ç

B := (v1    vv+1    v) áðïôåëåß ìéá äéáôåôáãìÝíç âÜóç ôïý  Åðåêôåß-

íïíôáò (äõíÜìåé ôïý ðïñßóìáôïò 2.3.5) ôçí (w1    w) áðïêôïýìå ìéá äéáôåôáã-

ìÝíç âÜóç C := (w1    ww+1    w) ôïý êáé ðáñáôçñïýìå üôé

(v) =

⎧⎨⎩
w  ∀ ∈ {1     }

0  ∀ ∈ { + 1     }
Þôïé üôé

¡
C ◦  ◦ −1B

¢
(1     ) = (1     ) ·

⎛⎜⎝ C ((v1))
...

C ((v))

⎞⎟⎠
ãéá êÜèå (1     ) ∈  ìå

C ((v)) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
( 0      0| {z }

−1 öïñÝò

 1  0      0| {z }
− öïñÝò

) ∀ ∈ {1     }

0  ∀ ∈ { + 1     }
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Ùò åê ôïýôïõ, ï ðßíáêáòMB
C () äßäåôáé áðü ôçí (5.33) (âë. (5.21)). ¤

5.4.5 Ðüñéóìá. Ãéá êÜèå ìç ìçäåíéêü ðßíáêá A ∈ Mat×() ( ∈ N) õðÜñ-
·ïõí P ∈ GL() êáé Q ∈ GL()ôÝôïéïé þóôå íá éó·ýåé

P ·A ·Q =

Ã
I 0×(−)

0(−)× 0(−)×(−)

!


üðïõ  := rank(A)

Áðïäåéîç. Åöáñìüæïõìå ôï èåþñçìá 5.4.4 óôçí åéäéêÞ ðåñßðôùóç üðïõ

 =   =  êáé  = A

ÌÝóù áõôïý åîáóöáëßæåôáé ç ýðáñîç äéáôåôáãìÝíùí âÜóåùí B C ôùí  êáé

 áíôéóôïß·ùò, ïýôùò þóôå íá éó·ýåé ç éóüôçôá (5.33) (ãéá ôïí  = A ìå

âáèìßäá  = rank(A)). ÅðåéäÞ A = ME
E0(A) üðïõ E := (e

[]
1      e

[]
 ) êáé

E 0 := (e[]1      e
[]
 ) ôï èåþñçìá 5.2.33 äßäåéÃ
I 0×(−)

0(−)× 0(−)×(−)

!
=MB

C (A) = T
E0
C ·A ·TBE 

Áñêåß ëïéðüí íá èÝóïõìå P := TE
0
C êáéQ := TBE  ¤

5.4.6 Ïñéóìüò. ¸óôù A ∈ Mat×() ( ∈ N). Ùò âáèìßäá ãñáììþí ôïýA

ïñßæåôáé ç äéÜóôáóç

Ã-rank(A) := dim(ÄμÃ(A))

ôïý äéáíõóìáôéêïý ·þñïõ ãñáììþí ôïý A Êáô' áíáëïãßáí, ùò âáèìßäá óôçëþí

ôïýA ïñßæåôáé ç äéÜóôáóç

Ó-rank(A) := dim(ÄμÓ(A))

ôïý äéáíõóìáôéêïý ·þñïõ óôçëþí ôïýA (âë. 5.3.1).

5.4.7 Óçìåßùóç. ÅðåéäÞ ï -äéáíõóìáôéêüò ·þñïò ÄμÃ(A) (êáé áíôéóôïß·ùò, ï

ÄμÓ(A)) åßíáé åî ïñéóìïý ï ãñáììéêüò õðü·ùñïò ôïý Mat1×() (êáé áíôéóôïß-
·ùò, ôïý Mat×1()) ï ðáñáãüìåíïò áðü ôéò ãñáììÝò (êáé áíôéóôïß·ùò, ôéò óôÞ-

ëåò) ôïý A ç Ã-rank(A) (êáé áíôéóôïß·ùò, ç Ó-rank(A)) éóïýôáé ìå ôï ìÝãéóôï

ðëÞèïò ôùí ãñáììéêþò áíåîáñôÞôùí ãñáììþí (êáé áíôéóôïß·ùò, óôçëþí) ôïý A

(Ðñâë. 2.3.3 (iii).)
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5.4.8 Ðñüôáóç. ¸óôù ôõ·þí ðßíáêáò A ∈ Mat×() ( ∈ N). Ôüôå éó·ýïõí
ôá åîÞò :

(i) ÅÜí ï A0 åßíáé Ýíáò ðßíáêáò ï ïðïßïò ðñïêýðôåé ýóôåñá áðü ôçí åêôÝëåóç
äéáäï·éêþí óôïé·åéùäþí ìåôáó·çìáôéóìþí ãñáììþí ôïý A ôüôå

Ã-rank(A) = Ã-rank(A0)

(ii) ÅÜí ï A0 åßíáé Ýíáò ðßíáêáò ï ïðïßïò ðñïêýðôåé ýóôåñá áðü ôçí åêôÝëåóç
äéáäï·éêþí óôïé·åéùäþí ìåôáó·çìáôéóìþí óôçëþí ôïý A ôüôå

Ó-rank(A) = Ó-rank(A0)

Áðïäåéîç. ¸ðåôáé áðü ôéò ðñïôÜóåéò 5.3.3 êáé 5.3.9. ¤

5.4.9 ËÞììá. Ãéá êÜèå A ∈ Mat×() ( ∈ N) éó·ýåé ç éóüôçôá

rank(A) = Ó-rank(A)

Áðïäåéîç. Óýìöùíá ìå ôï ëÞììá 3.2.1,

Im(A) = A(
) = A(Lin({e[]1      e[] }))

= Lin({A(e[]1 )     A(e[] )}) = Lin({Óô1(A)|     Óô(A)|})

ËáìâÜíïíôáò õð' üøéí ôïí éóïìïñöéóìü

(Mat1×() =) 3 (1     ) = x 7−→ x| =

⎛⎜⎝ 1
...



