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1. Introduction

Let Fy be the finite field of g elements of characteristic p, and F its extension of degree k. An additive character x of Fy is
a complex valued function of unit magnitude with the property that x (o + 8) = x (o) x (), o, B € F,. The character [12]
is called nontrivial if there exists at least one element of I, for which it is not of value 1. Any such character on a field of
characteristic p can be realized by the function

X(Ol) — leriTrq‘p(aa)/p

for some fixed element a € F, where Try, is the trace function of F, over F,. Such a character is denoted by x,(-) and
the number of distinct characters, including the trivial one, is the order of the finite field. An arbitrary character on Fg will
be denoted simply by x (-). An excellent reference for properties of characters and Kloosterman sums as discussed below,

is [12], as well as the original work of Carlitz [3] which established many of the properties which are extended here.
Characters satisfy the orthogonality relations:

Y %) = g8y and Y xp()p(d) = g
cefg beFg
where §,, is the Kronecker delta function, equal to one if a = b and 0 otherwise.
A character y (-) over Fy can be ‘lifted’ to an extension field F« by
X)) = x Tty (r)) = expQniTrg,(cy)/p). v € Fyr, ¢ € Fy.
The sums
Ki(a.b) =K(a,b) = ) x(ae+ba") and Ki(a,b)= ) x®ay+by™"

ok k
€l yeJFqk
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for a, b fixed elements of IFy, are referred to as Kloosterman sums [12]. It is noted that some authors allow a, b € Fgx in the
definition of such sums. This causes no problems but our applications need only the case considered here. In what follows,
we assume that x (-) is a fixed nontrivial character of F; and ab # 0 since otherwise the sums are trivial. A fundamental
result is that

Ki(a, b) = —w*(a, b) — «¥(a, b) (1)
where w1 (a, b), w,(a, b) (or simply w; and w, when the a, b are understood) are complex numbers defined by
14+ K(a, b)z + qz° = (1 — wy(a, b)z)(1 — wy(a, b)z).
It is immediate that
K(a,b) = —wi(a, b) — wy(a,b) and w;(a,b) - wy(a,b) =q.
It follows from the Riemann Hypothesis for function fields, that
lwi(a, b)| = |wa(a, b)| = /4,
so that
K(a,b)| < 2q"2.

It is interesting to note that K (a, b) is entirely determined by the ground field Fg, K;(a, b) and k.
Furthermore, since

Wi + o= (@ + o) (@ +oy ) - oy ), k=2

the following recursion is immediate [3,12]:

Ki(a, b) = —Ki(a, b)Ki—1(a, b) — gKe—(a,b) k=2,  Ko(a,b) = -2 (2)
which will prove useful in what follows. More generally, by the same argument, we have:
Ky(a, b) = —Ks(a, b)Kx—s(a, b) — ¢°Kx—2s(a,b) k>2,  Ko(a,b)=-2, ab#0, 1<s< [k/2]. (3)

For k = 2/ the last equation gives
Kae(a, b) = —K?(a, b) + 2q*.

We adopt the convention that Ki(a, a) = Ki(a). The ground field will be assumed F, and note that K (0, 0) = Ky (0) = q<—1.
A further identity, which shows explicitly the dependence of K (a, b) only on F, and K;(a, b) (again, assuming a fixed
nontrivial character x (-))is [3,12]

[k/2]

Ki(a, b) = Z(—D"*f*‘k’—{j (k ]_J> @K P (a,b), ab#0. (4)
i=0 -

Such Kloosterman sums have been widely investigated for a variety of applications in coding, sequence design, equations
over finite fields and many others (see e.g.[6,11,19]). In the next section we derive a formula that gives the number of times
each element of F is assumed as a value of a term in a Kloosterman sum evaluated over Fg. This adds, for example, to the
work of Katz and Livné [9], which gives results for the case ¢ = 2 and 3 in terms of orders in certain algebraic number fields.
The approach here seems more direct than that work. Such numbers will be shown to have properties similar to those of
the Kloosterman sums themselves and are of independent interest in applications.

Sections 3 and 4 consider the application of this result to two problems; (i) enumerating irreducible polynomials with a
certain type of restriction on their coefficients (ii) the possible weights in the duals of Melas codes over F,. The work is an
extension of work initiated in [1] where the interest was in determining the order of the additive group of elliptic curves
over finite fields of characteristic two. The relationship of that work to that of Section 4 is touched on there.

