EIZATQIH ETHN KPYIITOAOTTA
THMEIQZEIZ #12

©EOAOYAOL TAPEDQAAAKHE

1. TIAETMATA

'Eotw o Stavuopatikog xmpog RY Sidotaong d. O xopog R? épyetat pe éva

£0MTEPIKO yVOpEvo (X,y) = Zf’:l T;y; KAl ) OXeUKY vopua |x| = 1/(x,x) =
(z:?”:1 )12, Boww A = {a,...,a;} C R?, d ypappixaog avefaptnta Siaviopara.
To ouvodo

,C(A) = {m1a1 +...+mgag : Mm; € Z}

ovopdaletal (mAnpeg) mAéypa 6idotaong d. To ouvodo A ovopddetar Baor tou
mAéypatog. ‘'Omeg 10xUel Kat yia o Stavuopatikd xopo RY, eivat gavepd ot 1o
L éxe1 mepioootepeg and pia Bacelg. Emioeig 1o ouvodo L eival opdda pe v
rpooBeorn tou Hlavuopatikou Xmpou.

"Evag BoA1kog Tpormog yla va meplypdyoupe éva mAéypa eivat divoviag pla
Baon tou. Zuyxvd auto 1o KAVOUpe e €va Tivaka Tou Ormoiou o1 YpapHEeg eivatl
ta Siavuopata Baong. Ma mapadeiypa, o mivakag

a1 Q12 ... G4
Qo1 Qo ... (24
g1 Qg2 ... Gdqd
opidel to mMAéypa nou mapdystat and ta Siavuopata a; = (a1, iz, - - -, Gig), 1§ =
1,...,d. ®a oupBoAiloupe tov mivaka tng Baong A ermiosig pe A.
'Eotw topa B = {by, ..., b,} pia deutepn Baon tou i610u mAéypatog, Sndadn

L(A) = L(B) = L. Tote a; € L, i = 1,...,d ondte unapxouv aképaiot
mik, 1,k =1,...,d tétolo1 ®ote

d
a;, = E m7kbk, ZZI,,d
k=1

Ot aparndve e§l0moelg ypapoviat Kat

d
A5 = E m,;kbkj, izl,...,d,
k=1

dnAadr) oe yAwooa mvakev
A=M- B,
orou M = (my;); j—1,. a etvar d X d mivakag pe otoxeia akepaioug.
Me tov 1810 akp1Bwg cUAAOY1IOP0, aviloTpéPoviag Toug poAoug tev a; Kat by,
rmaipvoupe ) oxEon
B=N-A,
1
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orou N eivat évag d X d mivakag pe ototxeia akepaioug. 'Etot éxoupe
A=MNA
Ka1 rraipvovtag opidouoeg £xoupie
det(A) = det(M) det(N) det(A).
AQou ta a; sival ypappikeog ave§aptrta, det(A) # 0, kat étot £xoupe
det(M)det(N) = 1.

'Ouwg ot mivakeg M, N éxouv otoixeia akepaioug, orote ot opidouoeg eivat
aKEPA1Ol. ZUPIEPAIVOUPE OTl

det(M), det(N) = +1.

Eibape ot 8Uo oroteodrnote Baoeig A, B evog mAéypatog ouvdgovial pe Tivakeg
pe otoixeia akepaioug kat opidouoa +1 kai 6u | det(A)| = | det(B)|. H nmoodtnta
| det(A)|, mou e§aptatal povo and 1o mAéypa kat 6x1 and t) Baor, cupBodidetal

pe det(L) 1 pe vol(L).

2. AnArors LLL

Zuyvda, arno tg aneipeg Baoeig evog dedopévou mAgypatog, Sexmpidouv KATIOEG
pe «kadégy 16101nteg. Kaveig opidel apxikd pia t€rola 1810tnTa Kail otr ouvexela
nipoortaBet va Bpet pia Bdon mmou v kavortoiei. H diadikaocia petaBaong amno
Vv apX1kn Pdaorn oty Baon mou 1Kavotolel v 1810tnTa ovopadetal avaywyr) tg
Baong.

To 1982, ot Lenstra, Lenstra kat Lovasz opioav pia tétola 1816tnta Kat
€dmoav éva TOAUMVUHIKOU Xpovou aAyopifpo yia tnv €é8peon tng avnypévng
Baong. H 1810tnta, ou 6 Sa opicoupe avotnpad ed®, ovopdletatl LLL-1610tnta
Kat 1 teAky faon LLL-avnypévr. O aAlyopiBpog eivatl yvootog wg LLL. Autd ou
elval onuaviko yia exadg eivail 0tt o aAyopiBpog eival moAuevupikog (dnAadn

ypnyopog) kat éu n tedikyy Baon B = {by,...,by}, yia myv onoia éxoupe
uroBéoer out |by| < |by| < ... < |by| kavorotei (amobei§ipa) ng napakdatm
1810tn1eg !