⎞⎟⎠ ∈Mat×1()

óõíÜãïõìå (ìÝóù ôïý èåùñÞìáôïò 3.2.12) üôé

rank () = dim(Lin({Óô1(A)|     Óô(A)|}))
= dim(Lin({Óô1(A)    Óô(A)}))
= dim(ÄμÓ(A)) = Ó-rank(A)

ïðüôå ç âáèìßäá ôïýA éóïýôáé ìå ôç âáèìßäá óôçëþí ôïýA ¤

5.4.10 ËÞììá. Ãéá êÜèå A ∈ Mat×() ( ∈ N) éó·ýïõí ïé éóüôçôåò

Ã-rank(A) = Ó-rank(A|) êáé Ó-rank(A) = Ã-rank(A|)

Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôïí ïñéóìü ôïý áíáóôñüöïõ (âë. (5.8)). ¤

Áðü ôï èåþñçìá 5.4.11 ðïõáêïëïõèåß åîÜãåôáé ìéá ïëüêëçñçóåéñÜ ·ñÞóéìùí ðï-

ñéóìÜôùí.
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5.4.11 Èåþñçìá. Ãéá êÜèå A ∈ Mat×() ( ∈ N) éó·ýïõí ïé éóüôçôåò

rank(A) = Ã-rank(A) = Ó-rank(A)

Áðïäåéîç. ÅÜí ïA åßíáé ï ìçäåíéêüò ðßíáêáò, ôüôå áõôÝò ïé éóüôçôåò åßíáé ðñï-

öáíåßò. Áò õðïèÝóïõìå, áðü åäþ êáé óôï åîÞò, üôé ïA åßíáé ìç ìçäåíéêüò ðßíáêáò

êáé üôé  := rank(A) ≥ 1Ëüãù ôïý ëÞììáôïò 5.4.9 áñêåß íá áðïäåé·èåß ç éóüôçôá

Ã-rank(A) =  ÊáôÜ ôï ðüñéóìá 5.4.5 õðÜñ·ïõí P ∈ GL() Q ∈ GL()

ôÝôïéïé þóôå íá éó·ýåé

P ·A ·Q =

Ã
I 0×(−)

0(−)× 0(−)×(−)

!


Ðñïöáíþò17, Ã-rank(P ·A ·Q) =  ÅðéðñïóèÝôùò,

P| ∈ GL() êáé Q| ∈ GL()

(âë. ðñüôáóç 5.1.26). ÅðåéäÞ

Ã-rank(A) = Ó-rank(A|) (âë. ëÞììá 5.4.10)

= rank(A|) (âë. ëÞììá 5.4.9)

= rank(Q| ·A|) = rank((Q| ·A|) ·P|) (âë. ðñüôáóç 5.4.3)

= rank(Q| ·A| ·P|) = Ó-rank(Q| ·A| ·P|) (âë. ëÞììá 5.4.9)

= Ó-rank((P ·A ·Q)|) (âë. ðñüôáóç 5.1.25)

= Ã-rank(P ·A ·Q) (âë. ëÞììá 5.4.10)

ëáìâÜíïõìå ôåëéêþò Ã-rank(A) =  ¤

5.4.12 Ðüñéóìá. Ãéá êÜèå A ∈ Mat×() ( ∈ N) éó·ýåé ç éóüôçôá

rank(A) = rank(A|)

Ðñùôç áðïäåéîç. Áðü ôï ëÞììá 5.4.10 êáé ôï èåþñçìá 5.4.11 Ýðåôáé üôé

rank(A) = Ã-rank(A) = Ó-rank(A|) = rank(A|)

Äåõôåñç áðïäåéîç. (ÁíåîÜñôçôç ôïý èåùñÞìáôïò 5.4.11.) Ùò ðñïò ôéò óõíÞèåéò

äéáôåôáãìÝíåò âÜóåéò

E = (e[]1      e[] ) êáé E 0 = (e[]1      e[] )

17Ïé ðñþôåò  ãñáììÝò ôïýP ·A ·Q åßíáé (åî ïñéóìïý) ãñáììéêþò áíåîÜñôçôåò. ÅðåéäÞ ïé õðüëïéðåò ãñáììÝò åßíáé

ìçäåíéêÝò, ôï ìÝãéóôï ðëÞèïò ôùí ãñáììéêþò áíåîáñôÞôùí ãñáììþí ôïýP ·A ·Q éóïýôáé ìå  (Âë. ðüñéóìá 2.1.7.)
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ôùí êáé áíôéóôïß·ùò, Ý·ïõìå

ME
E0(A) = A M

(E0)
E (

|
A) =M

E
E0(A)

| = A|

(âë. èåþñçìá 5.2.20), ïðüôå

rank(ME
E0(A)) = rank(A) := rank(A) = rank(|A)

= rank(M
(E0)
E (

|
A)) = rank(ME

E0(A)
|) = rank(A|)

üðïõ ç éóüôçôá rank(A) = rank(|A) éó·ýåé äõíÜìåé ôïý èåùñÞìáôïò 4.3.3. ¤

5.4.13 Ðüñéóìá. ¸óôù ôõ·þí ðßíáêáò A ∈ Mat×() ( ∈ N). ÅÜí ï A0

åßíáé Ýíáò ðßíáêáò ï ïðïßïò ðñïêýðôåé ýóôåñá áðü ôçí åêôÝëåóç äéáäï·éêþí
óôïé·åéùäþí ìåôáó·çìáôéóìþí ãñáììþí Þ/êáé óôçëþí ôïý A ôüôå

rank(A) = rank(A0)

Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôçí ðñüôáóç 5.4.8 êáé ôï èåþñçìá 5.4.11. ¤

5.4.14 Ðüñéóìá. ÅÜí ï B ∈ Mat×() ( ∈ N) åßíáé Ýíáò ìç ìçäåíéêüò êëé-
ìáêùôüò ðßíáêáò, ôüôå ç âáèìßäá ôïýB éóïýôáé ìå ôï ðëÞèïò ôùí êáèïäçãçôéêþí
ôïõ åããñáöþí.

Áðïäåéîç. ¸óôù  ï ðëÞèïò ôùí êáèïäçãçôéêþí åããñáöþí ôïý B Óýìöùíá ìå

ôï ëÞììá 5.3.18 õðÜñ·ïõí óôïé·åéþäåéò ðßíáêåò Q1    Q ∈ GL() ( ∈ N),
ôÝôïéïé þóôå íá éó·ýåé ç éóüôçôá

B ·Q =

Ã
I 0×(−)

0(−)× 0(−)×(−)

!


üðïõQ := Q1 · · · · ·Q ∈GL()Áðü ôï èåþñçìá 5.4.11 êáé ôï (i) ôÞò ðñïôÜóåùò

5.4.3 ëáìâÜíïõìå

 = Ã-rank(B ·Q) = rank(B ·Q) = rank(B)

ïðüôå rank(B) =  ¤
Ôï ðüñéóìá 5.4.15 éó·õñïðïéåß ôï ðüñéóìá 5.4.5.

