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1. (a') Gia ton grammikì sunduasmì a � 1 + b � i me a; b 2 R, �lèpoume ìtia � 1 + b � i = 0 () a = b = 0:'Ara ta dianÔsmata 1; i e�nai grammik� anex�rthta.(�') Ta a+ ib, 
+ id e�nai grammik� exarthmèna an kai mìno an up�rqoun prag-matiko� suntelestè
 x; y, ìqi kai oi dÔo mhdèn, tètoioi ¸stex(a+ ib) + y(
+ id) = 0 ()(ax + 
y) + i(bx + dy) = 0 ()� ax + 
y = 0bx + dy = 0 �To teleuta�o sÔsthma èqei mh tetrimmènh lÔsh an kai mìno an h or�zousadet� a 
b d � = ad� b
e�nai �sh me mhdèn.2. Gia ti
 sunart sei
 sin; 
os, koit�me tou
 grammikìu
 sunduasmoÔ
 a sin+b 
os mea; b 2 R. Blèpoume ìti ana sin(x) + b 
os(x) = 0 8x 2 R;tìte gia x = 0 pa�rnoume b = 0 kai gia x = �=2 pa�rnoume a = 0. Ara h sqèsha sin+b 
os = 0 mpore� na isqÔei mìno gia a = b = 0.3. (a') Elègqoume ìti ta V kai W e�nai kleist� w
 pro
 ti
 pr�xei
.
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(�') 'Ena tuqa�o stoiqe�o tou V gr�fetai� a ba+ b d � = � a 0a 0 �+ � 0 bb 0 � + � 0 00 d �= a� 1 01 0 � + b� 0 11 0 �+ d� 0 00 1 � ;opìte V � hv1; v2; v3i, ìpou v1 = � 1 01 0 � ; v2 = � 0 11 0 � ; v3 = � 0 00 1 �.EÔkola �lèpei kane�
 apì tou
 parap�nw upologismoÔ
 ìti k�je stoiqe�otou hv1; v2; v3i an kei ston V , �ra V = hv1; v2; v3i.'Omoia de�qnoume ìti ta w1 = � 1 00 1 � ; w2 = � 0 10 0 � ; w3 = � 0 01 0 �par�goun ton W .(g') Gia to sÔnolo fv1; v2; v3g èqoumea1v1 + a2v2 + a3v3 = 0 ()� a1 a2a1 + a2 a3 � = 0 ()a1 = a2 = a3 = 0 :'Omoia de�qnoume ìti to sÔnolo fw1; w2; w3g e�nai grammik� anex�rthto.(d') 'Eqoume V \W = �� a ba + b a � : a; b 2 R� :DouleÔonta
 ìpw
 sto deÔtero upoer¸thma �r�skoume ìti o upìqwro
 V \Wpar�getai apì ta dianÔsmata � 1 01 1 � ;� 0 11 0 �.(e') Profan¸
 V +W �M2(R). Mènei na de�xoume ìti k�je di�nusma touM2(R)an kei ston V +W . Pragmatik�,� a b
 d � = � 0 bb d� a �+ � a 0
� b a �kai �lèpoume ìti � 0 bb d� a � 2 V kai � a 0
� b a � 2 W . 'Eqoume  dh ènatrìpo gia na gr�youme to � a b
 d � sth 
htoÔmenh morf . Gia na �roÔme2



èna �llo trìpo graf 
, epilègoume èna di�nusma sthn tom  V \W , a
 poÔmeto � 0 11 0 � kai èqoume� a b
 d � = � 0 bb d� a �+ � 0 11 0 �� � 0 11 0 �+ � a 0
� b a �= � 0 b+ 1b+ 1 d� a � + � a �1
� b� 1 a � :
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