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Kef�laio 1

EISAGWGH

H ergasÐa aut  anafèretai sthn autìmath paragwg  apodeÐxewn gewmetrik¸n
jewrhm�twn me ènan eidikì trìpo pou sthrÐzetai se mia beltiwmènh mèjo-
do kai thn efarmog  thc se èna prìgramma, to opoÐo par�gei se pol-
lèc peript¸seic mikrèc, euan�gnwstec kai komyèc apodeÐxeic ekatont�dwn
gewmetrik¸n jewrhm�twn.
Apì tic arqèc tou 1930, o A.Tarski eis gage thn mèjodo apaloif -

c shmeÐwn mèsw gewmetrik¸n posot twn. H mèjodoc aut  basÐsthke
sthn algebrik  prosèggish thc apìdeixhc jewrhm�twn thc stoiqei¸dhc
gewmetrÐac. 'Epeita o Wen− Tsun Wu eis gage thn algebrik  mèjodo,
h opoÐa gia pr¸th tìte for� qrhsimopoi jhke sthn autìmath apìdeix-
h ekatont�dwn gewmetrik¸n jewrhm�twn. Mèqri thn ergasÐa tou Wu,
pollèc epituqhmènec algebrikoÐ mèjodoi eÐqan beltiwjeÐ me skopì thn
autìmath apìdeixh gewmetrik¸n jewrhm�twn. Poll� upologistik� pro-
gr�mmata basÐsthkan sthn mèjodo aut  kai h megalÔterh beltÐwsh thc
mejìdou pro lje apì to Panepist mio tou Tèxac, ìpou to prìgramma
qrhsimopoi jhke gia thn apìdeixh problhm�twn thc EukleÐdeiac kai mh-
EukleÐdeiac gewmetrÐac. 'Etsi loipìn poll� dÔskola probl mata twn
opoÐwn oi paradosiakèc apodeÐxeic apaitoÔsan meg�lh eufuÐa gia thn lÔsh
touc, mporoÔn plèon na apodeiqjoÔn se deuterìlepta me thn qr sh twn
upologistik¸n programm�twn.
H algebrik  mèjodoc, h opoÐa eÐnai polÔ diaforetik  apì tic para-

dosiakèc mejìdouc apodeÐxewn, qrhsimopoi jhke apì polloÔc gewmètrec
prokeimènou na exet�soun an mia prìtash eÐnai alhj c   ìqi. Oi apodeÐxeic
pou par�gontai apì ton upologist  qrhsimopoioÔn upologismoÔc poluwnÔmwn.
Ta polu¸numa aut� mporeÐ na perilamb�noun ekatont�dec ìrouc kai dek�dec
metablhtèc. Gia ton lìgo autì, oi apodeÐxeic pou par�gontai apì ton up-
ologist  eÐnai euan�gnwstec kai mikrèc.
To basikì ergaleÐo pou qrhsimopoieÐtai se aut  th mèjodo gia thn

epÐlush gewmetrik¸n problhm�twn eÐnai to embadìn trig¸nwn   tetrapleÔr-
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wn. H mèjodoc twn embad¸n prokeimènou na par�gei mikrèc apodeÐxeic
epilègei tic swstèc gewmetrikèc posìthtec kai ta kat�llhla l mmata pou
anafèrontai se autèc.
Ta kÔria qarakthristik� thc mejìdou eÐnai ta akìlouja.
1. Oi apodeÐxeic twn problhm�twn pou par�gontai sÔmfwna me th mèjodo

eÐnai genik� mikrèc se èktash. Apì ta l mmata pou qrhsimopoioÔntai kat�
thn di�rkeia twn apodeÐxewn, o upologist c mporeÐ na par�gei gr gora
ènan meg�lo arijmì apodeÐxewn kai na epilèxei thn pio sÔntomh apìdeixh.
To gegonìc autì apoteleÐ thn b�sh paragwg c poikÐlwn trìpwn apìdeixhc
miac gewmetrik c prìtashc.
2. H mèjodoc eÐnai tìso apodotik  ¸ste na par�gei apodeÐxeic dÔskolwn

jewrhm�twn dÐqwc na prosjètei bohjhtik� shmeÐa kai eujeÐec.
3. Dedomènou ìti h sqhmatik  anapar�stash miac gewmetrik c prìtash-

c mporeÐ na èqei p�nw apì mia pijanèc ekdoqèc, oi apodeÐxeic pou pros-
fèrei h mèjodoc eÐnai anex�rthtec apo tic sqhmatikèc anaparast�seic twn
gewmetrik¸n prot�sewn.
4. Oi apodeÐxeic pou par�gontai èqoun kajarì gewmetrikì nìhma kai

eÐnai euan�gnwstec.
H mèjodoc twn embad¸n efarmìzetai se kataskeuastik� gewmetrik�

jewr mata, ìpou to sq ma twn gewmetrik¸n aut¸n prot�sewn mporeÐ na
sqediasteÐ me qr sh tou kanìna kai tou diab th. Oi basikèc gewmetrikèc
posìthtec pou qrhsimopoioÔntai eÐnai to embadìn, oi Pujagìreiec diaforèc
kai oi pl reic gwnÐec. To embadìn qrhsimopoieÐtai gia thn apìdeixh gewmetrik¸n
prot�sewn pou perilamb�noun ènnoiec, ìpwc h parallhlÐa eujÔgrammwn
tmhm�twn, h sÔmptwsh kai h suggrammikìthta shmeÐwn. H ènnoia thc Pu-
jagìreiac diafor�c trig¸nwn, qrhsimopoieÐtai gia thn apìdeixh gewmetrik¸n
prot�sewn pou perilamb�noun kÔklouc, kajetìthta kai analogÐec euju-
gr�mmwn tmhm�twn, en¸ oi pl reic gwnÐec qrhsimopoioÔntai se prot�seic
pou perièqoun kÔklouc kai gwnÐec.
H mèjodoc twn embad¸n èqei genik� jewrhjeÐ wc èna sÔnolo eidik¸n

teqnasm�twn pou epilÔoun poll� gewmetrik� probl mata. O J.Z.Zhang
meletoÔse thn mèjodo twn embad¸n apì to 1975. Anagn¸rise thn genikìth-
ta thc mejìdou kai thn beltÐwse se mia susthmatik  mèjodo epÐlushc
gewmetrik¸n problhm�twn, poikÐlwn epipèdwn duskolÐac, pou anafèrontai
se basikèc gewmetrikèc prot�seic pou perilamb�nontai sta sqolik� biblÐa
all� kai se prot�seic pou èqoun tejeÐ se majhmatikoÔc diagwnismoÔc.
H paragwg  automatopoihmènwn apodeÐxewn gewmetrik¸n jewrhm�twn

susqetÐzetai me thn duskolÐa m�jhshc kai didaskalÐac thc gewmetrÐac.
Basizìmenoi ston �jlo pou èqei katafèrei to prìgramma pou perilam-
b�nei thn mèjodo twn embad¸n, pisteÔoume ìti h mèjodoc aut  mporeÐ
na suneisfèrei poll� sthn ekpaÐdeush thc gewmetrÐac. To gegonìc ìti
oi apodeÐxeic pou par�gontai apì ton upologist  eÐnai mikrèc se èktash
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kai èqoun sq ma pou oi majhtèc mporoÔn na to sqedi�soun me qartÐ kai
molÔbi, mporeÐ na suntelèsei drastik� sthn antimet¸pish twn duskoli¸n
pou parousi�zoun oi majhtèc sto m�jhma thc gewmetrÐac. Akìmh den
eÐnai lÐgec oi forèc pou oi kajhghtèc zht�ne apì touc majhtèc enallak-
tikoÔc   kalÔterouc trìpouc apìdeixhc gewmetrik¸n jewrhm�twn. Etsi
loipìn, h mèjodoc aut  mporeÐ na dunam¸sei thn ikanìthta twn majht¸n
sthn epÐlush gewmetrik¸n problhm�twn kai na prosfèrei thn dunatìth-
ta stouc majhtèc na diamorf¸noun dikèc touc eikasÐec kai na rwt�ne ton
upologist  gia thn orjìtht� touc.
Pio sugkekrimèna, wc ap�nthsh sth duskolÐa aut , o J.Z.Zhang doÔl-

eye me paidi� gumnasÐou kai dhmioÔrghse èna nèo sÔsthma axiwm�twn sthn
gewmetrÐa basismèno sthn ènnoia tou embadoÔ. Qrhsimopoi¸ntac to nèo
tou sÔsthma, o Zhang katèbale meg�lh prosp�jeia gia na prowj sei mia
nèa metarrÔjmish sta sqoleÐa thc deuterob�jmiac ekpaÐdeushc thc KÐnac,
me skopì thn apodotikìterh ekpaÐdeush thc gewmetrÐac. H epituqhmènh
efarmog  thc mejìdou tou od ghse sthn qr sh thc kai se panepisthmiakì
epÐpedo. Epiprosjètwc, h mèjodoc tou embadoÔ qrhsimopoieÐtai kai sthn
ekpaÐdeush twn Kinèzwn majht¸n gia thn summetoq  touc stic Ejnikèc
Majhmatikèc Olumpi�dec.



Kef�laio 2

H MEJODOS TWN
EMBADWN

Ja parousi�soume thn mèjodo thc autìmathc paragwg c twn paradosi-
ak¸n apodeÐxewn twn eukleÐdeiwn gewmetrik¸n jewrhm�twn, pou an k-
oun sthn kathgorÐa twn jewrhm�twn twn shmeÐwn tom c tou Hilbert.
Oi gewmetrikèc prot�seic pou epilÔontai sÔmfwna me th mèjodo twn em-
bad¸n eÐnai kataskeuastikèc gewmetrikèc prot�seic pou an koun sthn
sqetik  gewmetrÐa. H sqetik  gewmetrÐa melet� probl mata parallh-
lÐac, sÔmptwshc kai suggrammikìthtac. H idèa kleidÐ thc mejìdou eÐnai h
apaloif  twn shmeÐwn pou kataskeu�zontai sthn prìtash qrhsimopoi¸n-
tac èxi basikèc gewmetrikèc prot�seic, l mmata, pou aforoÔn to embadìn
trig¸nwn kai tetrapleÔrwn. Ta shmeÐa ta apaloÐfoume me seir� antÐ-
jeth apì ekeÐnh pou kataskeu�sthkan. 'Ena gewmetrikì je¸rhma eÐnai
alhjèc mìno k�tw apì sugkekrimènec ikanèc kai anagkaÐec sunj kec, oi
opoÐec den dÐnontai me saf neia sthn perigraf  tou probl matoc. An to
je¸rhma mporeÐ na perigrafeÐ kataskeuastik�, to prìgramma mporeÐ na
par�gei me ènan susthmatikì trìpo tic sunj kec autèc. Sthn parak�tw
enìthta ja parousi�soume tic èxi basikèc prot�seic kai èpeita ja d¸soume
trÐa paradeÐgmata me skopì na epexhg soume th mèjodo.
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2.1 JEMELIWDHS GEWMETRIKES EN-
NOIES (MEROS I)

Sthn ergasÐa aut  ìlec oi diadikasÐec pragmatopoioÔntai sto epÐpedo. Ta
basik� gewmetrik� antikeÐmena sto epÐpedo eÐnai ta shmeÐa kai oi eujeÐec.
Gia na dhl¸soume ta shmeÐa p�nw sto epÐpedo qrhsimopoioÔme kefalaÐa
gr�mmata, ìpwc A,B,C, ...

EÐnai gnwstì ìti apì duo diaforetik� shmeÐa A, B pern� mÐa kai mìno mÐa
eujeÐa. Gia na dhl¸soume thn eujeÐa aut  qrhsimopoioÔme ton sumbolismì
AB   BA. Autì èqei wc skopì na d¸soume sthn eujeÐa mia apì tic duo ka-
teujÔnseic, ètsi ¸ste na anaferìmaste plèon se prosanatolismènec
eujeÐec. 'Etsi loipìn, h prosanatolismènh eujeÐa AB èqei kateÔjunsh
apì to shmeÐo A sto shmeÐo B, en¸ h prosanatolismènh eujeÐa BA èqei
thn antÐjeth kateÔjunsh, apì to shmeÐo B sto shmeÐo A.

DÔo shmeÐa A kai B p�nw se mia prosanatolismènh eujeÐa orÐzoun ta
prosanatolismèna eujÔgramma tm mata, twn opoÐwn to m koc
AB eÐnai jetikì e�n h kateÔjunsh apì to A prìc to B eÐnai Ðdia me thn
kateujunsh thc eujeÐac kai eÐnai arnhtikì e�n h kateÔjunsh apì to A
proc to B eÐnai antÐjeth apì thn kateÔjunsh thc eujeÐac. SÔmfwna me ta
parap�nw èqoume oti AB = −BA kai AB = 0 an kai mìno an A = B.

'Estw ìti èqw tèssera shmeÐa A,B, C kai D p�nw se mia eujeÐa tètoia ¸-
ste A 6= B. An o lìgoc twn mhk¸n twn prosanatolismènwn eujugr�mmwn
tmhm�twn AB kai CD eÐnai t, tìte ja èqoume

AB
CD

= t   AB = tCD.

An ta duo prosanatolismèna eujÔgramma tm mata AB kai CD èqoun
thn Ðdia kateÔjunsh tìte o lìgoc touc eÐnai jetikìc, t ≥ 0. An èqoun
antÐjeth kateÔjunsh tìte o lìgoc touc eÐnai arnhtikìc, t ≤ 0.

AparaÐthth proupìjesh gia na isqÔoun ta parap�nw eÐnai oti ta shmeÐa
C kai D prèpei na an koun p�nw sthn eujeÐa pou orÐzoun ta shmeÐa A kai
B.



KEF�ALAIO 2. H MEJODOS TWN EMBADWN 8

An p�rw t¸ra shmeÐo C p�nw sthn eujeÐa AB tìte

AB = AC + CB  

AC
AB

+CB
AB

=1.

Onom�zoume touc lìgouc AC
AB

kai CB
AB

, lìgoi jèsewc   suntetag-
mènec jèsewc tou shmeÐou C se sqèsh me to AB.

EÐnai fanerì ìti gia opoiousd pote duo pragmatikoÔc arijmoÔc s kai t
pou ikanopoioÔn thn sqèsh s + t = 1, up�rqei monadikì shmeÐo C p�nw
sthn AB tètoio ¸ste AC

AB
= s kai CB

AB
= t.

Eidik  perÐptwsh eÐnai h epilog  shmeÐou M p�nw sto AB tètoio ¸ste
na eÐnai to mèso tou tm matoc AB, opìte ja èqoume

AM
AB

= MB
AB

= 1
2

DÔo diaforetik� shmeÐa p�nta orÐzoun mia eujeÐa. TrÐa shmeÐa den
brÐskontai p�nta p�nw se mia eujeÐa, an ìmwc sumbaÐnei autì tìte ta
shmeÐa aut� onom�zontai suggrammik�.

ORISMOS 2.1.1 EujeÐa eÐnai èna sÔnolo suggrammik¸n shmeÐwn.
An l eÐnai mia eujeÐa kai shmeÐo A tètoio ¸ste A ∈ l, tìte lème ìti to
A brÐsketai p�nw sthn eujeÐa l.

PROTASH 2.1.2 TrÐa shmeÐa A, B, C eÐnai suggrammik� an kai mìno
an SABC = 0.

Apìdeixh

An SABC = 0 tìte apì to axÐwma A3 (selÐda 215) ta shmeÐa A, B, C
eÐnai suggrammik�.

Gia to antÐstrofo t¸ra upojètoume ìti ta shmeÐa A, B, C eÐnai sug-
grammik�.
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An A = C tìte BC = tCC = 0 apì axÐwma A6 (selÐda 217): SABC =
tSACC = 0

An A 6= C tìte t = AB
AC

apì axÐwma A6: SABC = tSACC = 0.

PORISMA 2.1.3 Duo diaforetik� shmeÐa A kai B orÐzoun monadik 
eujeÐa AB h opoÐa apoteleÐ to sÔnolo ìlwn twn shmeÐwn C gia ta opoÐa
isqÔei SABC = 0.

Apìdeixh

'Estw P, Q, R trÐa diaforetik� shmeÐa p�nw sthn eujeÐa AB. Jèloume
na deÐxoume ìti: SPQR = 0.

Apì thn prìtash 2.1.2 paÐrnoume: SAQR = AQ

AB
SABR = 0.

'Ara ta shmeÐa A, Q, R suggrammik�.

Akìmh apì thn prìtash 2.1.2 paÐrnoume: SPQA = AP
AR

SAQR = 0.

'Ara ta shmeÐa A, Q, P suggrammik�.

Apì thn prìtash 2.1.2 p�li paÐrnoume: SPQR = QR

QA
SPQA = 0.

To epìmeno gewmetrikì antikeÐmeno pou ja melet soume eÐnai to trÐg-
wno. 'Opwc gnwrÐzoume trÐa mh-suggrammik� shmeÐa A,B kai C sqhmatÐ-
zoun trÐgwno, to opoÐo sumbolÐzetai wc ex c 4ABC.

To embadìn tou 4ABC sumbolÐzetai wc ex c ∇ABC. GnwrÐzoume
ìti∇ABC = 1

2
hBC, ìpou h to Ôyoc tou trig¸nou p�nw sthn pleur� BC.

Sthn mèjodo twn embad¸n o parap�nw tÔpoc den ja jewreÐtai wc basikì
stoiqeÐo, antÐjeta ja qrhsimopoi soume wc basikèc prot�seic �lla apl�
stoiqeÐa twn embad¸n. An ta shmeÐa eÐnai suggrammik� tìte to 4ABC
onom�zetai ekfulismèno kai isqÔei ìti ∇ABC=0.

'Estw ìti èqw tèssera opoiad pote shmeÐa A,B, C kai R p�nw sto
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epÐpedo, tìte parathroÔme ìti sqhmatÐzontai tèssera trÐgwna 4ABC,
4RBC, 4RAB kai 4RAC kai to embadìn twn tess�rwn trig¸nwn
ikanopoioÔn eft� diaforetikèc sqèseic , oi opoÐec exart¸ntai apì thn
jèsh pou èqoun metaxÔ touc ta shmeÐa A,B,C kai R.

An to shmeÐo R brÐsketai sto eswterikì tou trig¸nou ABC, ìpwc sto
parak�tw sq ma, ja èqoume:

∇ABC=∇RAB+∇RBC+∇RCA.

A

R

CB

Sq ma 2.1:

Gia tic treÐc parak�tw peript¸seic omoÐwc ja èqoume

A B

C
R

R

A B

C

C

A B

R

Sq ma 2.2:

∇ABC=∇RAB+∇RBC-∇RCA, an ABCR kurtì tetr�pleuro

∇ABC=∇RBC+∇RCA-∇RAB, an ABCR kurtì tetr�pleuro

∇ABC=∇RAB+∇RCA-∇RBC, an ABCR kurtì tetr�pleuro
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T¸ra gia tic treÐc parak�tw peript¸seic ja èqoume

A B

C

R

A B

C

R
R

C

BA

Sq ma 2.3:

∇ABC=∇RAB-∇RBC-∇RCA, an to C eswterikì shmeÐo tou4RAB

∇ABC=∇RBC-∇RAB-∇RCA, an to A eswterikì shmeÐo tou4RBC

∇ABC=∇RCA-∇RBC-∇RAB, an to B eswterikì shmeÐo tou4RCA

H eisagwg  t¸ra thc ènnoiac tou proshmasmènou embadoÔ prosana-
tolismènou trig¸nou ja mac bohj sei na sumperil�boume kai tic eft�
parap�nw sqèseic se mÐa mìno sqèsh.