5.4.15 Ðüñéóìá. Ãéá êÜèå ìç ìçäåíéêü ðßíáêá A ∈Mat×() ( ∈ N) õðÜñ-
·ïõí P ∈ GL() êáé Q ∈ GL() ôÝôïéïé þóôå íá éó·ýåé

P ·A ·Q =

Ã
I 0×(−)

0(−)× 0(−)×(−)

!
 (5.34)

üðïõ  := rank(A) êáé êáèÝíáò åê ôùí P êáé Q åßíáé ãéíüìåíï ðåðåñáóìÝíïõ
ðëÞèïõò óôïé·åéùäþí ðéíÜêùí.
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Áðïäåéîç. Óýìöùíá ìå ôï èåþñçìá 5.3.19, ôá áíùôÝñù éó·ýïõí üôáí ôï  óõì-

âïëßæåé ôï ðëÞèïò ôùí êáèïäçãçôéêþí ôïõ åããñáöþí ôïý P · A ÅðåéäÞ áõôü ôï

ðëÞèïò éóïýôáé ìå rank(P · A) = rank(A) (âë. ôï ðüñéóìá 5.4.14 êáé ôï (ii) ôÞò

ðñïôÜóåùò 5.4.3), ï éó·õñéóìüò åßíáé áëçèÞò. ¤

5.4.16 Óçìåßùóç. (i) Ç äéáäéêáóßá ðñïóäéïñéóìïýôùíáíùôÝñùP ∈GL() êáé

Q ∈ GL() Ý·åé Þäç ðåñéãñáöåß óôï åäÜöéï 5.3.20. Åßíáé áîéïðñüóåêôï ôï üôé

ç âáèìßäá ôïý ðßíáêá A õðïëïãßæåôáé áõôïìÜôùò ìÝóù ôÞò éóüôçôáò (5.34) ôïý

ðïñßóìáôïò 5.4.15.

(ii) MÝóù ôùí ðïñéóìÜôùí 5.4.13 êáé 5.4.14, êáé ôïý èåùñÞìáôïò 5.4.11 ïäçãïý-

ìåèá óôç óõìðëÞñùóç ôÞò áðïäåßîåùò ôïý äåõôÝñïõ ìÝñïõò ôïý (ii) ôïý èåùñÞìá-

ôïò 5.3.6 (ðïõ áöïñÜ óôç ìïíáäéêüôçôá ôïýAáí.êë. ãéá êÜèå (× )-ðßíáêáA).

Áðïäåéîç ôïõ äåõôåñïõ ìåñïõò ôïõ (ii) ôïõ èåùñçìáôïò 5.3.6. ¸óôù

ôõ·þí ìç ìçäåíéêüò ðßíáêáò A ∈ Mat×() ( ∈ N) âáèìßäáò  ÕðïèÝ-

ôïõìå üôé áõôüò åßíáé ãñáììïúóïäýíáìïò ìå äõï áíçãìÝíïõò êëéìáêùôïýò ðßíáêåò

B = () 1≤≤
1≤≤

êáé B0 = (0) 1≤≤
1≤≤

 Óýìöùíá ìå ôá ðïñßóìáôá 5.4.13 êáé 5.4.14,

êáé ôï èåþñçìá 5.4.11,

 = rank(B) = rank(B0) = Ã-rank(B) = Ã-rank(B0)

ìå ôï ðëÞèïò ôùí êáèïäçãçôéêþí åããñáöþí áìöïôÝñùí ôùíB êáé B0 íá éóïýôáé

ìå ¸óôù üôé ïé

11 =    =  = 1 êáé 0101 =    = 00 = 1 

åßíáé ïé êáèïäçãçôéêÝò åããñáöÝò ôùí B êáé B0 áíôéóôïß·ùò. Èá áðïäåßîïõìå

åðáãùãéêþò üôé ïé ãñáììÝò ôùí ðéíÜêùíB êáé B0 óõìðßðôïõí (ïðüôå B = B0).

• Éó·õñéóìüò : Ãéá êÜèå  ∈ N0 Ý·ïõìå åßôå  ≥  åßôå Ãñ−(B) =Ãñ−(B0) (ïðüôå
− = 0−).

Áñ·Þ åðáãùãÞò ãéá  = 0 Äß·ùò âëÜâç ôÞò ãåíéêüôçôáò õðïèÝôïõìå üôé  ≥ 0
ÅðåéäÞ  ≥ 1 êáé

Ãñ(B) ∈ ÄμÃ(B) = ÄμÃ(A) = ÄμÃ(B0)

(âë. ðñüôáóç 5.3.3) ìå

ÄμÃ(B0) = Lin ({Ãñ1(B0)    Ãñ(B0)}) 

õðÜñ·ïõí 1      ∈  ôÝôïéá þóôå íá éó·ýåé

Ãñ(B) = 1Ãñ1(B
0) +   + Ãñ(B

0)
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ÉäéáéôÝñùò, ãéá  = 1      − 1 Ý·ïõìå

0 = 0 =  êáé 0 = 

ëüãù ôùí óõíèçêþí (v) êáé (vi) ôïý ïñéóìïý 5.3.4 ãéá ôïíB0 êáé ôÞò óõíèÞêçò (ii)
ôïý ïñéóìïý 5.3.4 ãéá ôïíB ÊáôÜ óõíÝðåéáí,

Ãñ(B) = Ãñ(B
0)

Ãñ(B) 6= 0Mat1×()

¾
⇒  6= 0 =⇒

5.3.4 (ii)
0 = 

ïðüôå (ëüãù ôÞò 5.3.4 (v)) 1 =  =  ⇒ Ãñ(B) = Ãñ(B
0)

Åðáãùãéêü âÞìá ãéá  ∈ {1     −1}ÕðïèÝôïõìå üôé ï éó·õñéóìüò åßíáé áëçèÞò

ãéá ôïõò 0      − 1 êáé (äß·ùò âëÜâç ôÞò ãåíéêüôçôáò) üôé − ≥ 0− Óýìöùíá
ìå ôçí åðáãùãéêÞ ìáò õðüèåóç Ý·ïõìå

Ãñ−(B) ∈ ÄμÃ(B) = ÄμÃ(A) = ÄμÃ(B0)

ìå

ÄμÃ(B0) = Lin ({Ãñ1(B0)    Ãñ−(B0)Ãñ−+1(B)    Ãñ(B)}) 

ïðüôå õðÜñ·ïõí 1      ∈  ôÝôïéá þóôå íá éó·ýåé

Ãñ−(B) =
−X
=1

Ãñ(B
0) +

X
=−+1

Ãñ(B) (5.35)

Ãéá  =  − + 1      Ý·ïõìå

0 = − =  (5.36)

ëüãù ôÞò óõíèÞêçò (vi) ôïý ïñéóìïý 5.3.4 ãéá ôïíB êáé ôïý üôé  −    Áðü ôçí

Üëëç ìåñéÜ, ãéá  = 1      − − 1 Ý·ïõìå

0 = −0

=  (5.37)

ëüãù ôÞò óõíèÞêçò (ii) ôïý ïñéóìïý 5.3.4 ãéá ôïíB ôÞò óõíèÞêçò (vi) ôïý ïñéóìïý

5.3.4 ãéá ôïí B0 êáé ôïý üôé 0  0−1 ≤ − Áðü ôéò ó·Ýóåéò (5.35), (5.36) êáé

(5.37) ëáìâÜíïõìå

Ãñ−(B) = −Ãñ−(B0) (5.38)