2. Aresult on the values of Kloosterman sums

Consider first, for fixed a, b € [y, the set of elements y in Fox such that

Sk(B.a.b) ={y € Fy[Trye(ay +by™") =B}, a,b,f €T,
and let ny (B, a, b) = [Sk(B, a, b)| where Try4(-) is the trace function of F
(B, 1, 1) 2 ni(B). A few easy observations are recorded below.

o« over Fg. In what follows, we will often take

Proposition 1. Let F, be a finite field of characteristic p, a, b, ¢, B € F,. Then

(1) y € Sk(B,a,b) = y? € (B, a,b).
(2) (B, a,b) = m(—p, a, b).
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(3) If a # O then (B, a,a) = m(Ba™", 1, 1).

(4) If ¢ # 0 then ni(B, ca, cb) = ng(Bc™1, a, b).

(5) m(BP, @, bP) = ni(B, a, b).

Our main interest will later be in the quantities Ky (1, 1), although the proofs will be given for the general case. The following
theorem establishes the basic transform relationship between the Kloosterman sums and the quantities n, (8, a, b).

Theorem 1. Let a, b, c € ]FZ and K (a, b) the Kloosterman sum associated to a nontrivial additive character x of Fq. Then

Ki(ca, cb) = Y m(n, a, b)x(cn) (5)
IS
and
1
m(B.a.b) = Y x(cB)Ki(ca, cb). (6)
celq

Proof. For the first part of the theorem, for c = 1, we see that

K@@, b) = D x(Trgglay +by™)) = Y m(B.a. b)x(p).

yeJF:;k BeFq
More generally,

Ki(ca, cb) = ) ni(B, ca, ch)x (B)

Belq

= Z nk(ﬂCil, a, b)x(B)
Belq

= Z nk(n, a, b)x (cn),
nekq

where we used Proposition 1 in the second equality.
For the second part of the theorem, to determine the quantities ny(8, a, b) let x (-) denote the a nontrivial character of
4 and consider the sum

> { D x(e(Trgglay +by ™) — ﬁ))} : (7)
yg]FZk celfg

If y is such that Trg (ay + by 1) = B then the inner sum is q and otherwise 0. Thus the expression of Eq. (7) is qni(8, a, b)
and so

1
ne(B.a.b) = - Y in@(Tquq(ay +by " — ﬂ))}

q VE]FZk celFq

D> x(cTrgqay + by Hx (cB) 8)

VEF:k celfg

Q| -

= - Y XB) Y x(cTrglay +by™")

celfq ye]F;k
1
=-> xeh Y xPictay +by™")
q celq ye]FZk
= éz % (cB)Ki(ca, cb). O (9)

ceFq
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From the theorem it is emphasized that the quantities n,(8, a, b) can be obtained using only knowledge of K (a, b) over
Fq and k. Furthermore the sets of quantities {ny(B, a, b), B € Fq} and {Ki(ca, nb), c € Fq} are a type of transform of each
other via Eqgs. (5) and (6). As such they enjoy many transform-like properties, some of which will be explored below. The
quantities and their properties are of independent interest and useful in many applications.

The following corollaries emphasize this point of view by emulating multiplication and convolution in the two domains.

Corollary 1. Leta,b € ]Fj; andc, B € Fy. Then

1
= > " X(cBKi(ca, cb) = Y m(n, a, bym(B — . a,b), (10)
q celq IS

1
> x(Pm(B, a,b) = = Y " Ki(da, db)Ki((c — d)a, (c — d)b). (11)
BeFq deFq

Proof. To prove Eq. (10), we compute

1 1
g m(n, a,bym(B—n,ab)y=qy - > x(enkKca, b) > X(d(B — n))Ki(da, db)

nefq nefq 1 celfy deFq
1 _ -
= - > > x(dB)Ki(ca, ch)Ki(da, db) > X ((c — dn).
c€Fq deFy nefq

The sum over n equals ¢ when ¢ = d and zero otherwise and the statement follows. The proof of Eq. (11) is completely
analogous. O

The following corollary tries to emulate the recursion relations for the Ky (a, b) of Eq. (3) in the transform domain.
Corollary 2. Leta,b € IE‘;‘ and B € Fq. Then for 1 <s < |k/2]

ne(B,a,b) = =Y (1, @, b)ns(B — 1,4, b) + ¢°m_a5(B, a, b)

n€kq
+2qs—l(qk—5 _ 1)’ k > 2, qno(ﬂ, a, b) = —2, ab # 0.