'Ena trÐgwno ABC èqei duo prosanatolismoÔc. An A−B−C èqei
thn antÐjeth for� twn deikt¸n tou rologioÔ tìte to trÐgwno ABC èqei
jetikì prosanatolismì, alli¸c to trÐgwno ABC èqei arnhtikì prosana-
tolismì.

'Etsi loipìn, ta trÐgwna ABC, BCA, CAB èqoun ton Ðdio prosanatolis-
mì, en¸ ta trÐgwna ACB, CBA, BAC èqoun antÐjeto prosanatolismì.

To proshmasmèno embadìn prosanatolismènou trig¸nou
ABC, sumbolÐzetai SABC kai èqei thn Ðdia apìluth tim  me to ∇ABC kai
eÐnai jetikì an o prosanatolismìc tou trig¸nou eÐnai jetikìc, alli¸c to
SABC eÐnai arnhtikì.

Epomènwc ja èqoume ìti

SABC = SBCA = SCAB = −SACB = −SBAC = −SCBA
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T¸ra oi eft� parap�nw sqèseic twn embad¸n ABC,RAB, RBC,RCA
sunoyÐzontai mìno se mÐa

SABC = SRBC + SRCA + SRAB. (I)

'Omoia mporoÔme na orÐsoume ta prosanatolismèna tetrapleu-
ra. Dojèntwn tess�rwn A, B, C, DshmeÐwn kajorÐzoume to prosana-
tolismèno tetr�pleuro ABCD ,sÔmfwna me thn akìloujh kateÔjunsh
twn shmeÐwn A−B−C−D. Ta tetr�pleura BCDA, CDAB, DABC è-
qoun ton Ðdio prosanatolismì me to tetr�pleuro ABCD, epeid  ta shmeÐa
touc akoloujoÔn kuklikèc metajèseic.

A B

C
D

A B

C
D

A
B

C

D

A
B

C

D

A B

C

D

A B

C

D

Sq ma 2.4:

Tèssera shmeÐa mporoÔn na akolouj soun èxi, 6 = 4!
4
, diaforetikèc

diadromèc, ABCD,ADCB, ACBD, ADBC,ACDB, ABDC.

T¸ra mporoÔme na orÐsoume to embadìn prosanatolismènou tetrapleÔrou
ABCD wc ex c

SABCD = SABC + SACD.

Genik� mporoÔme na orÐsoume to proshmasmèno embadìn prosana-
tolismènou n−polug¸nou A1A2...An me n ≥ 3 na eÐnai:

SA1A2...An =
∑n

i=3 SA1Ai−1Ai
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D

C

A B

Sq ma 2.5:

A1 A2

A3

A4

A5

A6

An

An_-1

Sq ma 2.6:

2.2 BASIKES PROTASEIS I

Sthn enìthta aut  ja parousi�soume tic èxi prot�seic pou apoteloÔn
thn b�sh thc mejìdou twn embad¸n. Thn mèjodo twn embad¸n ja thn
qrhsimopoi soume kai gia na apodeÐxoume merikèc apì autèc.

PROTASH B.1

An ta shmeÐa C kai D eÐnai p�nw sthn Ðdia eujeÐa AB me A 6= B kai P
na eÐnai opoiod pote shmeÐo pou den an kei p�nw sthn eujeÐa AB, tìte:

SPCD

SPAB
= CD

AB
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A B

P

D C

Sq ma 2.7:

H apìdeixh thc prìtashc eÐnai profan c.

PROTASH B.2 (JEWRHMA TWN EPIPLEURWN TRIG-
WNWN)

'Estw M eÐnai h tom  twn eujei¸n AB kai PQ kai Q 6= M .

Tìte èqoume:

SPAB

SQAB
= PM

QM
, PM

PQ
= SPAB

SPAQB
, QM

PQ
=

SQAB

SPAQB

Ta parak�tw sq mata deÐqnoun tèsseric pijanèc peript¸seic efarmog c
tou jewr matoc twn epÐpleurwn trig¸nwn.

NMA B

Q

P
P

Q

MA B

A B M

P

Q

P

Q

MBA

Sq ma 2.8:

Apìdeixh

Pr¸toc trìpoc
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'Estw N eÐnai shmeÐo p�nw sthn eujeÐa AB tètoio ¸ste MN = AB.
Tìte me qr sh thc prìtashc B.1 (selÐda 13), ja p�roume:

SPAB

SQAB
= SPMN

SQMN
= PM

QM

DeÔteroc trìpoc

Me qr sh p�li thc prìtashc B.1 (selÐda 13), ja p�roume:

SPAB

SQAB
= SPAB

SPAM

SPAM

SQAM

SQAM

SQAB
= AB

AM
PM
QM

AM
AB

= PM
QM

.

PROTASH B.3

Ac eÐnai 4PAB kai 4QAB duo trÐgwna kai R shmeÐo thc PQ tètoio
¸ste PR = tPQ, tìte isqÔei ìti:

SRAB = tSQAB + (1− t)SPAB.

Q R
P

A B

Sq ma 2.9:

Apìdeixh

'Estw m = SABPQ tìte SRAB = m−SARQ−SBPR = m−(1−t)SAPQ−
tSBPQ = m− (1− t)(m− SPAB)− t(m− SQAB) = tSQAB + (1− t)SPAB

PROTASH B.4

Ac eÐnai A,B, C kai D tèssera shmeÐa. Tìte AB ‖ CD an kai mìno an
SADBC = 0   SABC = SABD.
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C

D

B

A

Sq ma 2.10:

H apìdeixh thc prìtashc eÐnai profan c.

PROTASH B.5

'Estw to parallhlìgrammo ABCD kai P aujaÐreto shmeÐo, (Sq ma
2.8). Tìte SABC = SPAB + SPCD kai SPAB = SPDAC = SPDBC

Apìdeixh

D C

A B

P
S

Sq ma 2.11:

ProekteÐnoume thn BC kai paÐrnoume shmeÐo S tètoio ¸ste h PS na
eÐnai par�llhlh sth CD. Apì thn prìtash B.4 (selÐda 15), SABC =
SDBC , SPDC = SSDC kai SPAB = SSAB = SDBS. Opìte SPAB + SPCD =
SDBS − SDCS = SDBC = SABC . O deÔteroc tÔpoc eÐnai sunèpeia tou
pr¸tou.

PROTASH B.6

'Estw to paralhlìgrammo ABCD kai P , Q duo shmeÐa. Tìte SAPQ +
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SCPQ = SBPQ + SDPQ kai SPAQB = SPDQC .

Apìdeixh

'Estw O to shmeÐo tom c twn diagwnÐwn AC kai BD, (Sq ma 2.10).

A B

CD

OP
Q

Sq ma 2.12:

Oi diag¸nioi parallhlogr�mmou gn¸rÐzoume ìti diqotomoÔntai, �ra to
O eÐnai to mèso tou AC kai apì thn prìtash B.3 (selÐda 15) ja p�roume:

SOPQ = CO
CA

SAPQ + AO
CA

SCPQ

=1
2
SAPQ + 1

2
SCPQ

'Ara 2SOPQ = SAPQ + SCPQ.

To O eÐnai mèso tou BD.

Opìte omoÐwc ja p�roume: 2SOPQ = SBPQ + SDPQ

Katal goume: SAPQ + SCPQ = SBPQ + SDPQ

2.3 EFARMOGES

A. JEWRHMA TOU CEVA
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'Estw trÐgwno ABC kai P tuqìn shmeÐo tou epipèdou (entìc   ektìc
tou trig¸nou). 'Estw epÐshc D to shmeÐo tom c twn eujei¸n AP kai CB
kaj¸c kai E to shmeÐo tom c twn eujei¸n BP kai AC kai tèloc F to
shmeÐo tom c twn eujei¸n CP kai AB. Tìte isqÔei:

AF
FB

BD
DC

CE
EA

= 1

Apìdeixh

A B

C

E
D

P P

E

C

A B F

D

P

D

A F B

E

C

Sq ma 2.13:

Ta parap�nw sq mata deÐqnoun mìno treÐc apì tic pijanèc jèseic tou
shmeÐou P . H qrhsimìthta twn prosanatolismènwn embad¸n sthn mèjodo
eÐnai ìti k�nei thn apìdeixh twn gewmetrik¸n prot�sewn sunoptik  kai pio
akrib c.

Skopìc mac eÐnai na apaleÐyoume ta shmeÐa D, E kai F apì touc lìgouc
AF
FB

, BD
DC

, CE
EA

.

Autì ja to epitÔqoume me thn efarmog  tou jewr matoc twn epÐpleurwn
trig¸nwn se kajèna apì touc treÐc lìgouc.

'Etsi loipìn ja p�roume:

AF
FB

BD
DC

CE
EA

= SAPC

SBCP

SBPA

SCAP

SCPB

SABP
= 1

B.JEWRHMA TOU PAPPOU

'Estw trÐa shmeÐa A,B kai C p�nw se mia eujeÐa kai trÐa shmeÐa A1, B1
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kai C1 p�nw se mia �llh eujeÐa. 'Estw P to shmeÐo tom c twn eujei¸n
AB1, A1B, Q to shmeÐo tom c twn eujei¸n AC1, A1C kai S to shmeÐo
tom c twn eujei¸n BC1, B1C. Ta shmeÐa P, Q kai S eÐnai suggrammik�.

Apìdeixh

A1

B1

C1

A B C

P Q S

Sq ma 2.14:

Genik� èna prìblhma suggrammikìthtac to metatrèpoume se prìblhma
lìgwn wc ex c:

'Estw X1 to shmeÐo tom c twn eujei¸n PQkai BC1 kai X2 to shmeÐo
tom c twn eujei¸n PQ kai B1C.

ArkeÐ na deÐxoume ìti X1 = X2 to opoÐo eÐnai isodÔnamo me thn akìloujh
isìthta:

PX1

QX1

QX2

PX2
= 1 (1)

Skopìc mac eÐnai na apaloÐyoume apì thn sqèsh (1) ta shmeÐa X1 kai
X2 qrhsimopoi¸ntac to je¸rhma twn epÐpleurwn trig¸nwn. Opìte ja
p�roume:

PX1

QX1

QX2

PX2
=

SPBC1

SQBC1

SQCB1

SPCB1
(2)

T¸ra prèpei na apaloÐyoume apì thn sqèsh (2) ta shmeÐa P kai Q.
Skopìc mac eÐnai h telik  mac sqèsh na mhn perilamb�nei shmeÐa ta opoÐa
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kataskeu�sthkan apì tomèc eujei¸n, all� na apoteleÐtai mìno apì ta
arqik� shmeÐa epÐ twn eujei¸n A,B,C,A1, B1, C1.

'Etsi loipìn me qr sh thc prìtashc B.2 (selÐda 14), tou jewr matoc
dhlad  twn epipleÔrwn trig¸nwn, ja p�roume:

SQBC1 = QC1

AC1
SABC1 =

SA1CC1
SABC1

SACC1A1

SPCB1 = PB1

AB1
SACB1 =

SA1BB1
SACB1

SABB1A1

SPBC1 = PB
A1B

SA1BC1 =
SACC1

SA1CB1

SACC1A1

SQCB1 = QC

A1C
SA1CB1 =

SABB1
SA1BC

SABB1A1

Antikajist¸ntac tic parap�nw sqèseic sth sqèsh (2) kai efarmìzontac
thn prìtash B.1 (selÐda 13), ja p�roume:

SPBC1

SQBC1

SQCB1

SPCB1
=

SABB1

SACB1

SA1BC1

SA1BB1

SACC1

SABC1

SA1CB1

SA1CB1

=AB
AC

A1C1

A1B1

AC
AB

A1B1

A1C1
= 1

G.JEWRHMA TOU MENELAOU

'Estw trÐgwno ABC. 'Estw F, D kai E shmeÐa p�nw stic pleurèc
AB, BC kai CA antÐstoiqa. Ta shmeÐa E,F kai D eÐnai suggrammik�
an kai mìno an AF

FB
BD
DC

CE
EA

= SAPC

SBCP

SBPA

SCAP

SCPB

SABP
= −1

Apìdeixh

H diatèmnousa mporeÐ na pern� apì tic duo pleurèc enìc trig¸nou kai
apì thn proèktash thc trÐthc   na pern� kai apì tic treÐc proekt�seic
twn pleur¸n enìc trig¸nou. To pleonèkthma thc mejìdou eÐnai ìti den
exart�tai apì thn jèsh twn shmeÐwn sthn sqhmatik  anapar�stash tou
probl matoc. To gegonìc autì ofeiletai sto ìti h mèjodoc eÐnai apok-
leistik� algebrik . 'Etsi loipìn den qrei�zetai na diakrÐnoume peript¸seic
an�loga me thn jèsh twn shmeÐwn kai na d¸soume diaforetikèc apodeÐxeic
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C

E

D

FBA

D

E

C

A B F

Sq ma 2.15:

an� perÐptwsh. Epomènwc h akìloujh apìdeixh perilamb�nei kai tic duo
peript¸seic.

An ta E, F kai D eÐnai suggrammik� tìte me qr sh thc prìtashc B.1
(selÐda 13) kai B.2 (selÐda 14), gia touc treÐc lìgouc ja èqoume:

AF
FB

= −SAEF

SBEF
, BD

DC
= −SBEF

SCEF
, CE

EA
= −SCEF

SAEF

Opìte:

AF
FB

BD
DC

CE
EA

= SAPC

SBCP

SBPA

SCAP

SCPB

SABP
= −1

Up�rqoun ìmwc kai �llec epilogèc trig¸nwn pou ja mac odhgoÔsan me
th bo jeia tou jewr matoc twn epÐpleurwn trig¸nwn sthn epÐlush tou
probl matoc, ìpwc

AF
FB

= −SADE

SBDE
, BD

DC
= −SEBD

SECD
, CE

EA
= −SDEC

SDEA

'Opou kai p�li mac dÐnei:

AF
FB

BD
DC

CE
EA

= −1

Se endeqìmenh algorijmik  ulopoÐhsh thc mejìdou ja prèpei na pro-
timhjeÐ o pr¸toc trìpoc pou sthrÐzetai sta arqik� dedomèna kai den qrhsi-
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mopoieÐ prìsjetec kataskeuèc (shmeÐa, eujeÐec k.l.p).

Gia thn apìdeixh t¸ra tou antistrìfou, èqoume ìti gia ta shmeÐa E, F, D
pou brÐskontai p�nw stic pleurèc AC,AB,BC isqÔei ìti:

AF
FB

BD
DC

CE
EA

= −1

kai jèloume na deÐxoume ìti ta E, F kai D eÐnai suggrammik�.

Ergazìmaste wc ex c:

Upojètoume ìti h EF sunant� thn BC sto H, tìte arkeÐ na deÐxoume
ìti D ≡ H.IsqÔei ìmwc kai gia ta shmeÐa E, F kai H ìti:

AF
FB

BH
HC

CE
EA

= −1

BH
HC

= BD
DC

'Ara D ≡ H

2.4 H MEJODOS APALOIFHS SHMEI-
WN

Sthn enìthta aut  parajètoume tic apodeÐxeic tri¸n gewmetrik¸n jew-
rhm�twn, oi opoÐec akoloujoÔn mia genik  mejodologÐa. Kajèna apì ta
jewr mata aut� mporoÔn na perigrafoÔn san mia akoloujÐa kataskeu c
shmeÐwn kai diatÔpwshc miac arijmhtik c sqèshc metaxÔ aut¸n twn shmeÐ-
wn.

?Prin proqwrÐsoume sthn parousÐash thc mejìdou prèpei na anafèr-
oume ìti poujen� sthn mèjodo den anafèrontai eujÔgramma tm mmata.
Ja doÔme sthn sunèqeia kai sta paradeÐgmata pou ja parajèsoume ìti
sthn kataskeuastik  perigraf  twn prot�sewn ta eujÔgramma tm mata
(SEGMENT ) dhl¸nontai wc eujeÐec (LINE). O lìgoc pou sumbaÐnei
autì ofeÐletai apokleistik� sth dhmiourgÐa thc mejìdou. H mèjodoc è-
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qei kataskeuasteÐ me tètoio trìpo ¸ste na metaqeirÐzetai mìno isìthtec
metaxÔ gewmetrik¸n posot twn kai kat� sunèpeia adunateÐ na epexer-
gasteÐ aniswtikèc sqèseic. 'Etsi loipìn epeid  metaxÔ eujÔgrammwn tmh-
m�twn kuriarqoÔn aniswtikèc sqèseic gia ton lìgo autì apofeÔgoume na
gr�foume sthn kataskeuastik  perigraf  thc prìtashc: (SEGMENT A B).

A. JEWRHMA TOU Ceva

A B

C

E
D

P P

E

C

A B F

D

P

D

A F B

E

C

Sq ma 2.16:

P1. 'Estw tèssera aujaÐreta shmeÐa A,B,C,D

P2. 'Estw D to shmeÐo tom c twn eujei¸n AP kai CB.

P3. 'Estw E to shmeÐo tom c twn eujei¸n BP kai AC.

P4. 'Estw F to shmeÐo tom c twn eujei¸n CP kai AB.

Sumpèrasma:

z= BD
DC

CE
EA

AF
FB

= 1

H apìdeixh akoloujeÐ ta parak�tw b mata.

Efarmìzoume sthn proc apìdeixh sqèsh kai se k�je lìgo pou summetè-
qei se aut n mia apì tic prot�seic B.1-B.6 (selÐda 13-16). 'Etsi apaloÐ-
foume stadiak� ta shmeÐa pou eis�goun oi kataskeuèc P2, P3, P4 kai ta
antikajistoÔme me ta kat�llhla embad� trig¸nwn.
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'Etsi loipìn qrhsimopoi¸ntac kai stic treÐc peript¸seic apaloif c twn
shmeÐwn F, E, D, thn prìtash B.2 (selÐda 14), èqoume:

Apaloif  shmeÐou F (kataskeu  P4). z= BD
DC

CE
EA

AF
FB

= BD
DC

CE
EA

SAPC

SBCP

Apaloif  shmeÐou E (kataskeu  P3). z= BD
DC

CE
EA

SAPC

SBCP
= BD

DC

SCPB

SABP

SAPC

SBCP

Apaloif  shmeÐou D (kataskeu  P2). z= SBPA

SCAP

SCPB

SABP

SAPC

SBCP
= 1

B. JEWRHMA TOU PAPPOU

A1

B1

C1

A B C

P Q S

Sq ma 2.17:

To je¸rhma autì mporeÐ na perigrafeÐ sÔmfwna me tic akìloujec kataskeuèc.

P1. 'Estw tèssera aujaÐreta shmeÐa A,B,A1, B1

P2. 'Estw C shmeÐo p�nw sthn AB.