ÅÜí ßó·õå −  0− ôüôå èá åß·áìå (åê íÝïõ ëüãù ôÞò 5.3.4 (ii))

0 = −0− = −
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Þôïé êÜôé ðïõ èá áíôÝêåéôï ðñïò ôçí (5.38), äéüôé Ãñ−(B) 6= 0Mat1×() ÅðïìÝ-

íùò,

− = 0− =⇒
5.3.4 (v)

− = −− = 1 =⇒
(5.38)

Ãñ−(B) = Ãñ−(B0)

Ùò åê ôïýôïõ, ï áñ·éêüò éó·õñéóìüò åßíáé áëçèÞò êáé B = B0 ¤

5.4.17 Ðüñéóìá. ¸óôù A ∈ Mat×() ( ∈ N). Ôüôå ïé áêüëïõèåò óõíèÞêåò
åßíáé éóïäýíáìåò :

(i) Ïé ãñáììÝò ôïý A óõãêñïôïýí ìéá âÜóç ôïý Mat1×()

(ii) Ïé ãñáììÝò ôïý A åßíáé ãñáììéêþò áíåîÜñôçôåò.

(iii) Ïé óôÞëåò ôïý A óõãêñïôïýí ìéá âÜóç ôïý Mat×1()

(iv) Ïé óôÞëåò ôïý A åßíáé ãñáììéêþò áíåîÜñôçôåò.

(v) rank(A) = 

(vi) O A éóïýôáé ìå ôï ãéíüìåíï ðåðåñáóìÝíïõ ðëÞèïõò óôïé·åéùäþí ðéíÜêùí.

(vii) A ∈ GL()

(viii) Åßôå ∃B ∈ Mat×() : A ·B = I åßôå ∃C ∈ Mat×() : C ·A = I

Áðïäåéîç. ÅðåéäÞ ï A Ý·åé  ãñáììÝò êáé  óôÞëåò, ïé éóïäõíáìßåò óõíèçêþí

(i)⇔(ii), (iii)⇔(iv) êáé (i)⇔(iii)⇔(v) åßíáé ðñïöáíåßò ëüãù ôÞò ðñïôÜóåùò 2.4.4

êáé ôïý èåùñÞìáôïò 5.4.11, áíôéóôïß·ùò. Ïé éóïäõíáìßåò ôùí ëïéðþí óõíèçêþí

áðïäåéêíýïíôáé ùò áêïëïýèùò:

(v)⇒(vi) ÅÜírank(A) =  ôüôå êáôÜ ôï ðüñéóìá 5.4.15 õðÜñ·ïõíPQ ∈GL()

ôÝôïéïé þóôå íá éó·ýåé

P ·A ·Q = I =⇒ A = P−1 ·Q−1
üðïõ ïé PQ (êáé, êáô' åðÝêôáóéí, êáé ïé P−1Q−1 ëüãù ôÞò ðñïôÜóåùò 5.3.14)

åßíáé ãéíüìåíá ðåðåñáóìÝíïõ ðëÞèïõò óôïé·åéùäþí ðéíÜêùí.

(vi)⇒(vii) Óýìöùíá ìå ôçí ðñüôáóç 5.3.14 ïé óôïé·åéþäåéò ðßíáêåò åßíáé áíôéóôñÝ-

øéìïé. ÅÜíëïéðüíïA éóïýôáé ìå ôï ãéíüìåíï ðåðåñáóìÝíïõðëÞèïõò óôïé·åéùäþí

ðéíÜêùí, ôüôå åßíáé êáé ï ßäéïò áíôéóôñÝøéìïò (âë. ëÞììá 5.1.21).

(vii)⇒(viii) Ôïýôï åßíáé (åî ïñéóìïý) ðñïöáíÝò.

(viii)⇒(v) ÅÜí∃B∈Mat×() : A·B = I ôüôå ç(5.32) êáé ôï (ii) ôÞò ðñïôÜóåùò
5.4.2 äßäïõí

 = rank(I) = rank(A ·B) ≤ rank(A) ≤ 

Êáô' áíáëïãßáí, åÜí ∃C ∈Mat×() : C ·A = I ôüôå

 = rank(I) = rank(C ·A) ≤ rank(A) ≤ 

Óå áìöüôåñåò ôéò ðåñéðôþóåéò óõìðåñáßíïõìå üôé rank(A) =  ¤
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5.4.18 Ðüñéóìá. ¸óôù A ∈ Mat×() ( ∈ N). Ôüôå ïé áêüëïõèåò óõíèÞêåò
åßíáé éóïäýíáìåò :

(i) A ∈ GL()

(ii) rank(A) = .

(iii) Aáí.êë. = I

Áðïäåéîç. Ç éóïäõíáìßá ôùí óõíèçêþí (i) êáé (ii) Ý·åé Þäç áðïäåé·èåß óôï ðü-

ñéóìá 5.4.17. ÅðåéäÞ (óýìöùíá ìå ôï èåþñçìá 5.3.6, ôï èåþñçìá 5.4.11 êáé ôá

ðïñßóìáôá 5.4.13 êáé 5.4.14)

rank(A) = ⇐⇒ rank(Aáí.êë.) = Ã-rank(Aáí.êë.) = 

⇐⇒ card({êáèïäçãçôéêÝò åããñáöÝò ôïýAáí.êë.}) = 

ç óõíèÞêç (ii) ðëçñïýôáé åÜí êáé ìüíïí åÜí (üëåò) ïé ãñáììÝò ôïý Aáí.êë. åßíáé

ãñáììéêþò áíåîÜñôçôåò. Åí ôïéáýôç ðåñéðôþóåé, ï Aáí.êë. äåí äéáèÝôåé êáìßá ìç-

äåíéêÞ ãñáììÞêáé, åðåéäÞ ôï ðëÞèïò ôùí êáèïäçãçôéêþí ôïõ åããñáöþí éóïýôáé ìå

 êáé êÜèå êáèïäçãçôéêÞ ôïõ åããñáöÞ éóïýôáé ìå 1 (âë. 5.3.4 (v)), ï Aáí.êë. åß-

íáé Üíù ôñéãùíéêüò êáé êÜèå åããñáöÞ ôïõ åõñéóêïìÝíç óôçí (êýñéá) äéáãþíéü ôïõ

éóïýôáé ìå 1  ÅðéðñïóèÝôùò, åðåéäÞ ïé åããñáöÝò ôïý Aáí.êë. ðïõ áíÞêïõí óôçí

ßäéá óôÞëç ìå êÜðïéá êáèïäçãçôéêÞ åããñáöÞ êáé âñßóêïíôáé åðÜíù áðü áõôÞí,

ïöåßëïõí íá åßíáé ßóåò ìå ôï 0 (âë. 5.3.4 (vi)), Ý·ïõìå êáô' áíÜãêçí

Aáí.êë. = diag(1  1      1  1) = I

Åî áõôïý Ýðåôáé êáé ç éóïäõíáìßá ôùí óõíèçêþí (ii) êáé (iii). ¤

5.4.19 Óçìåßùóç. (Ðñïóäéïñéóìüò áíôéóôñüöïõ ðßíáêá) ¸óôù ôõ·þí ðßíáêáò

A = ()1≤≤ ∈GL() ÅðåéäÞ (êáôÜ ôï ëÞììá 5.3.17 êáé ôï ðüñéóìá 5.4.18)