Proof. Although the proofis elementary, using standard transform techniques, we give an outline of it, recalling that to use
Eq. (3) we require ab # 0:

1
(B, a,b) = = 3 x(ch)Ki(ca, cb)

ceFy

— - Y depica.ch + (=)

*
celfg

1 1
=4 Z X (¢B) {—Ki(ca, cb)Ky_s(ca, cb) — ¢°Ky_as(ca, cb) } + E(qk -1)
cer
and
1 _ . ) 1
(B, a,b) = —= Y x(cBKs(ca, ch)Ki_s(ca, cb) — ¢ D X (cB)Kias(ca, cb) + 6(qk - 1. (12)
cng ceFé

The rest of the proof is repeated use of the first part of Theorem 1 and the fact that K (0, 0) = ¢* — 1. The second sum in
Eq. (12)is then:

—q""' {1 D X(eB)Kias(ca, cb) — % (0)Kic—4(0, 0)} = —¢'m25(B,a,b) + (g F = D).

celq
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The first sum in Eq. (12) is:

1
— 23 R(eBIKe(ca, )i s(ca, cb) = —= 3 Z(cAKs(ca, cb) {Z M—s(n, , b)x(cn)]

K ok
ceFy ceF; nekq

1
o 2 st 0.) [Z X (€07 — B)Ks(ca, cb) — x (0K (O, 0)}

IS celFq

1
=Y mes(n.a,b) {— D (B —m)Ki(ca, cb)} +@ =D D mes(n,a,b)

1
nekq q celfq IS

1
- Z n_s(n, a, b)yns(B —n, a, b) + a(qS — 1)(qk75 —1).

nefq
The sum of all three terms in the original equation gives the result of the corollary. O

The only other result of a similar nature known to the authors is that in [9] which relates n,(8) = n(8, 1, 1) to a summation
of a certain function over orders in an algebraic number field containing the ring of its integers for the cases of ¢ = 2 or 3.
The generality and simplicity of the above corollaries is appealing.

Theorem 1 allows for good estimates for the values ny(8, a, b), which we state as a corollary, a kind of equidistribution
property.

Corollary 3. Let,a, b, B € F,. Then

— qk_L 1fﬁ=0
nk(lgvovo)— {O, lfﬂ#o

(B, a.b) — ¢ <2q%, if ab #0.

Proof. The first statement follows immediately from the definition of Kloosterman sums. For the estimate in the case ab # 0,
we use Theorem 1. The main contribution comes from the term corresponding to c = 0 and the remaining terms are bounded

by Zq%. O
3. Application to the enumeration of certain polynomials

The enumeration of certain irreducible polynomials over Iy is considered. The enumeration of irreducible polynomials
such that certain coefficients are chosen independently has been of great interest in recent literature (see [5,21] for recent
work on such results). Our purpose here is to observe that the results of the previous section have an application here,
although the condition of interest is somewhat artificial. Suppose that

XX g X o € FylX]

is irreducible over F; and let y be a root of the polynomial in F. Note that ¢; + ck—1/ck = —Trg(y + y~1). The set
Sk(B) defined earlier is then the set of roots of all monic irreducible polynomials over F; whose degrees divide k with
the property that the second coefficient plus the ratio of the last two coefficients is 8. While this condition is somewhat
artificial in comparison to setting the coefficients arbitrarily in Fg, it nonetheless seems of interest that the enumeration of
such polynomials follows directly from the previous results.

If y € Si(B) is a root of a monic irreducible polynomial over I, of degree d|k then

_ k _
Try(y +v~ ) = aTrqd‘q()/ +y7h.

Let Ry (B) = {y € Sk(B) : deg(y) = k} be the subset of S;(8) of elements of degree k. Then it is not hard to see that
d .
Sk(B) = JRa (kﬁ) . if(kg) =1

dik
d k
Sk(B) = U Ry <E'B> , if (5 q) >1land B #0
dlk

(§:0)=
so= |J ROl U rR@ iftko>1.

dlk ceFq  dlk

(d.0)= ()1
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Denoting rq(8) = |R4(B)|, we have

d
Y ra (Eﬁ) , if (k,q) = 1,

dlk
> rd(dﬂ), if (k,q) > 1and B # 0
n(p) =1 ‘@ k
(§.0)=1
Y@+ > Y (o), if(kg >1landp =0
dlk ceFq  dlk
(§:9)=1 (§.9)>1

which is equivalent to
d .
> (fﬂ>, if #0
T k

mp) = { (47

Z rd(O)-{-Z Z ra(c), ifg=0.