P3. 'Estw C1 shmeÐo p�nw sthn A1B1.

P4. 'Estw P to shmeÐo tom c twn eujei¸n AB1 kai A1B.

P5. 'Estw Q to shmeÐo tom c twn eujei¸n AC1 kai A1C.

P6. 'Estw S to shmeÐo tom c twn eujei¸n BC1 kai B1C.
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P7. 'Estw X1 to shmeÐo tom c twn eujei¸n PQ kai BC1.

P8. 'Estw X2 to shmeÐo tom c twn eujei¸n PQ kai B1C.

Sumpèrasma:

z= PX1

QX1
· QX2

PX2
= 1

A1

B1

C1

A B C

P
Q

X1

X2

Sq ma 2.18:

H apìdeixh akoloujeÐ ta parak�tw b mata.

Apaloif  shmeÐou X2 (kataskeu  P8) Qr sh prìtashc B.2 (selÐda 14).

z= PX1

QX1
· QX2

PX2
= PX1

QX1
· SQCB1

SPCB1

Apaloif  shmeÐou X1 (kataskeu  P7) Qr sh prìtashc B.2.

z= PX1

QX1
· SQCB1

SPCB1
=

SPBC1

SQBC1
· SQCB1

SPCB1

Apaloif  shmeÐou S (kataskeu  P6).

Den up�rqei poujen� sthn teleutaÐa sqèsh gewmetik  posìthta pou na
perilamb�nei to shmeÐo S. Epomènwc h mèjodoc proqwr�ei sthn amèswc
epìmenh apaloif  shmeÐou.

Apaloif  shmeÐou Q (kataskeu  P5) Qr sh prìtashc B.1 kai B.2, (selÐ-
da 13).
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z= SPBC1

SPCB1
· SACC1

SA1CC1
· SACB1

SABC1

Apaloif  shmeÐou P (kataskeu  P4) Qr sh prìtashc B.1 kai B.2.

z= SABB1

SACB1
· SA1BC1

SA1BB1
· SACC1

SABC1
· SA1CB1

SA1CC1
=

= AB
AC

· A1C1

A1B1
· AC

AB
· A1B1

A1C1
= 1

G. JEWRHMA TOU MENELAOU

C

E

D

FBA

D

E

C

A B F

Sq ma 2.19:

To je¸rhma autì mporeÐ na perigrafeÐ sÔmfwna me tic akìloujec kataskeuastikèc
prot�seic.

P1. 'Estw pènte aujaÐreta shmeÐa A,B, C, K, L

P2. 'Estw D to shmeÐo tom c twn BC kai KL.

P3. 'Estw E to shmeÐo tom c twn AC kai KL

P4. 'Estw F to shmeÐo tom c twn AB kai KL.

Sumpèrasma:

z= AF
FB

· BD
DC

· CE
EA

= −1
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H apìdeixh akoloujeÐ ta parak�tw b mata.

'Etsi loipìn qrhsimopoi¸ntac kai stic treÐc peript¸seic apaloif c twn
shmeÐwn F, E, D, thn prìtash B.2 (selÐda 14), èqoume:

Apaloif  shmeÐou F (kataskeu  P4).

z= AF
BF

· BD
CD

· CE
AE

= SAKL

SBKL
· BD

CD
· CE

AE

Apaloif  shmeÐou E (kataskeu  P3).

z= SAKL

SBKL
· BD

CD
· CE

AE
= SAKL

SBKL
· BD

CD
· SCKL

SAKL

Apaloif  shmeÐou D (kataskeu  P2).

z= SAKL

SBKL
· SCKL

SAKL
· BD

CD
= SAKL

SBKL
· SCKL

SAKL
· SBKL

SCKL
= 1

PERIGRAFH THS MEJODOU

Oi prot�seic twn shmeÐwn tom c tou Hilbert: CH .

Proc to parìn h mèjodoc eÐnai periorismènh sthn epÐlush prot�sewn
pou an koun sthn kathgorÐa CH . Oi gewmetrikèc prot�seic pou an koun
sthn kathgorÐa aut  ja oristoÔn parak�tw, 29.

Gia na perigr�youme me saf neia tic prot�seic twn shmeÐwn tom c tou
Hilbert qreiazìmaste tic ènnoiec: gewmetrikèc posìthtec kai kataskeuèc.

Oi gewmetrikèc posìthtec pou an koun sthn kathgorÐa aut  eÐnai duo
eid¸n: lìgoc duo prosanatolismènwn eujugr�mmwn tmhm�twn p�nw se mia
eujeÐa   p�nw se duo par�llhlec eujeÐec kai embadìn prosanatolismènwn
trig¸nwn   tetrapleÔrwn.

Mia kataskeu  qrhsimopoieÐtai gia na eis�gei èna nèo shmeÐo apì k�poia
 dh gnwst� shmeÐa.

Oi kataskeuèc èqoun thn parak�tw morf :
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K1(POINT A). 'Estw èna aujaÐreto shmeÐo A p�nw sto epÐpedo. To
shmeÐo A eÐnai eleÔjero shmeÐo.

K2(ON − LINE A X Y ).

'Estw ìti to shmeÐo A an kei p�nw sthn eujeÐa XY . To shmeÐo A eÐnai
hmi-eleÔjero shmeÐo.

K3(ON − PLINE A B X Y ).

'Estw ìti to A eÐnai shmeÐo p�nw sthn eujeÐa pou pern� apì to shmeÐo
B kai eÐnai par�llhlh sthn eujeÐa XY . To shmeÐo A eÐnai hmi-eleÔjero
shmeÐo.

K4(LRATIO AX Y r). 'Estw ìti to A eÐnai shmeÐo p�nw sthn eujeÐa
XY tètoio ¸ste XA = rXY , ìpou r eÐnai ènac rhtìc arijmìc, rht 
èkfrash k�poiwn gewmetrik¸n posot twn   metablht . Stic duo pr¸tec
peript¸seic to shmeÐo A eÐnai stajerì shmeÐo, en¸ sthn trÐth eÐnai hmi-
eleÔjero shmeÐo.

K5(PRATIO AB X Y r). 'Estw ìti to shmeÐo A an kei p�nw sthn
eujeÐa pou pern�ei apì to shmeÐo B kai eÐnai par�llhlh sthn eujeÐa XY
tètoia ¸ste BA = rXY , ìpou r eÐnai ènac rhtìc arijmìc, rht  èkfrash
k�poiwn gewmetrik¸n posot twn   metablht . Stic duo pr¸tec peript¸-
seic to shmeÐo A eÐnai stajerì shmeÐo, en¸ sthn trÐth eÐnai hmi-eleÔjero
shmeÐo.

K6(INTER A (LINE X Y )(LINE P Q)). 'Estw ìti to A eÐnai to
shmeÐo tom c thc eujeÐac XY kai thc eujeÐac PQ. To shmeÐo A eÐnai
stajerì shmeÐo.

K7(INTER A (LINE X Y )(PLINE W P Q))).

'Estw ìti to A eÐnai to shmeÐo tom c twn eujei¸n XY kai thc eujeÐac
pou pern� apì to shmeÐo W kai eÐnai par�llhlh sthn eujeÐa PQ. To
shmeÐo A eÐnai stajerì shmeÐo.

K8(INTER A (PLINE Z X Y )(PLINE W P Q))). 'Estw ìti to A
eÐnai to shmeÐo tom c thc eujeÐac pou pern� apì to shmeÐo Z kai eÐnai
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par�llhlh sthn eujeÐa XY kai thc eujeÐac pou pern� apì to shmeÐo W
kai eÐnai par�llhlh sthn eujeÐa PQ. To shmeÐo A eÐnai stajerì shmeÐo.

ORISMOS 2.4.1 Oi prot�seic twn shmeÐwn tom c Hilbert èqoun thn
parak�tw morf :

Prìtash=(K1, K2, ..., Kn, S)

K�je prìtash aut c thc kathgorÐac perigr�fetai apì èna peperas-
mèno pl joc kataskeu¸n, oi opoÐec èqoun thn morf  twn kataskeu¸n
K1,K2, ...,K8 (selÐda 28-28). Oi kataskeuèc ent�ssontai kat� diate-
tagmèno trìpo wc ex c: arqik� eis�gontai oi kataskeuèc tÔpou K1, oi
opoÐec èqoun thn morf  thc K1 kai eis�goun aujaÐreta shmeÐa sto epÐpedo.
SuneqÐzoume me thn prosj kh �llwn kataskeu¸n K2, ..., Kn, oi opoÐec è-
qoun thn morf  twn kataskeu¸n K2, ...,K8.

Kajemi� apì tic parap�nw kataskeuèc eis�gei nèa shmeÐa pou proèrqon-
tai apì tomèc eujei¸n kai apì lìgouc par�llhlwn eujÔgrammwn tmhm�twn.

Oi eujeÐec èqoun kataskeuasteÐ apì ta shmeÐa pou èqoun eis�gei oi
kataskeuèc tÔpou K1 kai apì ta shmeÐa pou èqoun  dh kataskeuasteÐ
mèsw twn kataskeu¸n K2, ..., Kn.

Tèloc h prìtash katal gei sto sumpèrasma (S), to opoÐo apoteleÐtai
apì thn isìthta duo poluwnumik¸n ekfr�sewn gewmetrik¸n posot twn.
To zhtoÔmeno k�je for� eÐnai h apìdeixh thc isìthtac twn duo aut¸n
poluwnumik¸n ekfr�sewn. Oi gewmetrikèc autèc posìthtec perilamb�-
noun shmeÐa pou èqoun eisaqjeÐ apì tic kataskeuèc Ki, i = 1, ..., n.

Oi gewmetrikèc idiìthtec pou kaloÔmaste na deÐxoume pwc èqoun oi para-
p�nw gewmetrikèc posìthtec eÐnai h suggrammikìthta, h parallhlÐa kaj¸c
kai sqèseic metaxÔ lìgwn eujugr�mmwn tmhm�twn.

'Ola ta paradeÐgmata pou dìjhkan prohgoumènwc an koun sthn kath-
gorÐa CH . ParathroÔme ìti oi apodeÐxeic twn paradeigm�twn prèpei na ex-
asfalÐzoun ìti poujen� mèsa sthn prìtash den parousi�zontai mhdenikoÐ
paronomastèc, epeid  alli¸c h epÐlush thc prìtashc ja apotÔgqane. To
gegonìc autì ofeÐletai sthn mèqri t¸ra apousÐa perioristik¸n sunjhk¸n
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sthn perigraf  thc prìtashc. Genik� èna gewmetrikì je¸rhma eÐnai al-
hjèc mìno k�tw apì k�poiec perioristikèc sunj kec. T¸ra gia tic prot�-
seic pou an koun sthn kathgorÐa CH oi perioristikèc sunj kec par�gontai
me susthmatikì trìpo.

ORISMOS 2.4.2 'Estw prìtash P=(K1, K2, ..., Kn, S), tìte oi peri-
oristikèc sunj kec gia na eÐnai h P prìtash thc kathgorÐac CH eÐnai oi
akìloujec.

1. An Ki eÐnai h kataskeu  K1 (selÐda 28), tìte den qrei�zontai peri-
oristikèc sunj kec.

2. An Ki eÐnai mia apì tic kataskeuèc K2, ...,K5 (selÐda 28-28), tìte oi
perioristikèc sunj kec gia thn Ki eÐnai X 6= Y .

3. An Ki eÐnai mia apì tic kataskeuèc K6, ...,K8 (selÐda 28), tìte oi
perioristikèc sunj kec gia thn Ki eÐnai XY ∦ PQ.

4. Gia to sumpèrasma (S) apaitoÔme oi paronomastèc twn gewmetrik¸n
posot twn na mhn eÐnai mhdèn.

PERIORISTIKES SUNJHKES GIA TA PARADEIGMA-
TA

1.Gia to je¸rhma tou CEV A (selÐda 23): F 6= B,D 6= C,E 6= A,C 6=
B, C 6= A,A 6= B.

2.Gia to je¸rhma tou PAPPOU (selÐda 24): A 6= B, C 6= D, AB1 ∦
A1B, AC1 ∦ A1C,PQ ∦ BC1, PQ ∦ B1C,Q 6= X1, P 6= X2.

3.Gia to je¸rhma tou MENELAOU (selÐda 26): F 6= B, D 6= C, E 6=
A,A 6= C, B 6= C, DE ∦ AB.

To monadikì pou apomènei gia na perigr�youme th mèjodo eÐnai na d¸-
soume k�poiec teqnikèc apaloif c shmeÐwn apì ta embad� kai apì touc
lìgouc mhk¸n kaj¸c kai thn teqnik  apaloif c shmeÐwn pou brÐskontai
p�nw se duo eujeÐec.
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TEQNIKES APALOIFHS SHMEIWN MESW TOU L-
OGOU MHKWN

Oi teqnikèc apaloif c shmeÐwn mèsw tou lìgou mhk¸n kaj¸c kai mèsw
twn embad¸n, ìpwc ja doÔme parak�tw, perilamb�noun mia gewmetrik 
posìthta G kai mia kataskeu  K.

LHMMA 2.4.3 An G=PY
QR

kai K=(LRATIO Y U V t) me perioristik 
sunj kh U 6= V .

An to shmeÐo P brÐsketai p�nw sthn eujeÐa UV tìte:

Y U VP

Q

R

Sq ma 2.20:

PY
QR

= PU+UY
QR

=
PU
UV

+ UY
UV

QR

UV

=

=
PU
UV

+t

QR
UV

.

An to shmeÐo P den brÐsketai p�nw sthn eujeÐa UV tìte:

paÐrnoume shmeÐo S tètoio ¸ste PS = QR, opìte to Y ja eÐnai to
shmeÐo tom c twn PS kai UV kai PS ‖ QR.

Apì thn prìtash B.2 (selÐda 14) kai B.6 (selÐda 16) paÐrnoume:

PY
QR

= PY
PS

= SPUV

SPUSV
= SPUV

SQURV
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Y U V

P

S

R

Q

Sq ma 2.21:

LHMMA 2.4.4 An G=PY
QR

kai K=(ON − LINE Y U V ) me perior-
istik  sunj kh U 6= V . An jèsoume t = UY

UV
tìte èqoume to parap�nw

l mma.

LHMMA 2.4.5 An G=PY
QR

kai K=(PRATIO Y W U V t) me perioris-
tik  sunj kh U 6= V .

Y W P

U V

Q

R

Sq ma 2.22:

An to shmeÐo P brÐsketai p�nw sth WY tìte prokÔptei polÔ eÔkola
ìti:

PY
QR

=
PW
UV

+t

QR
UV

.

An to shmeÐo P den brÐsketai p�nw sth WY tìte:

paÐrnoume shmeÐa K kai L tètoia ¸ste WK
UV

= 1 kai PL
QR

= 1. Apì thn
prìtash B.2 (selÐda 14) èqoume

PY
QR

= PY
PL

= SPWK

SPWKL
= SPUWV

SQURV
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Y

P

Q

R

L

W K

U V

Sq ma 2.23:

LHMMA 2.4.6 An G=PY
QR

kai K=(ON − PLINE Y U V ) me perior-
istik  sunj kh U 6= V .

An jèsoume t = WY
UV

tìte èqoume to parap�nw l mma.

LHMMA 2.4.7 An G=PY
QR

kai K=(INTER Y (LINE AB)(LINE C D))

me perioristik  sunj kh AB ∦ CD.

PY
QR

=





SPCD

SQCRD
, an P /∈ CD;

SPAB

SQARB
, an P /∈ AB;

0, alli¸c.

C

D

Y A BP

S T

Q R

Sq ma 2.24:
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An to P den eÐnai p�nw sthn eujeÐa CD, p�re duo shmeÐa S kai T p�nw
sto PY tètoia ¸ste ST = QR, tìte to Y eÐnai h tom  twn ST kai CD.
Apì thn prìtash B.2 (selÐda 14), èqoume: PY

ST
= SPCD

SSCTD
.

Epeid  PY ‖ QR apì thn prìtash B.6 (selÐda 16), èqoume: SSCTD =
SQCRD. Akìma epeid  to P den an kei sthn eujeÐa CD kai ST ‖ QR,
èqoume: QR ∦ CD. Apì thn prìtash B.4 (selÐda 15) paÐrnoume: SQCRD 6=
0. Oi �llec peript¸seic apodeiknÔontai ìmoia.

LHMMA 2.4.8 An G=PY
QR

kai K=(INTER Y (LINE C D)(PLINE W A B))

me perioristik  sunj kh AB ∦ CD.

PY
QR

=





SPCD

SQCRD
, an P /∈ CD;

SPAWB

SQARB
, an P ∈ CD kai P 6= Y ;

0, alli¸c.

An to P den an kei sthn eujeÐa CD, tìte h apìdeixh eÐnai Ðdia me to
l mma 2.4.7 (selÐda 33).

A B

W S

C

D

P

Q

R

Sq ma 2.25:

An to P an kei p�nw sthn eujeÐa CD, tìte dialègoume shmeÐo S p�nw
sthn eujeÐa pou dièrqetai apì to shmeÐo W tètoio ¸ste WS = AB.
Apì to l mma 2.4.7 (selÐda 33), èqoume PY

QR
= SPWS

SQWRS
. Apì thn prìtash

B.5 (selÐda 16), paÐrnoume SPWS = SPAB − SWAB = SPAWB. AfoÔ
WS = AB, apì thn prìtash B.6 (selÐda 16), paÐrnoume SQWRS = SQARB,
to opoÐo apodeiknÔei to zhtoÔmeno. Epeid  AB ∦ CD, èqoume SQARB 6= 0.

LHMMA 2.4.9 An G=PY
QR

kai K=(INTER Y (PLINE R C D)(PLINE W A B))

me perioristik  sunj kh AB ∦ CD.
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PY
QR

=

{
SPWAB

SQCRD
, an QR ∦ AB;

SPCRD

SQCRD
, alli¸c;

Y

R

W

A B

C

D

Sq ma 2.26:

Autì to l mma apodeiknÔetai ìmoia me to l mma 2.4.8 (selÐda 34).

APALOIFES SHMEIWN MESW TWN EMBADWN

LHMMA 2.4.10 An G=SABY kai K=(LRATIO Y P Q t) me perior-
istik  sunj kh P 6= Q.

SABY = tSABQ + (1− t)SABP

P QY

A

B

Sq ma 2.27:

H apìdeixh thc prìtashc eÐnai polÔ eÔkolh. Efarmìzoume thn prìtash
B.3 (selÐda 15).
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LHMMA 2.4.11 An G=SABY kai K=(ON − LINE Y P Q) me peri-
oristik  sunj kh P 6= Q.

An epilèxoume t = PY
PQ

tìte èqoume akrib¸c to Ðdio apotèlesma me thn
parap�nw perÐptwsh.

LHMMA 2.4.12 An G=SABY kai K=(PRATIO Y R P Q t) me peri-
oristik  sunj kh P 6= Q.

SABY = SABR + tSAPBQ

A B

R

S

P

Q

Y

Sq ma 2.28:

Gia na apodeÐxoume thn perÐptwsh aut  k�noume thn parak�tw diadikasÐ-
a. PaÐrnoume èna shmeÐo S tètoio ¸ste RS = PQ. Apì to l mma 2.4.10
(selÐda 35), paÐrnoume SABY = tSABS + (1− t)SABR.