õðÜñ·ïõí óôïé·åéþäåéò ðßíáêåòP1    P ∈GL() åêöñÜæïíôåò êáôÜëëçëïõò

óôïé·åéþäåéò ìåôáó·çìáôéóìïýò ãñáììþí, ôÝôïéïé þóôå íá éó·ýåé

P · · · · ·P1 ·A = Aáí.êë. = I ⇒ A−1 = P · · · · ·P1
ï áíôßóôñïöïò ðßíáêáò A−1 ôïý A ðñïóäéïñßæåôáé (ðñáêôéêþò) êáôüðéí èåùñÞ-

óåùò ôïý åðáõîçìÝíïõ ðßíáêá

(A I) :=

⎛⎜⎜⎜⎜⎜⎜⎝
11 · · · 1

...
...

1 · · · 

1 0 · · · · · · 0

0 1 0 · · · 0
...

. . .
...

0 · · · 0 1 0

0 · · · · · · 0 1

⎞⎟⎟⎟⎟⎟⎟⎠ ∈Mat×2()

Áõôüò, ðïëëáðëáóéáæüìåíïò åî áñéóôåñþí ìå ôïíP · · · · ·P1 äßäåé
P · · · · ·P1 · (A I) = (I P · · · · ·P1) =

¡
I A−1

¢
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5.4.20 ÐáñÜäåéãìá. Áêïëïõèþíôáò ôÞí áíùôÝñù ðåñéãñáöåßóá äéáäéêáóßá ãéá

ôïí ðßíáêá

A :=

⎛⎝ 1 1 1

0 1 1

1 0 1

⎞⎠ ∈Mat3×3(Q)

ëáìâÜíïõìå

⎛⎜⎝ 1 1 1

0 1 1

1 0 1

1 0 0

0 1 0

0 0 1

⎞⎟⎠
Â Ãñ3 7→Ãñ3+(−1)Ãñ1 //

⎛⎜⎝ 1 1 1

0 1 1

0 −1 0

1 0 0

0 1 0

−1 0 1

⎞⎟⎠
Â Ãñ3 7→Ãñ3+Ãñ2 //

⎛⎜⎝ 1 1 1

0 1 1

0 0 1

1 0 0

0 1 0

−1 1 1

⎞⎟⎠
Â Ãñ1 7→Ãñ1+(−1)Ãñ3 //

⎛⎜⎝ 1 1 0

0 1 1

0 0 1

2 −1 −1
0 1 0

−1 1 1

⎞⎟⎠
Â Ãñ2 7→Ãñ2+(−1)Ãñ3 //

⎛⎜⎝ 1 1 0

0 1 0

0 0 1

2 −1 −1
1 0 −1
−1 1 1

⎞⎟⎠
Â Ãñ1 7→Ãñ1+(−1)Ãñ2 //

⎛⎜⎝ 1 0 0

0 1 0

0 0 1

1 −1 0

1 0 −1
−1 1 1

⎞⎟⎠
ïðüôå

A−1 =

⎛⎝ 1 −1 0

1 0 −1
−1 1 1

⎞⎠

5.4.21 ÐáñÜäåéãìá. Áêïëïõèþíôáò ôÞí áíùôÝñù ðåñéãñáöåßóá äéáäéêáóßá ãéá

ôïí ðßíáêá

A :=

µ
1 2

3 7

¶
∈Mat2×2(Q)
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ëáìâÜíïõìå Ã
1 2

3 7

1 0

0 1

!
Â Ãñ2 7→Ãñ2+(−3)Ãñ1 //

Ã
1 2

0 1

1 0

−3 1

!
Â Ãñ1 7→Ãñ1+(−2)Ãñ2 //

Ã
1 0

0 1

7 −2
−3 1

!

ïðüôå

A−1 =
µ

7 −2
−3 1

¶


ÓçìåéùôÝïí üôé (ëüãù ôïý ëÞììáôïò 5.4.10, ôïý èåùñÞìáôïò 5.4.11 êáé ôùí ðïñé-

óìÜôùí ôïõ 5.4.12 êáé 5.4.13) äéêáéïýìåèá íá ·ñçóéìïðïéïýìå (óå áõôÞí ôç äéá-

äéêáóßá) óôïé·åéþäåéò ìåôáó·çìáôéóìïýò óôçëþí áíôß ôùí óôïé·åéùäþí ìåôáó·ç-
ìáôéóìþí ãñáììþí: µ

1 2

3 7

1 0

0 1

¶
Â Óô2 7→Óô2+(−2)Óô1 //

µ
1 0

3 1

1 −2
0 1

¶
Â Óô1 7→Óô1+(−3)Óô2 //

µ
1 0

0 1

7 −2
−3 1

¶
Ùóôüóï, ðñÝðåé, åê ðáñáëëÞëïõ, íá åðéóçìáíèåß üôé äåí åðéôñÝðåôáé áíÜìåéîç
óôïé·åéùäþí ìåôáó·çìáôéóìþí ãñáììþí êáé óôçëþí ! Åðß ðáñáäåßãìáôé, ãéá ôïí

áíùôÝñù (2 × 2)-ðßíáêá A ç åêôÝëåóç åíüò ìåôáó·çìáôéóìïý ãñáììþí êáé åíüò

ìåôáó·çìáôéóìïý óôçëþí äßäåé Ã
1 2

3 7

1 0

0 1

!
Â Ãñ2 7→Ãñ2+(−3)Ãñ1 //

Ã
1 2

0 1

1 0

−3 1

!
Â Óô2 7→Óô2+(−2)Óô1 //

Ã
1 0

0 1

1 −2
−3 7

!
ìå µ

1 −2
−3 7

¶
6=
µ

7 −2
−3 1

¶
= A−1
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5.4.22 Ðüñéóìá. ¸óôù A ∈Mat×()r{0×} ( ∈ N) êáé Ýóôù  öõóéêüò
áñéèìüò ìå 1 ≤  ≤ min{} Ôüôå rank(A) =  ⇐⇒ õðÜñ·åé ôïõëÜ·éóôïí Ýíáò
áíôéóôñÝøéìïò (×)-õðïðßíáêáò ôïýA êáé (ôáõôï·ñüíùò) ïé (×)-õðïðßíáêåò
ôïý A ãéá üëïõò ôïõò  ∈ { + 1    min{}} åßíáé ìç áíôéóôñÝøéìïé.