dlk ceFq  dik

(8- ()1

Suppose now that (k, q) = 1and 8 = 0. Then
m(0) = Y 14(0),

dlk

and the Mébius inversion formula gives

r(0) = Zu( )nd(O).

dik

Proposition 2. Let q be a prime power and k € N with (k, q) = 1. The number, I, (0), of irreducible polynomials of degree k of
the formf = X* + o X* ' + - -+ 4+ 1 X + ¢ € F[X] with ¢; + cx_1/c, = O is given by

Iq.k(0) :1 jz k nq(0) = © Ka(c, ©).
k d

dlk q ccr, “ak

In particular,

qk—l 3ql§<

Iq.k(o) -

Proof. It suffices to observe that I, ;(0) = %rk(O), and make use of Theorem 1. For the stated bound, we compute

lg(0) = — Z Zu( )Kd(c 0

ceJFq dlk
1
= dZu( )Kd(o owZZu( )Kd(c )
[k ceFy dlk
1
=—|d¢-1+>u ( >Kk(0 0)+ZZ“< )Kd(c )
kq ik cery dlk
d<k
Therefore,
q"_ 1 d
(@) = | = 1 1+) @ -D+@-1) 2q°

dlk dlk
d<k

IA
| =
/e
)
L=}
|
|
J’_
N
~
L=}
|
—_
—
=0
~
x
|
)
—
Ss~—
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502 —
_ 120 ¢
“ kg q—1
k
3
-k
We note that the coefficient 3 is an upper bound for (2q — 1)/(q — 1). For ¢ > 2 it can be substituted by 5/2. O

Proposition 3. Let q be a power of p € {2,3}, k € N, and B € Fy. Write k = pm, (m, p) = 1. Then the number of irreducible
polynomials of degree k of the form f = X* + ¢;X*" 1 + - + ¢ _1X + ¢ € Fq[X], with ¢; + ¢,—1/ck = B is given by

o) = Y () na(h).

dim
In particular,

k—1

Iq,k(,B) - qT

k
2

3q
o

=

Proof. We start from

k
B = 3 (55) .

dlk

(s0)-

Since we are in a field of characteristic 2 or 3, and (%, q) = 1, we have gﬁ = £p.Itis not hard to see that rpeq(—B) = rpea(B).
So the equation becomes

Mem(B) = > T (B) =Y rpa(B)

dlk djm
(5
and by Mébius inversion we get
m
ren() = o () o)
|m
which proves the first statement. For the second estimate, we compute

KB = o+ 3 () mea®)

djm
d<m

m
d

The main contribution comes from ,—l(nk (B). Using the estimate of Corollary 3, we get the stated bound. O

Note there are many works which enumerate or bound the number of irreducible polynomials of given degree with
certain fixed coefficients. For example, the number of irreducible polynomials of degree k of the form f (x) = x* — ax*~! +
-+ + (—=1*b over Fy, b # 0, Py(a, b) is bounded by
A O 7Y
k(g—1) k
In this bound, two coefficients are fixed, a and b. The bounds of the previous two propositions however, although involving
three coefficients, c1, cx_1 and cy, are actually fixing the equivalent of a single coefficient. To justify this, consider the set of all
irreducible polynomials over [F;, approximately q*/k of them. Under a random hypothesis on the behavior of the quantities
c1 + cx—1/ck, computed for each such polynomial, one might reasonably assume an approximate equidistribution of such
quantities. Consequently, under such an assumption, each value of F; would appear approximately q*/qk = g1 /k times,
as the propositions imply.

Pk(a, b) —

4. Application to the weights of the dual of a Melas code

Let « be a primitive element of F and define the code C(q™) over Fgn to have the parity check matrix

1 « o .. qf'?
H(qm) = |:1 a—] -2 . a—(q’"—z):|
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i.e. C(q™) is the cyclic code over F, with generator polynomial m, (x)m,_, (x), the product of the minimal polynomials of «

and a ! over Fy, respectively.
Define the dual of the Melas code over Fy as M(q) where

M(g) = (C(@M)lr)" = T mz, (C(g™T)

where the right-hand equality follows from Delsarte’s Theorem. Thus for a, b € F, the codeword c(a, b) € M(q) can be
expressed as

c(a,b) = (co, €1, ..., Cqm_2), G = Trqu‘Fq(aaj + boz_f), j=0,1,...,q" —2.

Thus the codes are of length (¢" — 1) and dimension 2m over F.