Apì thn prìtash B.6 (selÐda 16), paÐrnoume SABS = SABR + SABQ −
SABP = SABR + SAPBQ.

Me mia apl  antikat�stash paÐrnoume to zhtoÔmeno.

LHMMA 2.4.13 An G=SABY kai K=(ON − PLINE Y R P Q) me
perioristik  sunj kh P 6= Q.

An epilèxoume t = PY
PQ

tìte èqoume akrib¸c to Ðdio apotèlesma me to
parap�nw l mma.
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ApodeiknÔetai ìmoia me to parap�nw l mma.

LHMMA 2.4.14 An G=SABY kai K=(INTER Y (LINE P Q)(LINE U V ))
me perioristik  sunj kh PQ ∦ UV .

SABY = 1
SPUQV

(SPUV SABQ + SQV USABP )

Y

U

V

P

A

Q

B

Sq ma 2.29:

Gia thn apìdeixh thc prìtashc aut c paÐrnoume:

t = PY
PQ

tìte 1− t = Y Q

PQ

Apì thn prìtash B.3 (selÐda 15), èqoume: SABY = PY
PQ

SABQ + Y Q

PQ
SABP

Apì thn prìtash B.2 (selÐda 14), èqoume: PY
PQ

= SPUV

SPUQV
, Y Q

PQ
=

SQV U

SPUQV

Epeid  PQ ∦ UV èqoume ìti SPUQV 6= 0

Me mia apl  antikat�stash paÐrnoume to zhtoÔmeno.

LHMMA 2.4.15 An G=SABY kai K=(INTER Y (LINE U V )(PLINE R P Q))
me perioristik  sunj kh PQ ∦ UV .

SABY = 1
SPUQV

(SPUQRSABV + SPRQV SABU)
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Y U V

S

R
P

Q

Sq ma 2.30:

Gia na apodeÐxoume thn prìtash aut  paÐrnoume shmeÐo S tètoio ¸ste
RS = PQ. Tìte apì to l mma 2.4.14 (selÐda 37) èqoume 1

SRUSV
(SUSRSABV +

SV RSSABU).

'Eqoume epÐshc ta akìlouja:

apì thn prìtash B.6 (selÐda 16): SRUSV = SPUQV

apì thn prìtash B.5 (selÐda 16): SUSR = SUQP − SRQP = SPUQR

apì thn prìtash B.5: SV SR = SV QP − SRPQ = SPRQV

Me mia apl  antikat�stash paÐrnoume to zhtoÔmeno.

LHMMA 2.4.16 An G=SABY kai K=(INTER Y (PLINE W U V )(PLINE R P Q))
me perioristik  sunj kh PQ ∦ UV .

SABY =
SPWQR

SPUQV
SAUBV + SABW

Gia na apodeÐxoume thn prìtash aut  paÐrnoume shmeÐo X tètoio ¸ste
WX = UV . Tìte apì to l mma 2.4.15 (selÐda 37) èqoume 1

SPWQX
(SPWQRSABX+

SPRQXSABW ).

'Eqoume apì thn prìtash B.6 (selÐda 16):

SPWQX = SPUQV

SABX = SABW + SABV − SABU = SABW + SAUBV
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RY

W

X

U

V

P Q

A

B

Sq ma 2.31:

SPRQX = SPRQ +SPQX = SPRQ +SPQW +SPQV −SPQU = −SPWQR +
SPUQV

Me mia apl  antikat�stash paÐrnoume to zhtoÔmeno.

Mènei t¸ra na exet�soume thn perÐptwsh:

An G=SABY kai K=(POINT Y ).

Aut  h perÐptwsh ja analujeÐ me thn bo jeia thc parak�tw enìthtac
(bl. l mma 2.5.3 selÐda 41).

2.5 ELEUJERA SHMEIA

Skopìc mac gia tic gewmetrikèc prot�seic P=(K1, K2, ..., Kn, S) pou
an koun sthn kathgorÐa CH , eÐnai na apaloÐyoume ìla ta bohjhtik� shmeÐ-
a ètsi ¸ste oi nèec gewmetrikèc posìthtec pou ja prokÔyoun na per-
ièqoun mìno eleÔjera shmeÐa. Oi gewmetrikèc autèc posìthtec den eÐ-
nai genik� anex�rthtec, afou gia par�deigma an gia opoiad pote tèssera
shmeÐa A,B,C,D p�roume to SABC , tìte autì, sÔmfwna me ìsa  dh è-
qoume anafèrei sthn arq , ja isoÔtai me

SABC = SABD + SADC + SDBC .
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EÐnai an�gkh epomènwc oi telikèc gewmetrikèc posìthtec na ekfras-
toÔn sunart sei k�poiwn anex�rthtwn metablht¸n. Gia na to epitÔqoume
qreiazìmaste thn ènnoia twn embadik¸n suntetagmènwn.

ORISMOS 2.5.1 'Estw ìti A,O, U, V eÐnai tèssera shmeÐa tètoia ¸-
ste ta O,U, V na mhn eÐnai suggrammik�. Oi embadikèc suntetagmènec
gia to shmeÐo A wc proc to OUV ja eÐnai:

xA = SOUA

SOUV

yA = SOAV

SOUV

zA = SAUV

SOUV

EÐnai fanerì ìti xA + yA + zA = 1.

T

V

A

O U

Sq ma 2.32:

PROTASH 2.5.2 Ta shmeÐa tou epipèdou eÐnai se èna proc èna anti-
stoqÐa me ta shmeÐa (x, y, z) pou ikanopoioÔn thn sqèsh x + y + z = 1.

Apìdeixh

'Estw O, U, V eÐnai trÐa mh-suggrammik� shmeÐa. Tìte gia k�je shmeÐo
A, oi embadikèc suntetagmènec ja ikanopoioÔn thn sqèsh xA+yA+zA = 1.

AntÐstrofa, gia opoiad pote x, y kai z tètoia ¸ste: x + y + z = 1
mporoÔme na broÔme shmeÐo A tou opoÐou oi embadikèc suntetagmènec ja
eÐnai oi x, y kai z.
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An z = 1, p�re shmeÐo A tètoio ¸ste x = OA
UV

.

Tìte apì to l mma 2.4.12 (selÐda 36), paÐrnoume:

xA = SOUA

SOUV
, yA = −x = y kai zA = 1.

An z 6= 1, p�re shmeÐo B p�nw sthn UV tètoio ¸ste x
1−z

= UB
UV

.

PaÐrnoume shmeÐo B p�nw sthn OB tètoio ¸ste z = AB
OB

.

Apì to je¸rhma twn epig¸niwn trig¸nwn èqoume:

zA = SAUV

SOUV
= AB

OB
= z

xA = SOUA

SOUV
= (1− z)SOUB

SOUV
= xSOUV

SOUV
= x

ìmoia yA = y.

To l mma pou akoloujeÐ ekfr�zei to embadìn eleÔjerwn shmeÐwn sunart -
sei twn embadik¸n suntetagmènwn kai twn tri¸n eleÔjerwn shmeÐwn wc
proc ta trÐa shmeÐa anafor�c pou epilèxame.

LHMMA 2.5.3 An G(Y )=SABY kai K=(POINT Y ).

QwrÐc bl�bh thc genikìthtac èqoume upojèsei ìti ìla ta eleÔjera
shmeÐa thc prìtashc P èqoun eisaqjeÐ sthn arq  thc prìtashc. Gia na
qrhsimopoioÔme to l mma autì, upojètoume epÐshc ìti up�rqoun toul�qis-
ton tèssera eleÔjera shmeÐa O, U, V kai Y sthn prìtash P. Ta shmeÐa
O, U, V ja eÐnai ta shmeÐa anafor�c.

To l mma autì ekfr�zei to embadìn eleÔjerwn shmeÐwn se mia sqèsh
pou perilamb�nei tic embadikèc suntetagmènec kai twn tri¸n eleÔjerwn
shmeÐwn wc proc ta shmeÐa anafor�c.

SABY = 1
SOUV

∣∣∣∣∣∣

SOUA SOV A 1
SOUB SOV B 1
SOUY SOV Y 1

∣∣∣∣∣∣
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IsodÔnama gr�fetai:

SABY = 1
SOUV

(SOAUBSOV Y + SOBV ASOUY ) + SOAB.

H perioristik  sunj kh thc perÐptwshc aut c eÐnai ìti ta shmeÐa O,U, V
den eÐnai suggrammik�.

Apìdeixh

O

U VW

Y

Sq ma 2.33:

'Opwc eÐqame apodeÐxei sthn arq  thc enìthtac 2.1, gia tèssera eleÔjera
shmeÐa A,B, Y,O isqÔei SABY = SABO + SAOY + SOBY dhlad  SABY =
SOAB + SOBY − SOAY .

T¸ra qrei�zetai na upologÐsoume mìno ta SOBY kai SOAY .

PaÐrnoume W na eÐnai to shmeÐo tom c twn UV kai OY .

Tìte apì to l mma 2.4.14 (selÐda 37) èqoume:

SOBW = 1
SOUY V

(SOBV SOUY + SOBUSOY V ).

Apì thn basik  prìtash B.2 (selÐda 14) paÐrnoume: SOBY

SOBW
= SOUY V

SOUV
.

Epomènwc èqoume: SOBY = 1
SOUV

(SOBV SOUY + SOBUSOY V ) (1)

An t¸ra OY ‖ UV , h parap�nw apìdeixh apotugq�nei. Parìlo aut�
mporoÔme na upologÐsoume thn (1) ¸c ex c:

Epeid  OY ‖ UV , SOUY = SOV Y = −SOY V .
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H (1) gÐnetai: SOBY = 1
SOUV

SOUY (SOBV − SOBU) = SOUY

SOUV
SOUBV

to opoÐo eÐnai isodÔnamo me SOBY

SOUY
= SOUBV

SOUV
.

An OY ‖ BU , tìte kai oi duo merièc tou parap�nw tÔpou isoÔntai me
thn mon�da.

An OY kai BU tèmnontai sto shmeÐo M , tìte apì tic prot�seic B.1,
B.2 (selÐda 14), B.3 (selÐda 15) paÐrnoume:

SOBY

SOUY
= BM

UM
= SV BM

SV UM
= SV BU−SV MU

SV UO
= SV BU−SV OU

−SOUV
= SOUBV

SOUV

ApodeÐxame dhlad  ìti h (1) eÐnai alhj c k�tw apì thn sunj kh ìti ta
O,U, V den eÐnai suggrammik�.

'Omoia èqoume: SOAY = 1
SOUV

(SOAV SOUY + SOAUSOY V ) (2)

Antikajist¸ntac thn (1) kai (2) sthn SABY = SOAB + SOBY − SOAY

kai shmei¸nontac ìti SOAU − SOBU = SOAUB kai SOBV − SOAV = SOBV A

prokÔptei to zhtoÔmeno.

EFARMOGES TWN TEQNIKWN APALOIFHS BOHJHTIK-
WN SHMEIWN

PARADEIGMA 1

'Estw trapèzio ABCD. H par�llhlh proc th b�sh tou trapezÐou tèmnei
tic duo pleurèc tou kai tic diagwnÐouc tou sta shmeÐa H, G, F kai E.
IsqÔei ìti:

EF
AB

= −HG
AB

.

MporoÔme na perigr�youme thn prìtash wc ex c:

K1 : (POINT A) 'Estw aujaÐreto shmeÐo A.

K2 : (POINT B) 'Estw aujaÐreto shmeÐo B.
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K3 : (POINT C) 'Estw aujaÐreto shmeÐo C.

K4 : (ON − PLINE D C A B) 'Estw D shmeÐo p�nw sthn eujeÐa pou
dièrqetai apì to C kai eÐnai par�llhlh sthn eujeÐa AB.

K5 : (ON − LINE E B C) 'Estw E shmeÐo p�nw sthn eujeÐa BC.

K6 : (INTER H (LINE AD)(PLINE E A B)) 'Estw H to shmeÐo
tom c twn eujei¸n AD kai thc eujeÐac pou pern� apì to shmeÐo E kai
eÐnai par�llhlh sthn AB.

K7 : (INTER F (LINE B D)(LINE E H)) 'Estw F to shmeÐo tom c
twn eujei¸n BD kai EH.

K8 : (INTER G (LINE A C)(LINE E F )) 'Estw G to shmeÐo tom c
twn eujei¸n AC kai EF .

Sumpèrasma:
EF
AB
−HG
AB

= 1

A B

CD

H
G F

E

Sq ma 2.34:

H apìdeixh pragmatopoieÐtai wc ex c:

Apaloif  shmeÐou G (Kataskeu  K8)(Qr sh l mmatoc 2.4.7 (selÐda
33): HG

AB
= SACH

SABC
)

EF
AB
−HG
AB

= EF
AB

SABC

−SACH
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Apaloif  shmeÐou F (Kataskeu  K7)(Qr sh l mmatoc 2.4.7: EF
AB

=
SBDE

SABD
)

EF
AB

SABC

−SACH
= SBDESABC

−SACHSABD

Apaloif  shmeÐou H (Kataskeu  K6)(Qr sh l mmatoc 2.4.15 (selÐda
37): SACH = SACDSABE

SABD
)

SBDESABC

−SACHSABD
= −SBDESABC(−SABD)

−SACDSABESABD
= −SBDESABC

SACDSABE

Apaloif  shmeÐou E (Kataskeu  K5)(Qr sh prìtashc B.2 (selÐda 14):
SABE = BE

BC
SABC , SBDE = −(SBCD

BE
BC

))

−SBDESABC

SACDSABE
=

−(−SBCD
BE
BC

)SABC

SACDSABC
BE
BC

= SBCD

SACD

Apaloif  shmeÐou D (Kataskeu  K4)(Qr sh prìtashc B.2: SACD =

−(CD
AB

SABC), SBCD = −(SABC
CD
AB

))

SBCD

SACD
=

−SABC
CD
AB

−SABC
CD
AB

= 1

PARADEIGMA 2

An to trÐgwno LMN eÐnai to trÐgwno tou Ceva wc proc to shmeÐo S
tou trig¸nou ABC, tìte isqÔei ìti: SAMLSBNMSCLN

SANLSBLMSCNM
= 1.

SHMEIWSH: 'Estw ABC trÐgwno kai S to shmeÐo tom c twn eujei¸n
pou en¸noun tic korufèc tou trig¸nou me tic pleurèc pou brÐskontai
apènanti twn koruf¸n. 'Estw M to shmeÐo tom c twn eujei¸n BS kai
AC, L to shmeÐo tom c twn eujei¸n AS kai BC kai N to shmeÐo tom c twn
eujei¸n CS kai AB, tìte to eujÔgrammo tm ma ML onom�zetai eujÔ-
grammo tm ma tou Ceva kai to trÐgwno MLN onom�zetai trÐgwno
tou Ceva wc proc to shmeÐo S gia to trÐgwno ABC.

MporoÔme na perigr�youme thn prìtash wc ex c:
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A

B C

N

M

L

S

Sq ma 2.35:

K1 : (POINT A) 'Estw aujaÐreto shmeÐo A.

K2 : (POINT B) 'Estw aujaÐreto shmeÐo B.

K3 : (POINT C) 'Estw aujaÐreto shmeÐo C.

K4 : (POINT S) 'Estw aujaÐreto shmeÐo S.

K5 : (INTER L (LINE B C)(LINE S A)) 'Estw L to shmeÐo tom c
twn eujei¸n BC kai SA.

K6 : (INTER M (LINE AC)(LINE S B)) 'Estw M to shmeÐo tom c
twn eujei¸n AC kai SB.

K7 : (INTER N (LINE AB)(LINE S C)) 'Estw N to shmeÐo tom c
twn eujei¸n AB kai SC.

Sumpèrasma: SAMLSBNMSCLN

SANLSBLMSCNM
= 1

H apìdeixh pragmatopoieÐtai me efarmog  tou l mmatoc 2.4.14 (selÐda
37) kai stic treÐc peript¸seic apaloif c bohjhtik¸n shmeÐwn wc ex c:

Apaloif  shmeÐou N (Kataskeu  K7): (SALN = −SACSSABL

SACBS
, SCMN =

SCSMSABC

SACBS
, SBMN = −SBCSSABM

SACBS
, SCLN = SCSLSABC

SACBS
)

SAMLSBNMSCLN

SANLSBLMSCNM
= (−SCSLSABC)(−SBCSSABM )SALMSACBS(−SACBS)

(−SCSMSABC)SBLM (−SACSSABL)SACBS(−SACBS)
= SCSLSBCSSABMSALM

SCSMSBLMSACSSABL
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Apaloif  shmeÐou M (Kataskeu  K6): (SBLM = SBSLSABC

−SABCS
, SCSM =

SBCSSACS

SABCS
, SALM = −SACLSABS

SABCS
, SABM = SABSSABC

SABCS
)

SCSLSBCSSABMSALM

SCSMSBLMSACSSABL
= SCSLSBCSSABSSABC(−SACLSABS)(−SABCS)SABCS

SBCSSACSSBSLSABCSACSSABL(SABCS)2
= SCSL(SABS)2SACL

SBSL(SACS)2SABL

Apaloif  shmeÐou L (Kataskeu  K5): (SABL = SABSSABC

SABSC
, SBSL =

SBCSSABS

−SABSC
, SACL = SACSSABC

SABSC
, SCSL = SBCSSACS

−SABSC
)

SCSL(SABS)2SACL

SBSL(SACS)2SABL
= SBCSSACS(SABS)2(−SACSSABC)(−SABSC)2

(SACS)2SBCSSABS(−SABSSABC)(−SABSC)2
= 1

APALOIFES SHMEIWN POU BRISKONTAI PANW
SE DUO EUJEIES

H teqnik  aut  efarmìzetai mìno ìtan up�rqoun toul�qiston pènte
eleÔjera   hmi-eleÔjera shmeÐa p�nw se duo eujeÐec L1 kai L2.

'Otan èqoume mia gewmetrik  posìthta G kai L1, L2 duo eujeÐec, duo
sÔnola dhlad  pou perièqoun suggrammik� shmeÐa, tìte qrhsimopoioÔme
ta parak�tw l mmata.

LHMMA 2.5.4 An G=SABC

SABC =





0, an A,B, C suggrammik�;
1
2
hABC, an A ∈ L1(L2) kai B, C ∈ L2(L1) ;

1
2
hBCA, an B ∈ L1(L2) kai A,C ∈ L2(L1);

1
2
hCAB, an C ∈ L1(L2) kai B, A ∈ L2(L1).

'Opou hA eÐnai h prosanatolismènh apìstash apì to A sto BC kai
an�loga ta hB, hC

Perioristikèc sunj kec:

Gia thn pr¸th perÐptwsh den up�rqoun.

Gia thn deÔterh perÐptwsh B 6= C.
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Gia thn trÐth perÐptwsh A 6= C.

Gia thn tètarth perÐptwsh A 6= B.

LHMMA 2.5.5 An G=AB
CD

G=[AB
CD

] = AB
CD

Sp�zoume mia gewmetrik  posìthta ston lìgo duo posot twn.