Áðïäåéîç. ‘‘⇒'' ÅÜí rank(A) =  åðéëÝãïõìå  ãñáììéêþò áíåîÜñôçôåò ãñáììÝò

Ãñ1(A)    Ãñ (A) ôïýA üðïõ 1 ≤ 1  2  · · ·   ≤  êáé èåùñïýìå ôïí

õðïðßíáêá

B :=

⎛⎜⎝ Ãñ1(A)
...

Ãñ(A)

⎞⎟⎠ ∈ Mat×()

ôïýA Óýìöùíá ìå ôï èåþñçìá 5.4.11 (ãéá ôïíB),

rank(B) = Ã-rank(B) = Ó-rank(B) = 

ïðüôå Ý·ïõìå ôç äõíáôüôçôá åðéëïãÞò  ãñáììéêþò áíåîáñôÞôùí óôçëþí

Óô1(B)    Óô (B) ôïýB üðïõ 1 ≤ 1  2  · · ·   ≤  Ï õðïðßíáêáò

C := (Óô1(B) · · · Óô(B)) ∈ Mat×()

ôïýB (êáé, ùò åê ôïýôïõ, êáé ôïýA) Ý·åé âáèìßäá rank(C) =  (Áñêåß çåöáñìïãÞ

ôÞò óõíåðáãùãÞò (iv)⇒(v) ôïýðïñßóìáôïò 5.4.17 ãéá ôïíðßíáêáC) ¢ñá ïC åßíáé

áíôéóôñÝøéìïò (êáôüðéí åöáñìïãÞò ôïý 5.4.17 (v)⇒(vii) ãéá ôïí C). ÅîÜëëïõ, ïé

 ãñáììÝò ïéïõäÞðïôå ( × )-õðïðßíáêá ôïý A ìå  ∈ { + 1    min{}}
åßíáé êáô' áíÜãêçí ãñáììéêþò åîáñôçìÝíåò (äéüôé    = Ã-rank(A)). ÅðïìÝíùò,

áõôüò ïöåßëåé íá åßíáé ìç áíôéóôñÝøéìïò (âë. 5.4.17 (vii)⇔(ii)).

‘‘⇐'' ÕðïèÝôïõìå üôé õðÜñ·åé ôïõëÜ·éóôïí Ýíáò áíôéóôñÝøéìïò (×)-õðïðßíáêáòeA ôïýA êáé üôé ïé ( × )-õðïðßíáêåò ôïý A ãéá üëïõò ôïõò öõóéêïýò áñéèìïýò

 ∈ { + 1    min{}} åßíáé ìç áíôéóôñÝøéìïé. ÅÜí  = min{} ôüôå
(ðñïöáíþò) rank(A) =  ÅÜí  ≤ min{}− 1 åðéëÝãïõìå  ãñáììÝò ôïýA

Ãñ1(A)    Ãñ(A) 1 ≤ 1  2  · · ·   ≤ 

üðïõ  ∈ {+ 1    min{}}Èá äåßîïõìå üôé áõôÝò åßíáé ãñáììéêþò åîáñôç-

ìÝíåò êÜíïíôáò ·ñÞóç «åéò Üôïðïí áðáãùãÞò». Ðñïò ôïýôï õðïèÝôïõìå üôé åßíáé

ãñáììéêþò áíåîÜñôçôåò. Ôüôå ï

D :=

⎛⎜⎝ Ãñ1(A)
...

Ãñ(A)

⎞⎟⎠ ∈ Mat×()
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Ý·åé âáèìßäá rank(D) = Ã-rank(D) =    ïðüôå åßíáé áíôéóôñÝøéìïò (êáôüðéí

åöáñìïãÞò ôïý 5.4.17 (v)⇒(vii) ãé' áõôüí). ¢ôïðï! ÊáôÜ óõíÝðåéáí, ïéåóäÞðïôå 

ãñáììÝò ôïýA (ãéá  ∈ {+1    min{}}) åßíáé ãñáììéêþò åîáñôçìÝíåò. Åî
áõôïý Ýðåôáé üôé rank(A) ≤ Áðü ôçíÜëëçìåñéÜ, åÜí õðïèÝóïõìå üôé ïé ãñáììÝò

Ãñ1(A)    Ãñ(A) 1 ≤ 1  · · ·   ≤ 

ôïý ðßíáêá A åßíáé ïé  ãñáììÝò ôïý eA ôüôå áõôÝò åßíáé ãñáììéêþò áíåîÜñôçôåò

(âë. 5.4.17 (vii)⇔(ii)). ÅðåéäÞ

{Ãñ1(A)    Ãñ(A)} ⊆ {Ãñ1(A)    Ãñ(A)} 

Ý·ïõìå  ≤ rank(A) ¢ñá ôåëéêþò rank(A) =  ¤

5.5 ÉÓÏÄÕÍÁÌÏÉ ÊÁÉ ÏÌÏÉÏÉ ÐÉÍÁÊÅÓ

Åðß ôïý Mat×() (êáé áíôéóôïß·ùò, åðß ôïý Mat×()) ïñßæåôáé êáôÜ ôñüðï
öõóéêü 18 ç ó·Ýóç éóïäõíáìßáò (5.39) (êáé áíôéóôïß·ùò, ç ó·Ýóç éóïäõíáìßáò

(5.40)). Åõëüãùò ôßèåôáé ôï åñþôçìá ôïý êáôÜ ðüóïí êÜèå êëÜóç éóïäõíáìßáò ùò

ðñïò áõôÞí äéáèÝôåé ùò åêðñüóùðü ôçò êÜðïéïí ðßíáêá «áñêïýíôùò áðëÞò ìïñ-

öÞò».

5.5.1 Ïñéóìüò. ËÝìå üôé äõï ðßíáêåò AB ∈ Mat×() (üðïõ  óþìá êáé

 ∈ N) åßíáé éóïäýíáìïé üôáí

∃P ∈ GL() êáé Q ∈ GL() : B = P ·A ·Q

Åðß ôïýMat×() ïñßæåôáé ç äéìåëÞò ó·Ýóç

A ∼éó. B⇐⇒
ïñó

µ
ïéAB åßíáé éóïäýíáìïé

õðü ôçí ùò Üíù Ýííïéá

¶
 (5.39)

5.5.2 Ðñüôáóç. Ç (5.39) áðïôåëåß ìéá ó·Ýóç éóïäõíáìßáò.