1) |[by| < 2% min{|v|: v € L},

2) [by| < 27 (det(L))7,
3) |by| < 25 (det(L)) -,

d(d—1)

4) det(£) < TIZ, byl <277 det(L).

(
(
(
(

O Schnorr katagepe va petatpéPel 1ov alyopiBpo €101 wote va ot otabepa 2 va
propet va avukataotaBei pe 1 + € yia onoodrrote € > () kat o aAyopiBpog va
MAPAPEVEL TIOAUGVURIIKOU Xpovou. Puoikd 1 rmoAurdokotnta e§aptatat amd 1o
€: 000 PIKPOTEPO TO € TOOO0 TEPIO0OTEPA Pripiata KAvel 0 aAyopiBuog.
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3. YIOAOTIETIKA IPOBAHMATA £E IIAETMATA

Kaveig pmopel va opioetl diapopa eviiapépovia umoAoyiouikda npoBAnpata
nmave oe mAéypata. Ta 6uo onpavukotepa eival ta Shortest Vector Problem
(SVP) ka1 Closest Vector Problem (CVP). Ta opiloupe:

SVP: Acbopévou evig mAéypatog L Bpeg to pun pndeviko diavuopa tou méypartog
HE 1 JIKpOTEPT VopHa.

CVP: AsSopévav evog mAéypatog £ kat evog Stavuopatog v € RY Bpeg 10
KOVTIVOTEPO, OT0 V, d1dvuopa Tou TMAEYHATog.

Etvat @avepo ot1 1o SVP eivat e161kr) niepirttwon tou CVP. Kat ta 6Uo nipoBAripata
anodeikvuetat ot eivat NP-miArpn, 6nAadr] untoAoylotika duokoAa. 'Etol aocxoAoupaote
He ta avtiotolya nipoBAnpata npoogyylong. Kaveig BAénel apéomng 0t o aAyop1Bpog
LLL pag divel pia mpooeyylotikn Auon yia to SVP. O LLL oe ouvbuaopod pe pua
avayoyrn tou CVP oto SVP 6Givel pia p€bodo yia elpeon mpooeyylotikng AUong
oto CVP. IN'a niapaberypa, yia 1o CVP pmnopei va anobeixtel 1o mapakdate Anpua.

Afppa 3.1. Yndpyer moAvouupukoy xpovou aidyopiduog, o omoio¢ Sedoucvou
gvoe mAgyuaroe L Saotaonc d kai evog Sravvoparoc x € RY umofoyiler éva
dravvoua v € L 1éro1o wote

v—x| < Q%min{\w—x| :we L}

Eival onpavuko va nipooBéooupe ot ) epreipia €xet 6ei§el ot o adyopiOpog
LLL owmv mpdn divel kadutepa arotéopata art’ Ot MeEPIypayape mapandave.
Zuyxva o aAyop1Bpog Bpioketl 1o PiKpOTEPO P PNdeviko d1avuopa Tou MAEYHATog.

Mapadewypa 3.2. Ag Apoupe 10 MAEyPA TOU TIAPAYETAL ATTO TIG YPAPHES TOU
ivaka

A=

o= =
N O DN
-~ W ot

BAéroupe yla mapddetypa 6t o diavuopa v = 2a; + a; — az = (1,5, 6) aviket
oto mAéypa. H opidouoa tou mAéypatog eivar det(L) = |det(A)] = 11. O
alyop1Bpog LLL pe eicobo t) Baon tou mivaka A Sivelr anotédeopa t) Baon 1ou
mEPIypAPeTal anod Ti§ YPAapHES ToU mmivaka

-1 1 0
B = 0 1 =2
2 3 1

BAéroupe 6u 1o iavuopa (—1, 1,0) eivat éva diavuopa tou mAéypatog pe oAy
Hikpn voppa. EAéyéte av eivatl éva and ta Stavuopata rmou mAEyPtog He th
H1KPOTEPN VOpUad. AKOUN Imapatnprote ot

rou eivat 1oAu kovtd oto det (L) = 11.
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4. E®APMOTH ZE KPYIITOSYSTHMATA TAKIAIOY

Ag doupe twpa MG Ta TAPATIAVE HUIIOPOUV va Xprnolgoroinfouv yia tnv
KpurtavaAuor Tou Kpumntoouotnuatog tov Merkle-Hellman. Xe 6,11 akoAouBei
9a vobéooupe 611 n 10 M 10U €MmMAEYEL O KATAOKEUAOTHG TOU OUOTHHATOG £ivatl
YV®OOTO 0g 0Aoug. Auto Gev eival TIOAU TIEPIOPIOTIKY] UTIOO£0T], KAVEL OP®OG TNV
meplypadr) g KPUTtavailuong apketd kabapodteprn.