Perioristikèc sunj kec: C 6= D.

LHMMA 2.5.6 An G=AB

AB =





OB −OA, an L1, L2 tèmnontai sto O;
O1B −O1A, an L1 ‖ L2 kai A ∈ L1 kai B ∈ L1;
O2B −O2A, an L1 ‖ L2 kai A ∈∈ L2 kai B ∈ L2.

'Opou O1 kai O2 eÐnai stajer� shmeÐa p�nw stic L1 kai L2 antÐstoiqa.

Perioristikèc sunj kec:

Gia thn pr¸th perÐptwsh L1 ∦ L2, O 6= B, O 6= A,A 6= B.

Gia thn deÔterh perÐptwsh O1 6= B, O1 6= A,A 6= B.

Gia thn trÐth perÐptwsh O2 6= B, O2 6= A, A 6= B.

LHMMA 2.5.7 An G=hA

hA =

{
a, an L1 ‖ L2;
bOA, an L1 ∦ L2.
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'Opou a eÐnai h apìstash metaxÔ twn L1 kai L2 kai b=sin(∠(L1, L2)).
Ta a kai b eÐnai eleÔjeroi par�metroi.

Perioristikèc sunj kec:

Gia thn pr¸th perÐptwsh den up�rqoun.

Gia thn deÔterh perÐptwsh O 6= A.

2.6 ALGORIJMOS

Eis�goume thn gewmetrik  prìtash P, h opoÐa an kei sthn kathgorÐa CH

kai eÐnai diatupwmènh wc ex c:

P=(K1, K2, ..., Kn, S).

O algìrijmoc exet�zei an h prìtash eÐnai alhj c   yeud c kai an eÐnai
alhj c par�gei thn apìdeixh akolouj¸ntac ta parak�tw b mata, alli¸c
termatÐzei.

BHMA 1. Gia i = n, ..., 1, xekin¸ntac dhlad  apì to shmeÐo pou èqei
kataskeuasteÐ teleutaÐa katal gwntac sta shmeÐa pou èqoun eisaqjeÐ
aujaÐreta mèsw thc K1 efarmìzoume to epìmeno b ma.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn Ki. An o algìrijmoc
epibebai¸nei thn prìtash P, tìte h P eÐnai alhj c k�tw apì tic perior-
istikèc sunj kec pou autìmata par�gontai apì ton orismì 2.4.2 (selÐda
30), alli¸c h P eÐnai yeud c.

BHMA 3. Apì to (S) sumpèrasma thc prìtashc paÐrnoume tic gewmetrikèc
posìthtec, G1, G2, ..., Gl kai tic fèrnoume sto pr¸to mèloc me skopì to
deÔtero mèloc na eÐnai mon�da. Gia kajemi� apì autèc tic gewmetrikèc
posìthtec efarmìzoume to epìmeno b ma.

BHMA 4. Gia kajèna apì ta Gj,j = 1, ..., l, apaloÐfoume ta bohjhtik�
shmeÐa pou kataskeu�sthkan apì tic Ki.
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Gia thn apaloif  twn shmeÐwn aut¸n qrhsimopoioÔme ta parak�tw er-
galeÐa: tic prot�seic B.1 (selÐda 13) èwc B.6 (selÐda 16), tic teqnikèc
apaloif c shmeÐwn mèsw lìgwn mhk¸n (selÐda 31), tic teqnikèc apaloif c
shmeÐwn mèsw twn embad¸n (selÐda 34) kai thn teqnik  apaloif c shmeÐwn
pou brÐskontai p�nw se duo eujeÐec (selÐda 47).

K�noume tic apaitoÔmenec aplopoi seic kai an to apotèlesma thc a-
paloif c eÐnai mia gewmetrik  posìthta G'j apoteloÔmenh mìno apì eleÔ-
jera shmeÐa, tìte efarmìzoume to l mma 2.5.3 (selÐda 41), me skopì na
prokÔyei mia rht  èkfrash anex�rthtwn metablht¸n, alli¸c efarmìzoume
apì thn arq  to b ma 4.

BHMA 5. Katal xame sto na exis¸soume ton arqikì lìgo gewmetrik¸n
posot twn me mia rht  èkfrash anex�rthtwn metablht¸n. GÐnontai oi
apaitoÔmenec aplopoi seic kai an katal xoume sthn isìthta thc ekfrashc
aut c me th mon�da tìte h prìtash P eÐnai alhj c alli¸c h P eÐnai yeud c.

Apìdeixh orjìthtac algorÐjmou.

To sumpèrasma thc prìtashc perilamb�nei thn isìthta gewmetrik¸n
posot twn. Ta duo mèlh thc isìthtac ta sumbolÐzoume: A kai B.

Opìte h prìtash P mporeÐ na grafteÐ isodÔnama:

P=(K1, K2, ..., Kn, (A,B)).

'Etsi loipìn qrhsimopoi¸ntac ton parap�nw algìrijmo sthn prìtash
P, katal goume sthn tropopoi sh tou sumper�smatoc thc prìtashc se
mia rht  ekfrash gewmetrik¸n posot twn r = A

B
. Parap�nw ex ghsh

qrei�zetai to teleutaÐo b ma tou algorÐjmou. 'Etsi loipìn an deÐxoume
ìti: r = 1 tìte h prìtash P eÐnai alhj c k�tw apì tic perioristikèc
sunj kec pou par�gontai mèsw tou orismoÔ 2.4.2 (selÐda 30), kai autì
epeid  to b ma 4 tou algorÐjmou, thc apaloif c dhlad  twn bohjhtik¸n
shmeÐwn apì tic gewmetrikèc posìthtec, eÐnai orjì mìno k�tw apì autèc
tic perioristikèc sunj kec. Na anafèroume ìti oi gewmetrikèc posìthtec
pou perilamb�nontai sto r perièqoun eleÔjerec paramètrouc, mporoÔn e-
pomènwc na p�roun aujaÐretec timèc. An broÔme timèc gia tic gewmetrikèc
posìthtec tètoiec ¸ste ìtan ja tic antikatast soume sto r na d¸soun
apotèlesma r 6= 1, tìte brÐskoume èna antipar�deigma sÔmfwna me to
opoÐo den isqÔei h prìtash.
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SHMEIWSH: An h prìtash P eÐnai yeud c tìte to sumpèrasma thc
prìtashc eÐnai yeudèc, ektìc apì èna uposÔnolo thc pou èqei mikrìterh
di�stash. Pio sugkekrimèna, h P mporeÐ na gÐnei alhj c prosjètwntac mia
epiplèon sunj kh r = 1 stic eleÔjerec gewmetrikèc paramètrouc thc P.
Gia par�deigma, h prìtash << oi duo di�mesoi enìc trig¸nou eÐnai Ðsec >>,
eÐnai yeud c. An ìmwc prosjèsoume mia epiplèon sunj kh stic eleÔjerec
paramètrouc h prìtash metatrèpetai se alhj c:<< oi duo di�mesoi enìc
trig¸nou eÐnai Ðsec an oi duo apènanti pleurèc tou trig¸nou eÐnai Ðsec >>.
Me autìn ton trìpo prob�lontai teqnikèc eÔreshc nèwn jewrhm�twn.

2.7 EIDIKES TEQNIKES APALOIFH-
S SHMEIWN-SUSTHMA (GIB)

Ta l mmata 2.4.3-2.5.3 (selÐdec 31-41) twn teqnik¸n apaloif c pou parousi�same
sthn prohgoÔmenh enìthta, apoteloÔn tic genikèc peript¸seic apaloif¸n.
An basizìmastan mìno se aut� ta l mmata, tìte oi apodeÐxeic twn gewmetrik¸n
jewrhm�twn ja  tan polÔ meg�lec se èktash. Me skopì na mei¸soume
thn èktash twn apodeÐxewn ja eis�goume tic teqnikèc apaloif c shmeÐwn
se eidikèc peript¸seic.

Prin parousi�soume merikèc apì tic teqnikèc autèc eÐnai an�gkh na
shmei¸soume ìti prin proboÔme sthn efarmog  twn eidik¸n teqnik¸n a-
paloif c prèpei pr¸ta na sulleqjoÔn apì tic kataskeuèc ìla ta suggram-
mik� shmeÐa kai oi par�llhlec eujeÐec, ètsi ¸ste na mporeÐ o algìrijmoc
na efarmìsei tic teqnikèc autìmata. Gia ton skopì autì eis�goume èna ei-
dikì sÔsthma, thn gewmetrik  b�sh plhrofori¸n (GIB), h opoÐa basÐzetai
sthn kataskeuastik  perigraf  thc prìtashc kai saf¸c emploutÐzetai me
ìla ta suggrammik� shmeÐa kai tic par�llhlec eujeÐec pou perièqei h prì-
tash. To (GIB) eÐnai èna polÔ isqurì sÔsthma sthn autìmath paragwg 
gewmetrik¸n prot�sewn.

∗ Eidikèc peript¸seic tou l mmatoc 2.4.14 (selÐda 37).

An Γ = SABY kai K=(INTER Y (LINE P Q)(LINE U V ))

PERIPTWSH 1. An AB ‖ UV tìte SABY = SABU .
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P

Q

VU Y

A B

U VY

P

Q

A

P

Q

U Y A V

YU V

P

Q

A

B

B

B

P

Y

Q

U V

A

B

Sq ma 2.36:

Apìdeixh: AfoÔ to Y brÐsketai p�nw sthn UV tìte AB ‖ UY �ra apì
thn prìtash B.4 (selÐda 15) isqÔei SABY = SABU .

PERIPTWSH 2. An AB ‖ PQ tìte SABY = SABP .

Apìdeixh: 'Omoia me thn perÐptwsh 1.

PERIPTWSH 3. An U, V, A suggrammik� tìte SABY =
SUBV SAPQ

SUPV Q
.

Apìdeixh: PaÐrnoume ton lìgo SABY

SUBV
. AfoÔ ta U, V, A eÐnai suggram-

mik� apì thn prìtash B.1 (selÐda 13)ja èqoume SABY

SUBV
= AY

UV
kai tèloc apì

to l mma 2.4.7 (selÐda 33) èqoume ìti AY
UV

=
SAPQ

SUV PQ
. H zhtoÔmenh sqèsh

plèon eÐnai emfan c.

PERIPTWSH 4. An U, V, B suggrammik� tìte SABY =
SAUV SBPQ

SUPV Q
.

Apìdeixh: 'Omoia me thn perÐptwsh 3.

PERIPTWSH 5. An P, Q, A suggrammik� tìte SABY =
SPBQSAUV

SPUQV
.

Apìdeixh: PaÐrnoume ton lìgo SABY

SPBQ
. AfoÔ ta P, Q, A eÐnai suggram-

mik� apì thn prìtash B.1 (selÐda 13)ja èqoume SABY

SPBQ
= Y A

PQ
kai tèloc apì
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to l mma 2.4.7 (selÐda 33) èqoume ìti Y A
UV

= SAUV

SPUQV
. H zhtoÔmenh sqèsh

plèon eÐnai emfan c.

PERIPTWSH 6. An P, Q, B suggrammik� tìte SABY =
SAPQSBUV

SPUQV
.

Apìdeixh: AkoloujoÔme thn Ðdia diadikasÐa me thn perÐptwsh 5.

PERIPTWSH 7. An to U   to V brÐskontai p�nw sthn AB tìte
SABY =

SUPQSABV −SV PQSABU

SUPV Q
.

Apìdeixh: An U brÐsketai p�nw sthn AB tìte apì thn prìtash B.3
(selÐda 15) paÐrnoume: SABY = V Y

UV
SABU + Y U

UV
SABV . 'Omwc apì prìtash

B.2 (selÐda 14) èqoume: UY
UV

=
SUPQ

SUPV Q

V Y
UV

=
SV PQ

SUPV Q

PERIPTWSH 8. Se k�je �llh perÐptwsh SABY =
SPUV SABQ+SQV USABP

SUPV Q

Genik  perÐptwsh (bl. apìdeixh l mmatoc 2.4.14).

∗ Eidikèc peript¸seic tou l mmatoc 2.4.15 (selÐda 37).

An Γ = SABY kai K=(INTER Y (LINE U V )(PLINE R P Q))

R

P Q

Y

U

V
A

B

A B

P Q

R

U

V
Y

A

Y

U

V

R

P Q

B

R Y

U

V

A

B

P Q

S

Sq ma 2.37:

PERIPTWSH 1. An AB ‖ UV tìte SABY = SABU .
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Apìdeixh: AfoÔ to Y brÐsketai p�nw sthn UV tìte AB ‖ UY �ra apì
thn prìtash B.4 (selÐda 15) isqÔei SABY = SABU .

PERIPTWSH 2. An AB ‖ PQ tìte SABY = SABR.

Apìdeixh: AfoÔ to Y brÐsketai p�nw sthn eujeÐa R kai AB ‖ PQ tìte
RY ‖ AB. Opìte apì thn prìtash B.4 (selÐda 15) isqÔei SABY = SABU .

PERIPTWSH 3. An U, V, A suggrammik� tìte SABY =
SUBV SAPRQ

SUPV Q
.

Apìdeixh: PaÐrnoume ton lìgo SABY

SUBV
. AfoÔ ta U, V, A eÐnai suggram-

mik� apì thn prìtash B.1 (selÐda 13) èqoume SABY

SUBV
= AY

UV
kai tèloc apì

to l mma 2.4.8 (selÐda 34) èqoume ìti AY
UV

=
SAPRQ

SUPV Q
. H zhtoÔmenh sqèsh

plèon eÐnai emfan c.

PERIPTWSH 4. An U, V, B suggrammik� tìte SABY =
SAUV SBPRQ

SUPV Q
.

Apìdeixh: 'Omoia me thn perÐptwsh 3.

PERIPTWSH 5. An AY ‖ PQ tìte SABY =
SBQRP SAUV

SPUQV
.

Apìdeixh: PaÐrnoume RS = PQ sunep¸c to SRPQ eÐnai parallhlì-
grammo. Apì thn prìtash B.5 (selÐda 16 èqoume SBQRP = SBQP−SRQP =
SBRS. PaÐrnoume ton lìgo SABY

SBRS
, sÔmfwna me thn prìtash B.1 (selÐda

13) èqoume SABY

SBRS
= AY

RS
. Tèloc apì to l mma 2.4.8 (selÐda 34) èqoume ìti

Y A
RS

= SAUV

SRUSV
= SAUV

SPUQV
.

PERIPTWSH 6. An BY ‖ PQ tìte SABY =
SAPRQSBUV

SPUQV
.

Apìdeixh: AkoloujoÔme thn Ðdia diadikasÐa me thn perÐptwsh 5.

PERIPTWSH 7. Se k�je �llh perÐptwsh SABY =
SPUQRSABV +SPRQV SABU

SPUQV

Genik  perÐptwsh (bl. apìdeixh l mmatoc 2.4.15).
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∗ Eidikèc peript¸seic tou l mmatoc 2.4.16 (selÐda 38).

R

W

P Q

U

V

Y

B

A

R

A B

P Q

Y

W

U

V

U

V

Y

W

P Q

AR S

B

Sq ma 2.38:

An Γ = SABY kai K=(INTER Y (LINE R P Q)(PLINE W U V ))

PERIPTWSH 1. An AB ‖ UV tìte SABY = SABW .

Apìdeixh: AfoÔ to Y brÐsketai p�nw sthn UV kai AB ‖ UV tìte
WY ‖ AB. 'Ara apì thn prìtash B.4 (selÐda 15) isqÔei SABY = SABW .

PERIPTWSH 2. An AB ‖ PQ tìte SABY = SABR.

Apìdeixh: AfoÔ to Y brÐsketai p�nw sthn eujeÐa R kai AB ‖ PQ tìte
RY ‖ AB. Opìte apì thn prìtash B.4 (selÐda 15) isqÔei SABY = SABU .

PERIPTWSH 3. An AY ‖ PQ tìte SABY =
SAUWV SBQRP

SPUQV
.

Apìdeixh: PaÐrnoume RS = PQ sunep¸c to SRPQ eÐnai parallhlì-
grammo. Apì thn prìtash B.5 (selÐda 16) èqoume SBQRP = SBQP −
SRQP = SBRS. PaÐrnoume ton lìgo SABY

SBRS
, sÔmfwna me thn prìtash B.1

(selÐda 13) èqoume SABY

SBRS
= AY

RS
. Tèloc apì to l mma 2.4.9 (selÐda 34)

èqoume ìti Y A
RS

= SAUWV

SRUSV
= SAUV

SPUQV
.

PERIPTWSH 4. An BY ‖ PQ tìte SABY =
SBUWV SAPRQ

SPUQV
.
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Apìdeixh: 'Omoia me thn perÐptwsh 3.

PERIPTWSH 5. An AY ‖ UV tìte SABY =
SBV WUSAPRQ

SUPV Q
.

Apìdeixh: 'Omoia me thn perÐptwsh 3.

PERIPTWSH 6. An BY ‖ UV tìte SABY =
SAUWV SBPRQ

SUPV Q
.

Apìdeixh: AkoloujoÔme thn Ðdia diadikasÐa me thn perÐptwsh 3.

PERIPTWSH 7. Se k�je �llh perÐptwsh SABY =
SPWQRSAUBV

SPUQV
+SABW

Genik  perÐptwsh (bl. apìdeixh l mmatoc 2.4.16).

EFARMOGH TOU SUSTHMATOS GIB.

PARADEIGMA

'Estw duo par�llhlec eujeÐec AB kai CD. 'Estw P to shmeÐo tom c
twn eujei¸n AC kai BD. 'Estw Q to shmeÐo tom c twn eujei¸n AD kai
BC. 'Estw M to shmeÐo tom c twn eujei¸n PQ kai AB. IsqÔei ìti to
shmeÐo M eÐnai mèson thc AB.

DIATUPWSH

K1 : (POINTS A B P ): 'Estw trÐa aujaÐreta shmeÐa A, B, P

K2 : (ON − LINE C AP ): 'Estw C shmeÐo p�nw sthn eujeÐa AP .

K3 : (INTER D (LINE B P )(PLINE C AB)): 'Estw D to shmeÐo
tom c thc eujeÐac BP kai thc eujeÐac pou pern� apì to shmeÐo C kai eÐnai
par�llhlh sthn AB.

K4 : (INTER Q (LINE A D)(LINE B C)): 'Estw Q to shmeÐo tom c
twn eujei¸n AD kai BC.
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K5 : (INTER M (LINE AB)(LINE P Q)): 'Estw M to shmeÐo tom -
c twn eujei¸n AB kai PQ.

S: IsqÔei: AM = BM .

Sullog  ìlwn twn suggrammik¸n shmeÐwn kai twn par�llhlwn eujei¸n:

(M, P, Q)(Q, A, D)(Q, B, C)(M, A, B)(D, P, B)(C, A, P )

kai DC ‖ MAB.

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, M, Q, D, C, P, B, A
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
AD ∦ BC, AB ∦ PQ kai A 6= P , B 6= M . .