Áðïäåéîç. Ç (5.39) åßíáé áõôïðáèÞò, äéüôé

A = I ·A · I =⇒ A ∼éó. A ∀A ∈Mat×()

óõììåôñéêÞ, äéüôé åÜíA ∼éó. B ãéá êÜðïéïõòAB ∈Mat×() ôüôå

∃P ∈ GL() êáé Q ∈ GL() : B = P ·A ·Q⇒ A = P−1 ·B ·Q−1
18Ùò êßíçôñï ãéá ôçí åéóáãùãÞ ôùí åí ëüãù ó·Ýóåùí éóïäõíáìßáò åðß ôùí Mat×() êáé Mat×() ìðïñïýí
íá èåùñçèïýí ïé ôýðïé (5.26) êáé (5.27).
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ìå P−1 ∈ GL() êáé Q
−1 ∈ GL(), ïðüôå B ∼éó. A êáé, ôÝëïò, ìåôáâáôéêÞ,

äéüôé åÜíA ∼éó. B êáéB ∼éó. C ãéá êÜðïéïõòABC ∈Mat×() ôüôå

∃P1 ∈ GL() êáé Q1 ∈ GL() : B = P1 ·A ·Q1

∃P2 ∈ GL() êáé Q2 ∈ GL() : C = P2 ·B ·Q2

ïðüôå

C = (P2 ·P1) ·A · (Q1 ·Q2)⇒ A ∼éó. C

êáèüóïíP2 ·P1 ∈ GL() êáéQ1 ·Q2 ∈ GL() ¤

5.5.3 Ðñüôáóç. Äõï ðßíáêåò AB ∈Mat×() ( ∈ N) åßíáé éóïäýíáìïé åÜí
êáé ìüíïí åÜí rank(A) = rank(B)

Áðïäåéîç. ¸óôù üôé ïé AB åßíáé éóïäýíáìïé ðßíáêåò. Ôüôå (óýìöùíá ìå ôï

ðüñéóìá 5.4.5) õðÜñ·ïõíP ∈ GL() êáéQ ∈ GL() ôÝôïéïé þóôå íá éó·ýåé

P ·A ·Q =

Ã
I 0×(−)

0(−)× 0(−)×(−)

!


üðïõ  := rank(A) ïðüôåÃ
I 0×(−)

0(−)× 0(−)×(−)

!
∼éó. A

ÅðåéäÞ (åî õðïèÝóåùò)A ∼éó. B Ý·ïõìåÃ
I 0×(−)

0(−)× 0(−)×(−)

!
∼éó. B

ëüãù ôÞò ìåôáâáôéêÞò éäéüôçôáò ôÞò (5.39). ÅðïìÝíùò, rank(B) =  (ðñâë. ðñü-

ôáóç 5.4.3). Êáé áíôéóôñüöùò° åÜí rank(A) = rank(B) =:  ôüôå (óýìöùíá ìå ôï

ðüñéóìá 5.4.5) áìöüôåñïé ïéAB åßíáé éóïäýíáìïé ìå ôïíÃ
I 0×(−)

0(−)× 0(−)×(−)

!


ïðüôå åßíáé êáé ìåôáîý ôïõò éóïäýíáìïé. ¤

5.5.4 ÐáñáôÞñçóç. Ï-äéáíõóìáôéêüò ·þñïòMat×() äéáóðÜôáé óå áêñéâþò
min{}+ 1 êëÜóåéò éóïäõíáìßáò ùò ðñïò ôçí (5.39) (âë. (5.32)) êáé êáèåìéÜ åî

áõôþí åßíáé ìïíïóçìÜíôùò ïñéóìÝíç ìÝóù ôÞò âáèìßäáò åíüò åê ôùí ðéíÜêùí ôçò.
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ÅðéðñïóèÝôùò, êÜèå êëÜóç éóïäõíáìßáò [A]∼éó.
 A ∈ Mat×() äéáèÝôåé Ýíáí

éäéáßôåñá «üìïñöï» åêðñüóùðï, Þôïé ôïíÃ
Irank(A) 0×(−)
0(−)× 0(−)×(−)

!


5.5.5 Ïñéóìüò. ËÝìå üôé äõï ôåôñáãùíéêïß ðßíáêåò AB ∈ Mat×() (üðïõ 

óþìá êáé  ∈ N) åßíáé üìïéïé üôáí

∃P ∈ GL() : B = P ·A ·P−1

Åðß ôïýMat×() ïñßæåôáé ç äéìåëÞò ó·Ýóç

A ∼ïì. B⇐⇒
ïñó

(ïéAB åßíáé üìïéïé)  (5.40)

5.5.6 Óçìåßùóç. Äõï üìïéïé ðßíáêåò AB ∈ Mat×() åßíáé ðÜíôïôå éóïäýíá-

ìïé, ïðüôå ïé âáèìßäåò ôïõò åßíáé ßóåò (âë. ðñüôáóç 5.5.3).

5.5.7 Ðñüôáóç. Ç (5.40) áðïôåëåß ìéá ó·Ýóç éóïäõíáìßáò.

Áðïäåéîç. Ç (5.40) åßíáé áõôïðáèÞò, äéüôé

A = I ·A · I = I ·A · I−1 =⇒ A ∼ïì. A ∀A ∈Mat×()

óõììåôñéêÞ, äéüôé åÜíA ∼ïì. B ãéá êÜðïéïõòAB ∈Mat×() ôüôå

∃P ∈ GL() : B = P ·A ·P−1 ⇒ A = P−1 ·B ·P = P−1 ·B · ¡P−1¢−1
êáé, ôÝëïò, ìåôáâáôéêÞ, äéüôé åÜí A ∼ïì. B êáé B ∼ïì. C ãéá êÜðïéïõò ðßíáêåò

ABC ∈Mat×() ôüôå

∃P1 ∈ GL() : B = P1 ·A ·P−11 êáé ∃P2 ∈ GL() : C = P2 ·B ·P−12 

ïðüôå

C = (P2 ·P1) ·B · (P2 ·P1)−1 ⇒ A ∼ïì. C

êáèüóïíP2 ·P1 ∈ GL() ¤

5.5.8 Ðñüôáóç. ÅÜí AB ∈ Mat×() ( ∈ N), ôüôå ïé áêüëïõèåò óõíèÞêåò
åßíáé éóïäýíáìåò :

(i) Ïé AB åßíáé üìïéïé.
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(ii) ÕðÜñ·åé ìéá äéáôåôáãìÝíç âÜóç B ôïý  ôÝôïéá þóôå íá éó·ýåé

B =MB
B(A)

Þôïé ôÝôïéá, þóôå ï B íá åßíáé ç åéêüíá ôïý åíäïìïñöéóìïý

A : 
 −→  x 7−→ x ·A| 

ìÝóù ôïý éóïìïñöéóìïý

MB
B : End(

) −→Mat×()  7−→MB
B()

(iii) ÕðÜñ·ïõí Ýíáò -äéáíõóìáôéêüò ·þñïò  äéáóôÜóåùò  Ýíáò åíäïìïñöé-
óìüò  ∈ End( ) êáèþò êáé äõï äéáôåôáãìÝíåò âÜóåéò A êáé B ôïý  ïýôùò
þóôå íá éó·ýåé

A =MA
A() êáé B =MB

B()

(Åí ôïéáýôç ðåñéðôþóåé, ïé A êáé B åßíáé ïé åéêüíåò ôïý åíäïìïñöéóìïý  ìÝóù
ôùí éóïìïñöéóìþí

MA
A : End( ) −→Mat×() êáé MB

B : End( ) −→Mat×()

áíôéóôïß·ùò. Âë. ðüñéóìá 5.2.22.)