@uniloupe 611 10 1810TIKO KAe1S1 TOU Xprjotn aroteAsital aro ta Sy, .. ., Sy, W
kat to dnpooilo kAedi anod ta ag,...,a,. To M eival mapdpPepog yvootr oe
0Aoug. ®a dei§oupe nog anod ta Snudota Sedopéva priopei kKaveig va urtoAoyioet
1o W, xat ouvenag va Bpetta Sy, . . ., Sp, ONAadn va avaktoet 10 1610TIKO KAELHL.

[Mapatnprote 6t 1o mMAéypa nou yevvatat ano 1g ypappég tou (n+1) x (n+1)
mivaka

M 0 ... 0 0
0O M ... 0 0
A= Do : :
o o0 ... M 0
ap ay ... a, 1/M

neptAapBavel draviopata mou YeEVIKA £X0UV 1) Hopdpn
Vp = (Pa1 —klM,PCLQ —kQM,,PCLn—I{?nM,P/M)
Ta mpeota n diavuopata €xouv voppa ior pe M. To tedeutaio diavuopa tng
Baong éxel vopua ion pe
1
n 1 2
2 ~
i=1
OTI0U ¢ eivatl karmnoia otabepd, av urobéooupe o1 ta a; eival tng taéng tou M.
ATTO vV KATaoKEeur] T0U KPUTtoouotpatog, &Epoupe 6u Wa; = s; (mod M)
IOU Onpaivel Ot urapxouv aképaiot k;, ¢ = 1,...n t€10101 ®OTE

W(Li*kiM:Si, 7:1,,77
BAérnoupe twpa ot ano ta Siaviopata tou rméypatog Sexmpidet to
Vwy = (W(ll - I{IlM, .. .,Wan - an,W/M) = (81, .. .,SW‘,VV/]\4)7

TO OTIOI0 £X€1 APKETA PUIKPN VOPHA O£ 0XE0T HE Ta apXika diaviopata:

1
n 2
W2
2
i=1

A6 10 yeyovog ot n akodoubia s;, 1 = 1,...,n eival unepavouoa xkat M >
Z?’:l S; KAVEIG TIEPIPEVEL OTL TA S; £1val APKETA PIKPOTEPaA arod to M. Auto sival
pavepo 181aitepa yia 11§ apx1Keg THEG g akoAoubiag. Ta mapdderypa, raveig
propet va 6ei€el pe enayoyr ou s, ; < 27'M yua 1 < i < n. 'Etot kaveig
TIEPIHEVEL OT1 TO S1dvuopa vy €xel 181aitepa Pikprn vopua Kat uropet va Bpebet
pe xpnorn tou LLL. [Tpooé€te 6T1 arOpn Kat av ot TeAMKEG TIHEG TG akoAoubiag
s;, ag moupe yla nmapddsiypa 1o S,, €ivatl moAu kovta oto M, mpaypa nou Sa
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KaBilotouoe 1 voppa TOU Vi HUEYAAT, PIOPOUHE va Se@prjooupe to TAEYHA
61dotaong 1 mou TIapdyetal ano 11§ YPapHEg Tou mmivaka

M 0 ... 0 0

0o M ... 0 0

o o0 ... M 0

ay as ... QAp—1 1/M
kat raAt va Bpoupe o W kat va avaktijooupe ta s;. [pooéSte akoun ot 1o
&iavuopa (0,0,...,0,1) avikel avta oto mAéypa. Apa mepipévoupe o LLL va

10 Bpet KAt va givat 1o Jikpotepo diavuoua tng véag Paong. To vy Tiepiaévoupe
va eivatl 1o devtepo PikpotEpo Hiravuoua tng véag Paong.

Mapadewypa 4.1. Ag Solpe nog propoupe va Bpoupe 10 1I810TIKO KAe1H1 Tou
napadeiypatog 2.1 tou mponyoupevou pabnpatog. Oupidoupe ot 1o dnuooio
kAe1dl mepiAdpBave ta a1 = 172,a9 = 117,a3 = 69,a4 = 138,a5 = 104,a¢ =
153,a7; = 210 kat Sewpoupe yvworr mv apapetpo M = 227. Opiloupe to
TAEYHA TIOU TapAyEeTal aro Tov mmivaka

227 0 0 0 0 0

0 227 0 0 0 0

A= 0 0 227 0 0 0
0 0 0 227 0 0

0 0 0 0 227 0
172 117 69 138 104 1/227

H avnypévn Baon nou pag diver o LLL divetal ano t1g ypappég tou mivaka

0 0 0 0 0 1

1 2 7 14 27 33/227

33 66 4 8 —17 —46/227
—27 —54 38 76 —48 17/227
—-100 27 19 38 24 105/227
~-17 34 108 11 -5 -—107/227
'Onwg BAénoupe, 1o deutepo diavuopa pag divet ta sy, So, S3, S4, S5 Kat 10 W nou
HIMOPOUYE va T0 XPNO1O0TOI|00UHE yia va Bpoupie Katl Ti§ UTIOAOITIEG TIHES Sg
Kat Sy.

B =