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 = −AM
BM

= 1 kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou M , qrhsimopoioÔme thn prìtash B.2 (selÐda 14) )

(AM
BM

=
SAPQ

SBPQ
)

−AM
BM

= −SAPQ

SBPQ

(Apaloif  shmeÐou Q, qrhsimopoioÔme thn trÐth kai thn èkth eidik 
perÐptwsh teqn. apaloif c tou l mmatoc 2.4.14 (selÐda 37) )

(SBPQ = SBPCSABD

SABCD
, SAPQ = SAPDSABC

SABDC
)
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= −SAPDSABC(−SABDC)
(−SBPCSABD)SABDC

= −SAPDSABC

SBPCSABD

(Apaloif  shmeÐou D, qrhsimopoioÔme thn pr¸th kai thn tètarth eidik 
perÐptwsh teqn. apaloif c tou l mmatoc 2.4.15 (selÐda 37) )

(SABD = SABC , SAPD = SABP SPACB

SBAPB
= −SPACB, SPACB = SPAC +

SPCB = SBPC , epeid  (C, A, P ) suggrammik�)

= −SBPCSABC

−SBPCSABC

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

=1.

2.8 EFARMOGES TOU ALGORIJMOU

PARADEIGMA 1

'Estw A1, B1, C1 kai D1 shmeÐa p�nw stic pleurèc CD,DA,AB kai BC
antÐstoiqa enìc parallhlogr�mmou ABCD tètoia ¸ste CA1

CD
= DB1

DA
=

AC1

AB
= BD1

BC
= 1

3
. Tìte to embadìn tou trig¸nou ABA2 eÐnai ta trÐa

dekatotrÐta tou embadoÔ tou parallhlogr�mmou ABCD.

DIATUPWSH PROTASHS

K1 (POINT A): 'Estw A aujaÐreto shmeÐo.

K2 (POINT B): 'Estw B aujaÐreto shmeÐo.

K3 (POINT C): 'Estw C aujaÐreto shmeÐo.

K4 (PRATIO D C A B 1): 'Estw shmeÐo D p�nw sthn eujeÐa pou pern�
apì to C kai eÐnai par�llhlh sthn eujeÐa AB tètoia ¸ste CD

AB
= 1.
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A
B

CD

B1 A2

D2
C2

B2

C1

A1

D1

Sq ma 2.39:

K5 (LRATIO A1 C D 1
3
): 'Estw shmeÐo A1 p�nw sthn CD tètoio ¸ste

1
3

= A1C
CD

.

K6 (LRATIO B1 D A 1
3
): 'Estw shmeÐo B1 p�nw sthn DA tètoio ¸ste

1
3

= DB1

DA
.

K7 (INTER A2 (LINE A A1)(LINE B B1)): 'Estw A2 to shmeÐo tom -
c twn eujei¸n AA1 kai BB1.

S: SABA2

SABCD
= 3

13

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, A2, B1, A1, D, C, B,A
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:C 6=
D,D 6= A,A 6= A1, B 6= B1, AA1 ∦ BB1, A 6= B.

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 = 3SABCD

13SABA2
kai ektel¸ ta parak�tw b mata.



KEF�ALAIO 2. H MEJODOS TWN EMBADWN 60

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì tic gewmetrikèc posìtht-
ec.

(Apaloif  shmeÐou A2, qrhsimopoioÔme th prìtash B.2 (selÐda 14) )

(SABA2 =
SABB1

SABA1

SABA1B1
)

SABA2

SABCD
=

3SABCDSABA1B1

13SABA1
SABB1

(Apaloif  shmeÐou B1, qrhsimopoioÔme th prìtash B.3 (selÐda 15) )

(SABB1 = 2
3
SABD, SABA1B1 =

2SADA1
−3SABA1

−3
)

3SABCDSABA1B1

13SABA1
SABB1

=
3
13

SABCD(SABA1
− 2

3
SADA1

)
2
3
SABDSABA1

(Apaloif  shmeÐou A1, qrhsimopoioÔme th prìtash B.3 )

(SABA1 = 1
3
(SABD + 2SABC), SADA1 = −2

3
SACD)

3
13

SABCD(SABA1
− 2

3
SADA1

)
2
3
SABDSABA1

=
( 2
3
SABC+ 1

3
SABD+ 4

9
SACD)( 9

26
SABCD)

SABD( 2
3
SABC+ 1

3
SABD)

(Apaloif  shmeÐou D, qrhsimopoioÔme th prìtash B.4 (selÐda 15) )

(SABD = SABC , SACD = SABC , SABCD = 2SABC)

( 2
3
SABC+ 1

3
SABD+ 4

9
SACD)( 9

26
SABCD)

SABD( 2
3
SABC+ 1

3
SABD)

=
( 9
13

SABC)( 13
6

SABC)

SABC( 3
2
SABC)

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

( 9
13

SABC)( 13
6

SABC)

SABC( 3
2
SABC)

=1

PARADEIGMA 2
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C

A BF

K

G

D

E

Sq ma 2.40:

'Estw trÐa shmeÐa A,B,C sto epÐpedo kai E, D shmeÐa p�nw stic eujeÐec
BC kai AC antÐstoiqa.'Estw K, F kai G ta shmeÐa tom c twn eujei¸n
AE me BD, CK me AB kai DE me AB antÐstoiqa. Tìte

AF
BF

= AG
GB

DIATUPWSH

K1 (POINT A): 'Estw A aujaÐreto shmeÐo.

K2 (POINT B): 'Estw B aujaÐreto shmeÐo.

K3 (POINT C): 'Estw C aujaÐreto shmeÐo.

K4 (ON − LINE E B C): 'Estw E shmeÐo p�nw sthn BC

K5 (ON − LINE D A C): 'Estw D shmeÐo p�nw sthn AC

K6 (INTER K (LINE A E)(LINE B D): 'Estw K to shmeÐo tom c
twn eujei¸n AE kai BD.

K7 (INTER F (LINE C K)(LINE A B)): 'Estw F to shmeÐo tom c
twn eujei¸n CK kai AB.

K8 (INTER G (LINE D E)(LINE A B)): 'Estw G to shmeÐo tom c
twn eujei¸n DE kai AB.
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S:−
AF
BF
AG
BG

= 1.

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, G,F, K, D, E, C, B, A
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
DE ∦ AB, CK ∦ AB, AE ∦ BD, A 6= C,B 6= C,A 6= G,B 6= F.

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 = −
AF
BF
AG
BG

= 1 kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou G, qrhsimopoioÔme th prìtash B.2 (selÐda 14) )

(AG
BG

= SAED

SBED
)

−
AF
BF
AG
BG

= −
AF
BF

SAED
SBED

(Apaloif  shmeÐou F , qrhsimopoioÔme th prìtash B.2)

(AF
BF

= SACK

SBCK
)

−
AF
BF

SAED
SBED

= −SBED

SAED

AF
BF

= −SBEDSACK

SAEDSBCK

(Apaloif  shmeÐou K, qrhsimopoioÔme tic prot�seic B.2 kai B.3 (selÐda
15) )

(SBCK = SBCDSABE

SABED
, SACK = SACESABD

SABED
)
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−SBEDSACK

SAEDSBCK
= −SBED

SACESABD
SABED

SAED
SBCDSABE

SABED

(Aplopoi seic)

−SBED
SACESABD

SABED

SAED
SBCDSABE

SABED

= −SBEDSACESABD

SAEDSBCDSABE

(Efarmog  thc teqnik c apaloif c shmeÐwn p�nw se duo eujeÐec (selÐda
48) )

(SABE = 1
2
(BEACb), SBCD = −1

2
(CDBCb)

SAED = −1
2
(CEADb), SBED = −1

2
(CDBEb)

SABD = 1
2
(BCADb), SACE = 1

2
(CEACb))

−SBEDSACESABD

SAEDSBCDSABE
= − (−1

2
CDBEb)( 1

2
BCADb)( 1

2
CEACb)

( 1
2
BEACb)(−1

2
CDBCb)(−1

2
CEADb)

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

=1.

PARADEIGMA 3

'Estw ABCD parallhlìgrammo kai èstw P, Q, R, S shmeÐa p�nw stic
pleurèc AB, BC, CD, DA tètoia ¸ste: AP = CR kai BQ = DS.
IsqÔei ìti to PQRS eÐnai epÐshc parallhlìgrammo.

DIATUPWSH

K1 (POINT A): 'Estw A aujaÐreto shmeÐo.

K2 (POINT B): 'Estw B aujaÐreto shmeÐo.

K3 (POINT C): 'Estw C aujaÐreto shmeÐo.
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A D

B C

P

Q

S

R

Sq ma 2.41:

K4 (PRATIO D A B, C, 1): 'Estw ìti to shmeÐo D an kei p�nw sthn
eujeÐa pou pern� apì to shmeÐo A kai eÐnai par�llhlh thn eujeÐa BC
tètoio ¸ste AD = BC.

K5 (LRATIO S D Ar2): 'Estw S shmeÐo p�nw sthn eujeÐa DA tètoio
¸ste SD = r2DA.

K6 (LRATIO P AB r1): 'Estw P shmeÐo p�nw sthn eujeÐa AB tètoio
¸ste PA = r1AB.

K7 (LRATIO R C D r1): 'Estw R shmeÐo p�nw sthn eujeÐa CD tètoio
¸ste RC = r1CD.

K8 (LRATIO Q B C r2): 'Estw Q shmeÐo p�nw sthn eujeÐa BC tètoio
¸ste QB = r2BC.

S:RQ
=

SP .

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, P, Q, R, S, D, C, B, A
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
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C 6= D, B 6= C, D 6= A, A 6= B.

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 = RQ

SP
= 1 kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou Q, qrhsimopoioÔme to l mma 2.4.3 (selÐda 31) )

(RQ
SP

= SBCR

−SBSCP
)

RQ
SP

= SBCR

−SBSCP

(Apaloif  shmeÐou R, qrhsimopoioÔme to l mma 2.4.10 (selÐda 35) )

(SBCR = r1SBCD)

= −r1SBCD

SBSCP

(Apaloif  shmeÐou P , qrhsimopoioÔme to l mma 2.4.10 (selÐda 35) )

(SBSCP = −(SBCS + r1SABC − SABC))

= −r1SBCD

−SBCS−r1SABC+SABC

(Apaloif  shmeÐou S, qrhsimopoioÔme to l mma 2.4.10 (selÐda 35) )

(SBCS = −(r2SBCD − SBCD − r2SABC))

= r1SBCD

−r2SBCD+SBCD+r2SABC+r1SABC−SABC

(Apaloif  shmeÐou D, qrhsimopoioÔme th prìtash B.4 (selÐda 15) )

(SBCD = SABC)
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= −r1SABC

−r1SABC

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

=1.

PARADEIGMA 4 (JEWRHMA TOU PASCAL)

'Estw A,B,C,D, F,E èxi shmeÐa tou epipèdou. 'Estw P,Q, S trÐa sug-
grammik� shmeÐa. 'Estw P to shmeÐo tom c twn eujei¸n AB, DE, Q to
shmeÐo tom c twn eujei¸n BC, EF kai S to shmeÐo tom c twn eujei¸n
CD, FA. 'Estw P1 to shmeÐo tom c twn eujei¸n AC kai DE, Q1 to
shmeÐo tom c twn eujei¸n BE, CF kai S1 to shmeÐo tom c twn eujei¸n
AB, FD. Ta shmeÐa P1, Q1, S1 eÐnai suggrammik�.

B

A

E

Q

S

P

F

C

D

P1

Q1

S1

Sq ma 2.42:

DIATUPWSH PROTASHS

K1 (POINT A): 'Estw A aujaÐreto shmeÐo.

K2 (POINT B): 'Estw B aujaÐreto shmeÐo.

K3 (POINT D): 'Estw D aujaÐreto shmeÐo.
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E

D

A

C

F

S1

P1

Z2

Z1

S

B
Q

P

Sq ma 2.43:

K4 (POINT E): 'Estw E aujaÐreto shmeÐo.

K5 (POINT S): 'Estw S aujaÐreto shmeÐo.

K6 (ON − LINE C D S): 'Estw C shmeÐo p�nw sthn DS

K7 (INTER P (LINE AB)(LINE D E): 'Estw P to shmeÐo tom c
twn eujei¸n AB kai DE.

K8 (INTER Q (LINE B C)(LINE S P )): 'Estw Q to shmeÐo tom c
twn eujei¸n BC kai SP .

K9 (INTER F (LINE E Q)(LINE AS)): 'Estw F to shmeÐo tom c
twn eujei¸n EQ kai AS.

K10 (INTER S1 (LINE D F )(LINE AB)): 'Estw S1 to shmeÐo tom -
c twn eujei¸n DF kai AB.

K11 (INTER P1 (LINE AC)(LINE D E)): 'Estw P1 to shmeÐo tom -
c twn eujei¸n AC kai DE.
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K12 (INTER Z2 (LINE B E)(LINE S1P1)): 'Estw Z2 to shmeÐo tom -
c twn eujei¸n BE kai S1P1.

K13 (INTER Z1 (LINE C F )(LINE S1P1)): 'Estw Z1 to shmeÐo tom -
c twn eujei¸n CF kai S1P1.

S:S1Z1

P1Z1
= S1Z2

P1Z2
.

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, Z1, Z2, P1, S1, F, Q, P, C, S, D, E, A, B
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
DE ∦ AB,BC ∦ SP, EQ ∦ AS,DF ∦ BA,AC ∦ DE,CF ∦ BE, BE ∦
S1P1, CF ∦ S1P1, D 6= S, P1 6= Z1, S1 6= Z2.

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 = S1Z1

P1Z1

P1Z2

S1Z2
= 1. kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou Z1, qrhsimopoioÔme th prìtash B.2 (selÐda 14) )

(S1Z1

P1Z1
=

SCFS1

SCFP1
)

S1Z1

P1Z1

P1Z2

S1Z2
=

SCFS1

SCFP1

P1Z2

S1Z2

(Apaloif  shmeÐou Z2, qrhsimopoioÔme th prìtash B.2, B.3 (selÐda 15)
)

(P1Z2

S1Z2
=

SBEP1

SBES1
)

SCFS1

SCFP1

P1Z2

S1Z2
=

SCFS1
·SBEP1

SBES1
·SCFP1
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(Apaloif  shmeÐou P1, qrhsimopoioÔme th prìtash B.2, B.3)

(SCFP1 = −SDECSACF

SADCE
, SBEP1 = SAECSBDE

SADCE
)

=
(SCFS1

·SBDE ·SAEC)·SADCE

SADCE ·SBES1
·SACF ·SDEC

(Aplopoi seic)

=
−SBDE ·SCFS1

·SAEC

SBES1
·SACF ·SDEC

(Apaloif  shmeÐou S1, qrhsimopoioÔme th prìtash B.2, B.3)

(SBES1 = −SBDF SBAE

SBDAF
, SCFS1 = SDCF SBAF

SBDAF
)

= (−SBDE ·SAEC ·SBAF ·SDCF ·)SBDAF

SBDAF ·(−SACF ·SDEC ·SBAESBDF )

(Aplopoi seic)

= SBDE ·SAEC ·SBAF ·SDCF

SACF ·SDEC ·SBAESBDF

(Apaloif  shmeÐou F , qrhsimopoioÔme th prìtash B.2, B.3)

(SBDF =
SACQSBDE+SAESSBDQ

SAESQ
, SACF =

−SASCSAEQ

SAESQ

SBAF =
SAEQSBAS

SAESQ
, SDCF =

SESQSADC

SAESQ
)

=
SBDE ·SAEC ·SBAS ·SAEQ·SADC ·SESQ·SAESQ·SAESQ

SAESQ·SAESQ(−SBAE ·SDEC ·SAEQ·SASC)·(SBDE ·SSASQ+SBDQ·SAES
)

(Aplopoi seic)

=
−SBDE ·SAEC ·SBAS ·SADC ·SESQ

SBAE ·SDEC ·SASC(SBDE ·SASQ+SBDQ·SAES)

(Apaloif  shmeÐou Q, qrhsimopoioÔme th prìtash B.2, B.3)
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(SBDQ = SBSP SBDC

SBSCP
, SASQ = SASP SBSC

SBSCP
, SESQ = SESP SBSC

SBSCP
)

= (−SBDE ·SAEC ·SBAS ·SADC ·SESP ·SBSC)SBSCP

SBSCP ·SBAE ·SDEC ·SASC(SBDE ·SBSC ·SASP +SBDC ·SBSP ·SAES)

(Aplopoi seic)

= −SBDE ·SAEC ·SBAS ·SADC ·SESP ·SBSC

SBAE ·SDEC ·SASC(SBDE ·SBSC ·SASP +SBDC ·SBSP ·SAES)

(Apaloif  shmeÐou P , qrhsimopoioÔme th prìtash B.2, B.3)

(SBSP = −SBDESBAS

SBDAE
, SASP = −SADESBAS

SBDAE
, SESP = SDESSBAE

SBDAE
)

= (−SBDE ·SAEC ·SBAS ·SADC ·SBAE ·SDES ·SBSC)SBDAE

SBDAE ·SBAS ·SBDESBAE ·SDEC ·SASC(−SBDC ·SAES−SBSC ·SADE)

(Aplopoi seic)

= SBSC ·SADC ·SAEC ·SDES

SASC ·SDEC ·(SBDC ·SAES+SBSC ·SADE)

(Apaloif  shmeÐou C, qrhsimopoioÔme th prìtash B.3)

(SBDC = SBDS
DC
DS

, SASC = (DC
DS

− 1)SADS

SDEC = SDES
DC
DS

, SAEC = SAES
DC
DS

+ SADE
DC
DS

− SADE

SADC = SADS
DC
DS

, SBSC = (DC
DS

− 1)SBDS)

=
SDECSBDS(−1+DC

DS
)DC

DS
SADS(−SADE+DC

DS
SADE+DC

DS
SAES)

SADS(−1+DC
DS

)DC
DS

SDESSBDS(−SADE+DC
DS

SADE+DC
DS

SAES)

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

=1.

PARADEIGMA 5 (JEWRHMA DESARGUES)
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'Estw duo trÐgwna ABC kai A1B1C1. 'Estw ìti oi eujeÐec AA1, BB1, CC1

tèmnontai sto shmeÐo S. 'Estw P to shmeÐo tom c twn eujei¸n BC, B1C1,
Q to shmeÐo tom c twn eujei¸n CA kai C1A1 kai R to shmeÐo tom c twn
eujei¸n AB kai A1B1. Ta shmeÐa P,Q, R eÐnai suggrammik�.

S

B

A

R

A1

B1

C1

Q

C
P

Sq ma 2.44:

DIATUPWSH

K1 (POINT A): 'Estw A aujaÐreto shmeÐo.

K2 (PONT B): 'Estw B aujaÐreto shmeÐo.

K3 (POINT C): 'Estw C aujaÐreto shmeÐo.

K4 (POINT S): 'Estw S aujaÐreto shmeÐo.