These codes have received considerable attention in the literature, especially for the case of ¢ = 2 and ¢ = 3[10,11,
16,18,17]. Excellent general references are [7,8]. The relationship of the weight enumerator problem for these codes in the
case of characteristic two and elliptic curves is examined in several works, including [11,18,17], which contain many deep,
elegant and interesting results using this approach. A brief comment on this is given below. In particular the work of [ 18] is
able to determine the weight enumerator of the binary Melas code of length 2™ — 1, in terms of the traces of certain Hecke
operators acting on spaces of cusp forms for the congruence subgroup I';(4) € SL,(Z).

While most of these works consider the codes over the characteristic subfield, either F, [8,11], F3 [20] or F,, [7], our
interest is the case of arbitrary field I, as in [16]. It can be shown the code C; in [16] is our code M(q) for arbitrary q. That
paper also considers a closely related (g™ 4 1, 2m) code over F, which could also be considered with the techniques used
here. For reasons of space we do not. Both of these codes are easily shown to be unions of simplex-type codes.

Our goal in this section is make the observation that Theorem 2 in [16], follows in a very direct manner from the results of
this work. Namely it is immediate that the Hamming weight w(c(a, b)) of a codeword c(a, b) € M(q) is just the codeword
length less the number of zero elements for a given a, bi.e. ng(0, a, b), as given in the second part of the theorem:

w(c(a, b)) = ¢" —1—nu(0,a,b)
1
=q"—-1— - Zl(m(ca, ch)
q celq

a=tm_q_1 3" Kn(ca, cb)

*
CE]Fq

where the last equation follows from observing that the ¢ = 0 term in the summation is
1
(" -1
q

which gives the result is Theorem 2 in [16]. Theorem 1 in that work follows in a similar manner. The simple and direct
manner of this proof, using the quantities ny (g8, a, b) and their properties, compared to the original in [16], is appealing. It
is noted that the weight distribution results of Corollary 3 give the range of allowable weights for M(q) as in Theorem 3
of [16].

In addition, many results are known concerning the values of Kloosterman sums. In the characteristic 2 case for example,
it is known that

Ki(a, b) = 3(mod 4)

which gives further information on possible weights in the code. Further such relationship are explored in [4,14], among
many other such works.

Notice that although knowledge of the quantities will give the weight enumerator (even the complete weight
enumerator [13]) of the code, over any extension field, [18] was able to give an explicit weight enumerator for the case
q=2.

While it is clear that any computation with the quantities ny(8, a, b) will in some sense be equivalent to a derivation
involving the Kloosterman sums, it seems useful in many situations to use the quantities n; directly.

Mention has been made on the relationship between Kloosterman sums and the orders of elliptic curves over fields of
characteristic two. Indeed this was the original motivation for considering this problem [1]. As many authors have made use
of this relationship (e.g. [1,4,6,9,11,10,15,18,17,20]) a brief indication of the relationship is given here.

There are 2(q — 1) non-isomorphic classes of elliptic curves over fields of characteristic two [2] and representatives of
these classes may be taken as the equations:

VA+xy =2+ ax’ +as, a, a5 €Fy q=2"

where a; € {0, y} and y an element of trace 1 (of F; over I, ). Considering only the case of a, = 0 (the other case is as easily
handled), the resulting equation is transformed to

&

Qs
2
z°+z = Yagu + 2



1072 LF. Blake, T. Garefalakis / Discrete Applied Mathematics 158 (2010) 1064-1072

where y = xz, x # 0 and set x = ¥agu (squaring in a field of characteristic 2 is an isomorphism). The equation will have
two distinct solutions iff

Tryp, (Vasu+u~")) =0, (13)

which relates the order of the additive group of the elliptic curve to Kloosterman sums. Such a relationship was used to
advantage (in for example [17] and others), using further properties of elliptic curves, to determine the weight enumerator
and other properties of the Melas code described above.

5. Comments

The number of times a certain trace function over F takes on a given value in I, has been investigated and shown
to have interesting transform-like properties. As examples of the use of such quantities they were used to determine the
number of irreducible polynomials over F, that satisfy a certain condition on its coefficients. Additionally they provided a
direct and simple proof of previously known results on the weights of the duals of g-ary Melas codes.

The applications support the view that the quantities investigated in the work, ny(8, a, b), can be of more direct
usefulness in many problems than the exponential sums themselves. In addition, these quantities themselves have
interesting properties, of independent interest, some of which have been considered in this work.
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