Áðïäåéîç. (i)⇒(ii) ÅÜíïéAB åßíáé üìïéïé, ôüôå ∃P ∈GL() : B = P·A·P−1
Ðñïöáíþò,A =ME

E(A) üðïõ E := (e[]1      e
[]
 ) çóõíÞèçò äéáôåôáãìÝíç âÜóç

ôïý ÅðéðñïóèÝôùò, ç äéáôåôáãìÝíç -Üäá

B := (Óô1(P)|     Óô(P)|)

åßíáé ìéá äéáôåôáãìÝíç âÜóç ôïý ìå

TBE :=M
B
E (id) = P êáé TEB =

¡
TBE
¢−1

= P−1

ïðüôå ôï ðüñéóìá 5.2.35 äßäåé

B = P ·A ·P−1 = TBE ·ME
E(A) ·TEB =MB

B(A)

(ii)⇒(iii) ÅÜí õðÜñ·åé ìéá äéáôåôáãìÝíç âÜóç B ôïý  ôÝôïéá þóôå íá éó·ýåé

B = MB
B(A) ôüôå èÝôïíôáò  :=   := A êáé A := E = (e

[]
1      e

[]
 )

Ý·ïõìå A =ME
E(A)

(iii)⇒(i) ÅÜí õðÜñ·ïõí Ýíáò -äéáíõóìáôéêüò ·þñïò  äéáóôÜóåùò  Ýíáò åí-

äïìïñöéóìüò  ∈ End( ) êáèþò êáé äõï äéáôåôáãìÝíåò âÜóåéò A êáé B ôïý 

ïýôùò þóôå íá éó·ýåé

A =MA
A() êáé B =MB

B()
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ôüôå (óýìöùíá ìå ôï ðüñéóìá 5.2.35)

B = TAB ·MA
A() ·TBA = TAB ·A ·

¡
TAB
¢−1



ÈÝôïíôáò P := TAB ∈ GL() ëáìâÜíïõìå B = P ·A ·P−1 ïðüôå ïéAB åßíáé

üìïéïé. ¤

5.5.9 Ðüñéóìá. ÅÜí AB ∈ Mat×() ( ∈ N), ôüôå ïé áêüëïõèåò óõíèÞêåò
åßíáé éóïäýíáìåò :

(i) Ïé AB åßíáé üìïéïé.

(ii) ÕðÜñ·åé ìéá äéáôåôáãìÝíç âÜóç B ôïý ôÝôïéá þóôå íá éó·ýåé LBB(B) = A

Þôïé ôÝôïéá, þóôå ï åíäïìïñöéóìüò

A : 
 −→  x 7−→ x ·A| 

íá åßíáé ç åéêüíá ôïý B ìÝóù ôïý éóïìïñöéóìïý

LBB :Mat×() −→ End(
)

(iii) ÕðÜñ·ïõí Ýíáò -äéáíõóìáôéêüò ·þñïò  äéáóôÜóåùò  Ýíáò åíäïìïñöé-
óìüò  ∈ End( ) êáèþò êáé äõï äéáôåôáãìÝíåò âÜóåéò A êáé B ôïý  ïýôùò
þóôå íá éó·ýåé

LAA(A) =  = LBB(B)

(Åí ôïéáýôç ðåñéðôþóåé, ï åíäïìïñöéóìüò  åßíáé ç åéêüíá ôùí A êáé B ìÝóù
ôùí éóïìïñöéóìþí

LAA :Mat×() −→ End( ) êáé LBB :Mat×() −→ End( )

áíôéóôïß·ùò.)

Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôçí ðñüôáóç 5.5.8 êáé ôï ðüñéóìá 5.2.22. ¤

5.5.10 Óçìåßùóç. Ïäéáìåëéóìüò ôïýMat×()óå êëÜóåéò éóïäõíáìßáòùò ðñïò
ôçí (5.39) åßíáé ó·åôéêþò áäñïìåñÞò (âë. 5.5.4). Ï äéáìåëéóìüò ôïýMat×() óå
êëÜóåéò éóïäõíáìßáò ùò ðñïò ôçí (5.40) åßíáé ðåñéóóüôåñï åêëåðôõóìÝíïò êáé ç

áíáæÞôçóç «üìïñöùí» åêðñïóþðùí ôïõò ïäçãåß óôï åîÞò:

• Ðñüâëçìá: ÄïèÝíôïò åíüò ðßíáêá A ∈Mat×() íá ðñïóäéïñéóèåß Ýíáò ðß-
íáêáò P ∈ GL() ôÝôïéïò þóôå ï P ·A ·P−1 íá Ý·åé ôçí áðëïýóôåñç äõíáôÞ
ìïñöÞ.

Óýìöùíá ìå ôá ðñïáíáöåñèÝíôá óôçí ðñüôáóç 5.5.8, áõôü éóïäõíáìåß ìå ôï áêü-

ëïõèï:
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• Ðñüâëçìá: ÄïèÝíôïò åíüò åíäïìïñöéóìïý  ∈ End( ) åíüò -äéÜóôáôïõ -

äéáíõóìáôéêïý ·þñïõ  íá ðñïóäéïñéóèåß ìéá äéáôåôáãìÝíç âÜóç B ôïý  ïýôùò
þóôå ï ðßíáêáò MB

B() íá Ý·åé ôçí áðëïýóôåñç äõíáôÞ ìïñöÞ.

Ç ðáñïõóßáóç ôÞò ðëÞñïõò ëýóåùò ôïý ðñïâëÞìáôïò ãßíåôáé óôï ìÜèçìá «Ãñáì-

ìéêÞ ¢ëãåâñá ÉÉÉ». Ùóôüóï, ìéá ðñþôç áíôéìåôþðéóÞ ôïõ óå åéäéêÝò ðåñéðôþóåéò

ðåñéëáìâÜíåôáé óôï êåöÜëáéï 8 (ðåñß éäéïôéìþí êáé éäéïäéáíõóìÜôùí). Åêåß äßäï-

íôáé éêáíÝò êáé áíáãêáßåò óõíèÞêåò, õðü ôéò ïðïßåò ïMB
B() åßíáé åßôå äéáãþíéïò

åßôå Üíù ôñéãùíéêüò.