K5 (ON − LINE A1 S A): 'Estw A1 shmeÐo p�nw sthn SA

K6(ON − LINE B1 S B): 'Estw B1 shmeÐo p�nw sthn SB

K7(ON − LINE C1 S C): 'Estw C1 shmeÐo p�nw sthn SC

K8 (INTER P (LINE B1 C1)(LINE B C)): 'Estw P to shmeÐo tom -
c twn eujei¸n B1C1 kai BC.
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S

Z1

Q

P

B

C

C1

B1

A1

A

Z2

Sq ma 2.45:

K9(INTER Q (LINE A1 C1)(LINE AC)): 'Estw Q to shmeÐo tom c
twn eujei¸n A1C1 kai AC.

K10(INTER R (LINE A1 B1)(LINE A B)): 'Estw R to shmeÐo tom -
c twn eujei¸n A1B1 kai AB.

K11(INTER Z2 (LINE A1 B1)(LINE P Q)): 'Estw Z2 to shmeÐo tom -
c twn eujei¸n A1B1 kai PQ.

K12(INTER Z1 (LINE A B)(LINE P Q)): 'Estw Z1 to shmeÐo tom c
twn eujei¸n AB kai PQ.

S:PZ1

QZ1
= PZ2

QZ2
.

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, Z1, Z2, Q, P, C1, B1, A1, S, C, B, A
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc ikan¸n kai anagkaÐwn sunjhk¸n twn parap�nw
kataskeu¸n: BC ∦ B1C1, AC ∦ A1C1, AB ∦ A1B1, AB ∦ PQ, A1B1 ∦
PQ, Q 6= Z1, P 6= Z2, S 6= A, S 6= B, S 6= C.
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BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 = PZ1

QZ1

QZ2

PZ2
= 1 kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou Z1, qrhsimopoioÔme th prìtash B.2 (selÐda 14) )

(PZ1

QZ1
= SABP

SABQ
)

PZ1

QZ1

QZ2

PZ2
= SABP

SABQ

QZ2

PZ2

(Apaloif  shmeÐou Z2, qrhsimopoioÔme th prìtash B.2)

(QZ2

PZ2
=

SA1B1Q

SA1B1P
)

SABP

SABQ

QZ2

PZ2
= SABP

SABQ

SA1B1Q

SA1B1P

(Apaloif  shmeÐou Q, qrhsimopoioÔme th prìtash B.2, B.6 (selÐda 16)
)

(SABQ =
SAA1C1

SABC

SAA1CC1
, SA1B1Q =

SA1B1C1
SACA1

−SAA1BB1
)

=
SABP

SA1B1C1
SACA1

−SAA1CC1

SA1B1P

SAA1C1
SABC

SAA1CC1

(Aplopoi seic)

=
SABP SA1B1C1

SACA1

SA1B1P SAA1C1
SABC

(Apaloif  shmeÐou P , qrhsimopoioÔme th prìtash B.2)

(SABP =
SBB1C1

SABC

SBB1CC1
, SA1B1P =

SA1B1C1
SBCB1

−SBB1CC1
)



KEF�ALAIO 2. H MEJODOS TWN EMBADWN 74

=
SA1B1C1

SACA1

SBB1C1
SABC

SBB1CC1

SAA1C1
SABC

SA1B1C1
SBCB1

−SBB1CC1

(Aplopoi seic)

=
SACA1

SBB1C1

SAA1C1
SBCB1

(Apaloif  shmeÐou C1, qrhsimopoioÔme th prìtash B.2)

(SAA1C1 = −(SACA1

SC1

SC
), SBB1C1 = −(SBCB1

SC1

SC
))

=
SACA1

(−SC1
SC

SBCB1
)

SBCB1
(−SC1

SC
SACA1

)

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

=1.



Kef�laio 3

AUTOMATES
APODEIXEIS STHN
EPIPEDH GEWMETRIA

Se autì to kef�laio ja parousi�soume thn autìmath apìdeixh kataskeuastik¸n
prot�sewn pou perièqoun k�jetec eujeÐec kai kÔklouc. To ergaleÐo me
to opoÐo antimetwpÐzoume probl mata kajetìthtac eÐnai h Pujagìr-
eia diafor�. H mèjodoc pou anafèretai se autì to kef�laio afor�
kataskeuastikèc prot�seic sthn metrik  gewmetrÐa. Ja parousi�soume
thn mèjodo thc autìmathc paragwg c twn apodeÐxewn twn eukleÐdeiwn
gewmetrik¸n jewrhm�twn, pou an koun sthn kl�sh twn grammik¸n kataskeuastik¸n
gewmetrik¸n prot�sewn. Mia gewmetrik  prìtash eÐnai grammik  kataskeuastik 
ìtan h prìtash aut  mporeÐ na perigrafjeÐ san mia akoloujÐa shmeÐwn,
ètsi ¸ste k�je shmeÐo thc akoloujÐac na mporeÐ kat� monadikì trìpo
na kataskeuasteÐ apì ta prohgoÔmena shmeÐa thc akoloujÐac. Pio sug-
kekrimèna, mia gewmetrik  prìtash lègetai grammik  kataskeuastik  an ta
shmeÐa thc prìtashc mporoÔn na perigrafoÔn sÔmfwna me tic akìloujec
kataskeuèc:

- èstw èna eleÔjero shmeÐo.

- èstw aujaÐreto shmeÐo p�nw se mia eujeÐa.

- èstw h tom  duo eujei¸n.

75
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- èstw h tom  miac eujeÐac kai enìc kÔklou   h tom  duo kÔklwn ìtan
to to �llo shmeÐo tom c touc èqei  dh kataskeuasteÐ.

AxÐzei na shmei¸soume epÐshc ìti h kathgorÐa CH (selÐda 29),twn kataskeuastik¸n
prot�sewn shmeÐwn tom c tou Hilbert eÐnai upokathgorÐa thc kathgorÐac
CL (selÐda 103), twn grammik¸n kataskeuastik¸n prot�sewn. H apaloif 
twn shmeÐwn pou kataskeu�zontai stic prot�seic autèc pragmatopoieÐtai
me thn qr sh èxi basik¸n gewmetrik¸n prot�sewn, pou aforoÔn tic Pu-
jagìreiec diaforèc trig¸nwn kai tetrapleÔrwn. Sthn parak�tw enìthta
ja parousi�soume tic èxi basikèc prot�seic kai èpeita ja d¸soume trÐa
paradeÐgmata me skopì na epexhg soume th mèjodo.

3.1 JEMELIWDHS GEWMETRIKES EN-
NOIES (MEROS II)

H eisagwg  miac nèac gewmetrik c posìthtac, thc Pujagìreiac diafor�c,
ja mac bohj sei sthn epÐlush problhm�twn pou perilamb�noun zht mata,
ìpwc thn kajetìthta kai thn analogÐa eujugr�mmwn tmhm�twn.

Arqik� ja eis�goume to je¸rhma twn epig¸niwn trig¸nwn pou
ja mac bohj sei stic apodeÐxeic jewrhm�twn pou aforoÔn Pujagìreiec
diaforèc kaj¸c kai sthn metatrop  sqèsewn pou perilamb�noun isìthta
gwni¸n se sqèsh pou perilamb�nei isìthta lìgwn metaxÔ Pujagìreiwn
diafor¸n kai embad¸n prosanatolismènwn trig¸nwn.

Prèpei ìmwc na shmei¸soume ìti to je¸rhma autì den èqei sumperilhfjeÐ
sto prìgramma tou upologist .

'Estw Ox kai Oy duo hmieujeÐec pou den èqoun koinì forèa. JewroÔme
to hmiepÐpedo p me akm  ton forèa thc Ox pou perièqei thn Oy kai to
hmiepÐpedo q me akm  ton forèa thc Oy pou perièqei thn Ox. To sÔnolo
twn koin¸n shmeÐwn twn hmiepipèdwn p kai q onom�zetai gwnÐa me koruf 
to O kai pleurèc tic hmieujeÐec Ox, Oy. To sÔmbolo thc gwnÐac eÐnai: ∠.

K�je gwnÐa èqei monadikì mètro, pou eÐnai ènac arijmìc m, me 0◦ ≤m≤
180◦.
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O parak�tw tÔpoc upologÐzei to embadìn trig¸nou qrhshmopoi¸ntac to
mètro twn gwni¸n tou:

∇ABC = 1
2
· AB ·BC · sin(∠B)

=1
2
· AC ·BC · sin(∠C)

=1
2
· AB · AC · sin(∠A)

An ∠ABC = ∠XY Z   ∠ABC + ∠XY Z = 180◦ tìte onom�zoume ta
trÐgwna 4ABC kai 4XY Z wc epig¸nia.

PROTASH 3.1.1 (JEWRHMA TWN EPIGWNIWN TRIG-
WNWN)

An ∠ABC = ∠XY Z   ∠ABC + ∠XY Z = 180◦ tìte èqoume:

∇ABC
∇XY Z

= AB·BC
XY ·Y Z

.

Apìdeixh

X

A

CB Z

Sq ma 3.1:

QwrÐc bl�bh thc genikìthtac, upojètoume ìti to shmeÐo B tautÐzetai me
to shmeÐo Y kai ìti to shmeÐo Z eÐnai p�nw sthn eujeÐa BC.

Epomènwc afoÔ ∠ABC = ∠XY Z, tìte to shmeÐo X ja eÐnai p�nw sthn
AB.

Opìte èqoume to apodeiktèo:
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∇ABC
∇XY Z

= ∇ABC
∇ABZ

∇ABZ
∇XY Z

= BC
BZ

AB
XY

.

An t¸ra èqoume thn perÐptwsh: ∠ABC+∠XY Z = 180◦ tìte to shmeÐo
Z ja brÐsketai arister� tou shmeÐou B p�nw sthn eujeÐa BC .

Z B C

A

X

Sq ma 3.2:

Opìte èqoume to apodeiktèo:

∇ABC
∇XY Z

= ∇ABC
∇XY C

∇XY C
∇XY Z

= AB
XY

BC
BZ

.

EFARMOGES THS PROTASHS 1

A. P�re tèsseric hmieujeÐec pou pern�ne apì to O kai duo eujeÐec pou
kìboun tic hmieujeÐec autèc sta shmeÐa A,B,C,D kai P,Q, R, S.

DeÐxte ìti:

AB·CD
AD·BC

= PQ·RS
PS·QR

Apìdeixh

ArkeÐ na deÐxoume ìti:

AB·CD·PS·QR
AD·BC·PQ·RS

= 1

Opìte paÐrnw:

AB·CD·PS·QR
AD·BC·PQ·RS

= AB
AD

CD
BC

PS
PQ

QR
RS
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O

A B C D

P
Q

R

S

Sq ma 3.3:

Me qr sh t¸ra tou jewr matoc twn epÐpleurwn trig¸nwn, oi lìgoi
mhk¸n isoÔntai me lìgouc embad¸n.

'Ara AB
AD

CD
BC

PS
PQ

QR
RS

= ∇OAB
∇OAD

∇OCD
∇OBC

∇OPS
∇OPQ

∇OQR
∇ORS

T¸ra mèsw tou jewr matoc twn epig¸niwn trig¸nwn, h teleutaÐa sqèsh
gÐnetai:

∇OAB
∇OPQ

∇OCD
∇ORS

∇OPS
∇OAD

∇OQR
∇OBS

= OA·OB·OC·OD·OP ·OS·OQ·OR
OP ·OQ·OR·OS·OA·OD·OB·OS

= 1

PROTASH 3.1.2 (H ANISOTHTA TWN EPIGWNIWN TRIG-
WNWN)

An ∠ABC > ∠XY Z kai ∠ABC + ∠XY Z < 180◦ tìte:

∇ABC
∇XY Z

> AB·BC
XY ·Y Z

Apìdeixh

Fti�qnoume èna isoskelèc trÐgwno KLM me KL = KM

kai ∠LKM = ∠ABC − ∠XY Z.

ProekteÐnoume thn LM mèqri to N ètsi ¸ste: ∠MKN = ∠XY Z .
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ML N

K

Sq ma 3.4:

Opìte ja èqoume:∠LKN = ∠ABC.

Apì to je¸rhma twn epig¸niwn trig¸nwn ja p�roume:

∇ABC
∇XY Z

= ∇ABC
∇LKN

∇LKN
∇MKN

∇MKN
∇XY Z

= AB·BC
LK·KN

∇LKN
∇MKN

MK·KN
XY ·Y Z

=AB·BC
XY ·Y Z

∇LKN
∇MKN

> AB·BC
XY ·Y Z

.

PORISMA 3.1.3 a. An ∠ABC > ∠XY Z kai ∠ABC + ∠XY Z >
180◦

tìte ∇ABC
∇XY Z

< AB·BC
XY ·Y Z

b. (AntÐstrofo tou jewr matoc twn epig¸niwn trig¸nwn)

An ∇ABC
∇XY Z

= AB·BC
XY ·Y Z

tìte ∠ABC = ∠XY Z   ∠ABC + ∠XY Z = 180◦.

EFARMOGES THS ANISOTHTAS

PARADEIGMA 1.
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Dedomènou trig¸nou ABC, an ∠B > ∠C

tìte AC > AB

Apìdeixh

A

B C

Sq ma 3.5:

Me b�sh thn prìtash 3.1.2 (selÐda 79), epeid  ∠B > ∠C kai ∠B+∠C <
180◦

tìte 1 = ∇ABC
∇ACB

> AB·BC
AC·CB

= AB
AC

'Ara AC > AB

PARADEIGMA 2

To �jroisma duo opoiond pote pleur¸n enìc trig¸nou eÐnai megalÔtero
apì thn trÐth.

Apìdeixh

ProekteÐnw thn BC mèqri to D, ètsi ¸ste CD = AC.

Epomènwc:∠CAD = ∠CDA.

Akìmh ∠BDA = ∠CAD = ∠BAD − ∠BAC < ∠BAD

Apì thn prìtash 3.1.2, ja p�roume: 1 = ∇BDA
∇BAD

> BD·DA
BA·AD

= BD
AB
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A

B C D

Sq ma 3.6:

'Ara BD < AB, dhlad  BC + CD < AB to zhtoÔmeno.

H ènnoia thc Pujagìreiac diafor�c ja eisaqjeÐ mèsw thc ènnoiac twn
epiembadik¸n trig¸nwn.

Thn ènnoia tou epiembadikoÔ trig¸nou thn sumbolÐzoume CBAC kai thn
orÐzoume wc ex c:

Sthn pleur� AB enìc trig¸nou ABC sqedi�zoume tetr�gwno ABEF
tètoio ¸ste ta prosanatolismèna embad� SABC kai SABEF na èqoun to
Ðdio prìshmo.

C

F

A B

E

Sq ma 3.7:

To CBAC eÐnai ènac pragmatikìc arijmìc tètoioc ¸ste: CBAC =

{ ∇ACF, ∠A ≤ 90◦;
−∇ACF, ∠A ≥ 90◦.

'Omoia:
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CABC =

{ ∇BEC, ∠B ≤ 90◦;
−∇BEC, ∠B ≥ 90◦.

kai

CACB =

{ ∇CFE, ∠C ≤ 90◦;
−∇CFE, ∠C ≥ 90◦.

Genik� ta CBAC , CABC kai CACB eÐnai diaforetik�.

IsqÔei ìmwc ìti: CBAC = CCAB, CABC = CCBA kai CACB = CBCA.

PROTASH 3.1.4 Gia èna trÐgwno ABC èqoume ìti: CABC + CBAC =
AB2

2

Apìdeixh

'Opwc blèpoume sto parap�nw sq ma, an h ∠A kai h ∠B eÐnai oxeÐec
tìte:

CABC + CBAC = ∇BEC +∇ACF = ∇ABEF
2

= AB2

2

An h ∠A eÐnai ambleÐa kai h ∠B eÐnai oxeÐa tìte:

CABC + CBAC = ∇BEC −∇ACF = ∇ABEF
2

= AB2

2

An h ∠A eÐnai oxeÐa kai h ∠B eÐnai ambleÐa tìte:

CABC + CBAC = −∇BEC +∇ACF = ∇ABEF
2

= AB2

2

Epomènwc gia ìlec tic peript¸seic isqÔei ìti:

CABC + CBAC = AB2

2

An ergastoÔme an�loga ja p�roume:
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CBCA + CABC = BC2

2

kai CBAC + CBCA = CA2

2

SumperaÐnoume apì tic parap�nw exis¸seic ìti:

CABC = (AB2+BC2−AC2)
4

CBAC = (AB2+AC2−BC2)
4

CACB = (AC2+BC2−AB2)
4

Me skopì t¸ra na sundèsoume tic duo autèc ènnoiec dÐnoume ton akìlou-
jo orismì.

ORISMOS 3.1.5 Pujagìreia diafor� trig¸nou ABC wc proc
to B, onom�zoume thn posìthta AB2+BC2−AC2, thn opoÐa sumbolÐzoume
wc ex c: PABC kai isoÔtai me: PABC = 4CABC = AB2 + BC2 − AC2

PROTASH 3.1.6 (PUJAGOREIO JEWRHMA)

A. PABC = 0 an kai mìno an ∠ABC = 90◦

B. PABC > 0 an kai mìno an ∠ABC < 90◦

G. PABC < 0 an kai mìno an ∠ABC > 90◦

Apìdeixh

Gia to (A): an koit�xoume to sq ma ja doÔme ìti ∇BEC = 0 an kai
mìno an h ∠ABC = 90◦. Epomènwc PABC = 4CABC = 0

Gia to (B): an ∠ABC < 90◦ tìte CABC = ∇BEC �ra PABC > 0.
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Kai antÐstrofa gia na isqÔei PABC > 0 ja prèpei to CABC na eÐnai
jetikì, �ra h gwnÐa ∠ABC na eÐnai oxeÐa.

Gia to (G): an ∠ABC > 90◦ tìte CABC = −∇BEC �ra PABC < 0.

Kai antÐstrofa gia na isqÔei PABC < 0 ja prèpei to CABC na eÐnai
arnhtikì, �ra h gwnÐa ∠ABC na eÐnai ambleÐa.

PROTASH 3.1.7 (JEWRHMA TWN PUJAGOREIWN DI-
AFORWN)

An ∠ABC 6= 90◦ èqoume:

1. ∠ABC = ∠XY Z an kai mìno an PABC

PXY Z
= AB·BC

XY ·Y Z

2. ∠ABC + ∠XY Z = 180◦ an kai mìno an PABC

PXY Z
= −AB·BC

XY ·Y Z

Apìdeixh

1. An isqÔei ∠ABC = ∠XY Z, opìte kai oi duo gwnÐec oxeÐec   kai oi
duo gwnÐec ambleÐec, �ra ja èqoume:

PABC

PXY Z
= 4CABC

4CXY Z
= ∇BEC

∇Y EZ
= BE·BC

Y E·Y Z
= AB·BC

XY ·Y Z
.

An t¸ra p�roume to antÐstrofo tou jewr matoc twn epig¸niwn trig¸n-
wn:

h parak�tw sqèsh ja isqÔei ìtan kai oi duo gwnÐec eÐnai Ðsec kai eÐnai
kai oi duo oxeÐec   kai oi duo ambleÐec.

PABC

PXY Z
= 4CABC

4CXY Z
= ∇BEC

∇Y EZ
= BE·BC

Y E·Y Z
= AB·BC

XY ·Y Z
= ∇ABC

∇XY Z
.

