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 Fullad�ou 21. O q¸ro
 V èqei di�stash n �ra arke� na de�xoume ìti to sÔnolo fv1; v2 � v1; v3 �v2; : : : ; vn � vn�1g e�nai grammik� anex�rthto. 'Estw a1; a2; : : : ; an 2 K me a1v1 +a2(v2 � v1) + : : :+ an(vn � vn�1) = 0. Tìte èqoume(a1 � a2)v1 + (a2 � a3)v2 + : : :+ (an�1 � an)vn�1 + anvn = 0opìte apì th grammik  anexarths�a twn v1; : : : ; vn èqoume8>>>><>>>>: a1 = a2a2 = a3� � �an�1 = anan = 0
9>>>>=>>>>; =) a1 = a2 = : : : = an = 0:2. (a') Ta dianÔsmata tou U e�nai akrib¸
 ta (x; 2x+3z; z) me x; z 2 R. Opìte k�jedi�nusma tou U gr�fetai w
(x; 2x + 3z; z) = x(1; 2; 0) + z(0; 3; 1):'Ara U � h(1; 2; 0); (0; 3; 1)i. Ep�sh
 e�nai �anerì ìti k�je di�nusma touh(1; 2; 0); (0; 3; 1)i an kei ston U . 'Ara U = h(1; 2; 0); (0; 3; 1)i. Ta (1; 2; 0); (0; 3; 1)e�nai grammik� anex�rthta afoÔa(1; 2; 0) + b(0; 3; 1) = (0; 0; 0) =) a = b = 0:Sunep¸
 to f(1; 2; 0); (0; 3; 1)g e�nai mia ��sh tou U .(�') O U e�nai upìqwro
 tou R3 di�stash
 2. Sumplhr¸noume to f(1; 2; 0); (0; 3; 1)gse mia ��sh tou R3 . Gia par�deigma mporoÔme na doÔme ìti to sÔnolof(1; 2; 0); (0; 3; 1); (1; 0; 0)g e�nai grammik� anex�rthto, �ra e�nai mia ��shtou R3 . Tìte isqurizìmaste ìti R3 = U � V , me V = h(1; 0; 0)i. Kat� arq�
e�nai �anerì ìti U \V = f0g, diìti an up rqe 0 6= w 2 U \V , tìte �a e�qamew = a(1; 2; 0) + b(0; 3; 1) = 
(1; 0; 0); me 
 6= 0;1



pou antiba�nei sth grammik  anexarths�a twn (1; 2; 0); (0; 3; 1); (1; 0; 0). Epi-plèon e�nai �anerì ìti k�je di�nusma tou R3 mpore� na grafe� w
 �jroismaenì
 dianÔsmto
 tou U kai enì
 dianÔsmato
 tou V , afoÔ to (1; 2; 0); (0; 3; 1); (1; 0; 0)e�nai ��sh.3. (a') Blèpoume ìti ta dianÔsmata tou U e�nai th
 morf 
(x; x; z) = x(1; 1; 0) + z(0; 0; 1);opìte U = h(1; 1; 0); (0; 0; 1)i. Kaj¸
 ta dÔo dianÔsmata e�nai grammik�anex�rthta, apoteloÔn mia ��sh tou U . Blèpoume t¸ra ìti(2; 2; i) = 2(1; 1; 0) + i(0; 0; 1);opìte to tuqìn di�nusma tou V e�nai th
 morf 
a(2; 2; i) = 2a(1; 1; 0) + ai(0; 0; 1) 2 U;sunep¸
 V � U .(�') Gia na kataskeu�soume thn apaitoÔmenh ��sh tou U arq�zoume me mia(opoiad pote) ��sh, a
 poÔme thn f(1; 1; 0); (0; 0; 1)g. To sÔnolo f(1; 1; 0); (0; 0; 1); (2; 2; i)ge�nai grammik� exarthmèno, �ra mporoÔme na gr�youme èna apì ta (1; 1; 0); (0; 0; 1)w
 grammikì sunduasmì twn upolo�pwn (giat� ?). Gia par�deigma,(0; 0; 1) = 2i(1; 1; 0)� i(2; 2; i):Epomènw
, to sÔnolo f(1; 1; 0); (2; 2; i)gpar�gei ton U , o opo�o
 èqei di�stash2, �ra apoteloÔn ��sh tou. Epiplèon perièqei to f(2; 2; i)g pou e�nai mia��sh tou V .4. Ta dianÔsmata tou U e�nai th
 morf 
� a ba a+ b � = a� 1 01 1 �+ b� 0 10 1 � ;�ra U = hu1; u2i ìpou u1 = � 1 01 1 � kai u2 = � 0 10 1 �. Ta u1; u2 e�nai gram-mik� anex�rthta, opìte to fu1; u2g e�nai mia ��sh tou U .'Omoia �lèpoume ìti V = hvi, ìpou v = � 1 00 0 �.2



(a') 'Estw w 2 U \ V . Tìte up�rqoun x; y; z 2 R tètoia ¸ste w = xu1+ yu2 = zv,dhlad  x� 1 01 1 � + y� 0 10 1 � = z� 1 00 0 � =)� x� z yx x + y � = � 0 00 0 � =)x = y = z = 0 ;dhlad  w = 0.(�') Mia ��sh tou U � V e�nai h fu1; u2; vg. Sto prohgoÔmeno er¸thma de�xameousiastik� ìti to fu1; u2; vg e�nai grammik� anex�rthto. Ep�sh
 U � V =hu1; u2; vi, afoÔ k�je di�nusma w tou U � V gr�fetai w
 w = u0 + v0 meu0 2 U kai v0 2 V , opìte u0 = au1 + bu2, v0 = 
v, gia k�poia a; b; 
 2 R,dhlad  w = au1 + bu2 + 
v.
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