2. An�loga ergazìmaste kai gia thn perÐptwsh pou isqÔei ìti:

∠ABC +∠XY Z = 180◦ �ra h mia gwnÐa eÐnai oxeÐa kai h �llh ambleÐa.
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OrÐzoume t¸ra thn Pujagìreia diafor� enìc prosanatolis-
mènou tetrapleÔrou wc ex c:

PABCD = AB2 −BC2 + CD2 −DA2.

A B

C

D

Sq ma 3.8:
Idiìthtec twn Pujagìreiwn diafor¸n gia ta tetr�pleura

1. PABCD = PCDAB = PBADC = PDCBA.

2. PABCD = −PBCDA = −PDABC = −PADCB = −PCBAD.

3.PABCD = PBAC − PDAC = PABD − PCBD = PDCA − PBCA = PCDB −
PADB.

4. PABBC = PABC , PAABC = −PBAC , PABCC = −PACB, PABCA =
PBAC .

5. PABAC = 0, PABCB = 0.

6. PAPBQ + PBPCQ = PAPCQ.

PROTASH 3.1.8 An ta shmeÐa A,B kai C eÐnai suggrammik� tìte
isqÔei:

PABC = 2 ·BA ·BC.

Apìdeixh
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A BC

Sq ma 3.9:

IsqÔei: AC = AB − CB opìte:

PABC = AB2 +BC2−AC2 = AB2 +CB2− (AB−CB)2 = 2 ·BA ·BC

ORISMOS 3.1.9 QrhsimopoioÔme ton sumbolismì AB ⊥ CD gia na
dhl¸soume ìti ta shmeÐa A,B, C kai D ikanopoioÔn mia apì tic parak�tw
sunj kec:

1. h eujeÐa AB eÐnai k�jeth sthn eujeÐa CD

2. A = B

3. C = D

3.2 BASIKES PROTASEIS II

PROTASH B.7

AC ⊥ BD an kai mìno an PABCD = PABD − PCBD = 0.

Apìdeixh

'Estw P kai Q eÐnai ta shmeÐa tom c twn eujei¸n pou pern�ne apì ta A
kai C antÐstoiqa kai eÐnai k�jetec sthn eujeÐa BD.

Apì to Pujagìreio je¸rhma paÐrnoume:

PABD = AB2 + BD2 − AD2 = AP 2 + BP 2 + BD2 − AP 2 − PD2
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A

C

B DP

Sq ma 3.10:

=BP 2 + BD2 − (BD −BP )2

=2 ·BP ·BD

OmoÐwc ergazìmaste kai gia to PCBD kai brÐskoume:

PCBD = 2 ·BQ ·BD.

'Ara PABD = PCBD an kai mìno an BP = BQ, dhlad  P = Q pou eÐnai
isodÔnamo me to AC ⊥ BD.

'Amesh sunèpeia thc prohgoÔmenhc prìtashc eÐnai h prìtash pou akolou-
jeÐ.

PROTASH 3.2.1 'Estw P kai Q eÐnai ta shmeÐa tom c twn eujei¸n
pou pern�ne apì ta shmeÐa A kai C antÐstoiqa kai eÐnai k�jetec sthn eujeÐa
BD.

Tìte isqÔei: PABCD = 2 ·QP ·BD

Apìdeixh

Qrhsimopoi¸ntac tic prot�seic B.7 (selÐda 87) kai 3.1.8 (selÐda 86)ja
p�roume:

PABCD = PABD−PCBD = PPBD−PQBD = 2 ·BP ·BD−2 ·BQ ·BD =
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2 ·QP ·BD.

PROTASH B.8

'Estw D eÐnai to shmeÐo tom c thc eujeÐac pou pern� apì to P kai eÐnai
k�jeth sthn AB me (A 6= B). Tìte èqoume:

AD
DB

= PPAB

PPBA
,

AD
AB

= PPAB

2·AB2
,

AD
AB

= PPBA

2·AB2
.

P

D BA

Sq ma 3.11:

Apìdeixh

Apì thn prìtash B.7 (selÐda 87) paÐrnoume:

PPAB = PDAB = 2 · AB · AD,

PPBA = PDBA = 2 ·BA ·BD,

'Ara

AD
DB

= PPAB

PPBA
,

OmoÐwc kai gia tic �llec peript¸seic ja èqoume:
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PABA = 2 · AB2

ìpou eÐnai plèon xek�jarec oi parak�tw sqèseic

PPAB

2·AB2
= AD

AB
,

PPBA

2·AB2
= AD

AB
.

PROTASH B.9

'Estw AB kai PQ na eÐnai duo eujeÐec pou den tèmnontai k�jeta kai Y
eÐnai to shmeÐo tom c thc eujeÐac PQ kai thc eujeÐac pou dièrqetai apì
to A kai h opoÐa eÐnai k�jeth sthn AB. Tìte

PY
QY

= PPAB

PQAB
,

PY
PQ

= PPAB

PPAQB
,

QY

PQ
=

PQAB

PPAQB
.

Apìdeixh

P

Q
Y

M NA B

Sq ma 3.12:
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Gia thn pr¸th sqèsh.

PaÐrnoume M kai N na eÐnai oi orjog¸niec probolèc twn shmeÐwn P kai
Q antÐstoiqa p�nw sthn AB.

Apì thn prìtash B.7 (selÐda 87), ja p�roume:

PPAB

PQAB
= PMAB

PNAB
= AM

AN
AB
AB

= AM
AN

= PY
QY

.

Gia thn deÔterh sqèsh.

PPAB

PPAQB
= PMAB

PPAQB
= AM ·AB

MN ·AB
= AM

MN
= PY

PQ
.

'Omoia kai gia thn trÐth sqèsh.

PROTASH B.10

P�re R na eÐnai shmeÐo p�nw sthn eujeÐa PQ me lìgouc jèsewc r1 = PR
PQ

kai r2 = RQ

PQ
me anafor� to PQ. Tìte gia opoiad pote shmeÐa A kai B

èqoume: PRAB = r1PQAB + r2PPAB kai PARB = r1PAQB + r2PAPB −
r1r2PPQP .

H apìdeixh thc prìtashc ja gÐnei me thn bo jeia thc parak�tw prìtashc.

PROTASH 3.2.2 'Estw A,B kai C trÐa suggrammik� shmeÐa. Tìte
gia opoiod pote shmeÐo P an PPAC 6= 0 èqoume:PPAB

PPAC
= AB

AC

Apìdeixh

'Estw Q eÐnai h orjog¸nia probol  tou shmeÐou P p�nw sthn eujeÐa
AB. Apì thn prìtash B.7 (selÐda 87), PPAB = PQAB = 2AQ · AB
PPAC = PQAC = 2AQ · AC 'Ara eÐnai fanerì plèon ìti:

PPAB

PPAC
= AB

AC

Apìdeixh prìtashc B.10
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P

A B CQ

Sq ma 3.13:

P

Q

BA R1P1 Q1

R

Sq ma 3.14:

ArkeÐ na deÐxoume ìti:

RA
2

= r1QA
2
+ r2PA

2 − r1r2PQ
2 (1)

RB
2

= r1QB
2
+ r2PB

2 − r1r2PQ
2 (2)

Opìte PRAB = RA
2
+AB

2−RB
2

= r1(QA
2
+AB

2−QB
2
)+r2(PA

2
+

AB
2 − PB

2
) = r1PQAB + r2PPAB

Gia na deÐxoume thn (1), qrhsimopoioÔme thn prohgoÔmenh prìtash kai
paÐrnoume: PAPR

PAPQ
= PR

PQ
= r1 Tìte: r1QA

2
+ r2PA

2− r1r2PQ
2

= r1QA
2
+

(1− r1)PA
2 − r1(1− r1)PQ

2
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=PA
2

+ r1(QA
2 − PA

2 − PQ
2
) + r2

1PQ
2 =PA

2
+ PR

2 − r1PAPQ =

PA
2
+ PR

2 − PAPR = AR
2
.

'Omoia ergazìmaste kai gia thn apìdeixh thc (2).

PROTASH B.11

'Estw ABCD parallhlìgrammo. Gia opoiad pote shmeÐa P kai Q è-
qoume: PAPBQ = PDPCQ   PAPQ + PCPQ = PBPQ + PDPQ

PPAQ + PPCQ = PPBQ + PPDQ + 2PBAD

Apìdeixh

Gia thn apìdeixh thc prìtashc B.11 ja qreiastoÔme thn prohgoÔmenh
prìtash:

PaÐrnoume shmeÐo O na eÐnai h tom  twn AC kai BD.

Apì thn pr¸th exÐswsh thc prìtashc B.10 (selÐda 91), paÐrnoume:

2POPQ = PAPQ + PCPQ = PBPQ + PDPQ.

Apì thn deÔterh exÐswsh thc prìtashc B.10 paÐrnoume:

2POPQ = PPAQ + PPCQ − 1
2
PACA = PBPQ + PDPQ − 1

2
PBDB.

Mènei na deÐxoume ìti 2PBAD = 1
2
(PACA−PBDB) (1). Gia na to deÐxoume

ja qrhsimopoi soume thn parak�tw prìtash.

PROTASH 3.2.3 Gia èna parallhlìgrammo ABCD èqoume: AC
2
+

BD
2

= 2AB
2
+ 2BC

2   alli¸c PABC = −PBAD.

Apìdeixh

PaÐrnoume shmeÐo O na eÐnai h tom  twn AC kai BD. Apì thn prìtash
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B.10 (selÐda 91) paÐrnoume: AC
2

= 4AO
2

= 4(1
2
AB

2
+ 1

2
AD

2− 1
4
BD

2
) =

2AB
2
+ 2AD

2 −BD
2

Apìdeixh thc prìtashc B.11(Sunèqeia)

Me thn qr sh thc prohgoÔmenhc prìtashc eÐnai plèon faner  h isìthta
(1).

PROTASH B.12

'Estw ABCD parallhlìgrammo kai P opoiod pote shmeÐo. Tìte: PPAB =
PPDC − PADC = PPDAC kai PAPB = PAPA − PPDAC .

Apìdeixh

P

A B

CD

Sq ma 3.15:

Apì thn prìtash B.11 (selÐda 93), paÐrnoume: PPAB = PPAC−PPAD =
PCADP = PPDAC = PPDC − PADC

T¸ra gia thn deÔterh exÐswsh paÐrnoume:

PAPB = PAPA + PAPC + PAPD = PAPA + PCPDA = PAPA − PPDAC

O lìgoc par�llhlwn eujugr�mmwn tmhm�twn mporeÐ na ekfrasteÐ apì
ton lìgo Pujagìreiwn diafor¸n, sÔmfwna me tic parak�tw prot�seic.
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PROTASH 3.2.4 An AB ‖ CD kai EF ‖ KL tìte PAEBF

PCKDL
= AB

CD
EF
KL

.

Apìdeixh

'Estw ìti ta M kai N eÐnai shmeÐa tètoia ¸ste AB = CM kai EF =
KN . Apì tic prot�seic B.11 (selÐda 93) kai 3.2.2 (selÐda 91), èqoume:

PAEBF = PAKBN = PAKN − PBKN = EF
KL

(PAKL − PBKL) = EF
KL

PAKBL.

'Omoia apodeiknÔoume ìti: PAKBL = AB
CD

PCKDL.

PROTASH 3.2.5 An AB ‖ CD tìte: AB
CD

= PADBC

2CD
2 .

Apìdeixh

Apì thn prìtash 3.2.4 (selÐda 94) paÐrnoume:

AB
CD

= AB
CD

CD
CD

= PACBD

PCCDD
= PADBC

2CD
2 .

ORISMOS 3.2.6 PaÐrnoume S na eÐnai h orjog¸nia probol  tou shmeÐou
R p�nw sthn eujeÐa PQ. H prosanatolismènh apìstash tou R apì
th PQ sumbolÐzetai me hR,PQ kai eÐnai ènac pragmatikìc arijmìc o opoÐoc
èqei to Ðdio prìshmo me to SRPQ kai isqÔei | hR,PQ |=| RS |.

P Q

R

S

Sq ma 3.16:

PROTASH 3.2.7 Gia opoiad pote dÔo trÐgwna ABC kai KLM , me
hA = hA,BC kai hK,LM isqÔei ìti: SABC

|BC|hA
= SKLM

|PQ|hK
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Apìdeixh

A

B C L M

K

F

E

Sq ma 3.17:

QwrÐc bl�bh thc genikìthtac, upojètoume ìti ta shmeÐa B,C, L kai M
eÐnai p�nw sthn Ðdia eujeÐa. Fèrnoume to Ôyoc KF tou trig¸nou KLM
kai E na eÐnai shmeÐo p�nw sthn KF tètoio ¸ste AE ‖ BC.

Tìte SABC = SEBC .

Apì tic prot�seic B.1 kai B.2 (selÐda 13) paÐrnoume:

SABC

SALM
= BC

LM

SELM

SKLM
= EF

KF

Pollaplasi�zontac tic duo parap�nw sqèseic paÐrnoume:

SABC

|BC|hA
= SKLM

|PQ|hK
.

Na shmei¸soume ìti: ta hA, hK èqoun to Ðdio prìshmo me ta SABC , SKLM .

PORISMA 3.2.8 Gia èna trÐgwno ABC èqoume:

hA,BC | BC |= hB,CA | AC |= hC,AB | AB |.

Apìdeixh

An sthn prìtash 3.2 (selÐda 95) b�loume ìpou 4KLM to 4BCA kai
4CAB ja p�roume to zhtoÔmeno.
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PROTASH 3.2.9 Se èna trÐgwno ABC, èqoume:

SABC = 1
2
hA | BC |= 1

2
hB | AC |= 1

2
hC | AB |.

PROTASH 3.2.10 Se èna trÐgwno ABC, èqoume:

16S2
ABC = 4AB

2
AC

2 − P 2
BAC .

Apìdeixh

A

N CB

Sq ma 3.18:

'Estw N h orjog¸nia probol  tou shmeÐou A p�nw sthn BC. Apì thn
prìtash 3.2.2 (selÐda 91) paÐrnoume:

PABC

PABN
= BC

BN

Tìte:

PABC = BC
BN

PABN = BC
BN

PNBN = 2BCBN

'Ara:

16S2
ABC = 4AN

2
BC

2
= 4(AB

2 −BN
2
)BC

2
= 4AB

2
AC

2 − P 2
BAC .

PROTASH 3.2.11 'Alloi Herron − Qin tÔpoi gia trÐgwna eÐnai oi
akìloujoi.
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16S2
ABC = PACBPABC + PBCBPBAC

16S2
ABC = PBACPACB + PACAPABC

16S2
ABC = PCABPCBA + PABAPACB

H apìdeixh touc eÐnai eÔkolh kai gia autì thn paraleÐpoume.

PROTASH 3.2.12 Se èna tetr�pleuro ABCD, èqoume:

16S2
ABCD = 4AC

2
BD

2 − P 2
ABCD.

Apìdeixh

B

A

D

SC

Sq ma 3.19:

'Estw shmeÐo S tètoio ¸ste to CSDB na eÐnai parallhlìgrammo.

Tìte: CS = BD.

Apì tic prot�seic B.6 (selÐda 16), B.11 (selÐda 93) kai 3.2.10 (selÐda
97) paÐrnoume: S2

ABCD = S2
AACS = S2

XAC = 1
16

(4AS
2
AC

2 − P 2
SAC) =

1
16

(4BD
2
AC

2 − P 2
SAAC) = 1

16
(4BD

2
AC

2 − P 2
BADC).

EFARMOGES THS PUJAGOREIAS DIAFORAS SE
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GEWMETRIKA PROBLHMATA.

PARADEIGMA 1. (TO JEWRHMA TOU ORJOKEN-
TROU)

Ta trÐa Ôyh enìc trig¸nou dièrqontai apì to Ðdio shmeÐo.

Apìdeixh

A

N BC

M

L

Sq ma 3.20:

Fèrnoume ta duo Ôyh AN kai BM tou trig¸nou ABC, ta opoÐa tèm-
nontai sto shmeÐo L.

ArkeÐ na deÐxoume ìti CL ⊥ AB, dhlad  PACL = PBCL.

Apì thn prìtash B.7 (selÐda 87), èqoume:

epeid  BL ⊥ AC tìte PACL = PACB

kai AL ⊥ BC tìte PBCL = PBCA

'Ara

PACL = PACB = PBCA = PBCL.

PARADEIGMA 2.

'Estw L shmeÐo p�nw sto Ôyoc AD, trig¸nou ABC. Oi eujeÐec BL
kai CL tèmnoun tic eujeÐec AB kai AC sta shmeÐa M kai N antÐstoiqa.
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IsqÔei ìti ∠MDA = ∠ADN

Apìdeixh

DB C

A

M

NL

Sq ma 3.21:
Gia na apodeÐxoume thn isìthta gwni¸n, apì to je¸rhma twn epig¸niwn

trig¸nwn kai thn prìtash ??, arkeÐ na deÐxoume ìti:

PMDA

SMDA
= PADN

SADN
.

Apì thn prìtash B.2 (selÐda 14), to je¸rhma twn epÐpleurwn trig¸nwn,
èqoume:

SMDA = AM
AB

SBDA = SALC

SALBC
SBDA

SADN = AN
AC

SADC = SABL

SABCL
SADC

T¸ra me qr sh thc prìtashc B.10 (selÐda 91), ja p�roume:

PADN = NC
AC

PADA = SBCL

SABCL
PADA

PMDA = MB
AB

PADA = SBCL

SALBC
PADA

Opìte

PADN

SADN
· SMDA

PMDA
= SBDA

SADC
· SALC

SABL
= BD

DC
· DC

BD
= 1.
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3.3 GRAMMIKES KATASKEUASTIKES
GEWMETRIKES PROTASEIS

Se aut n thn kathgorÐa up�rqoun treÐc gewmetrikèc posìthtec:

1. to embadìn trig¸nwn   tetrapleÔrwn

2. h Pujagìreia diafor� trig¸nwn   tetrapleÔrwn

3. o lìgoc par�llhlwn eujugr�mmwn tmhm�twn.

Ta shmeÐa eÐnai ta basik� gewmetrik� antikeÐmena apì ta opoÐa mporoÔme
na eis�goume duo �lla gewmetrik� antikeÐmena, tic eujeÐec kai touc kÔk-
louc.

Mia eujeÐa mporeÐ na an kei se mia apì tic parak�tw kathgorÐec:

(LINE U V ): eÐnai h eujeÐa pou pern� apì ta shmeÐa U kai V .

(PLINE W U V ): eÐnai h eujeÐa pou pern� apì to shmeÐo W kai eÐnai
parallhlh sthn (LINE U V ).

(TLINE W U V ): eÐnai h eujeÐa pou pern� apì to shmeÐo W kai eÐnai
k�jeth sthn (LINE U V ).

(BLINE U V ): eÐnai h eujeÐa pou eÐnai mesok�jetoc thc UV .

O kÔkloc pou pern� apì to shmeÐo U kai èqei kèntro to O sumbolÐzetai:
(CIR O U).

Gia tic prot�seic pou an koun sthn kathgorÐa CL, mporoÔme na peri-
gr�youme tic kataskeuèc touc me k�poion apì touc akìloujouc trìpouc:

K1(POINT (S) Y1, ..., Yn) : 'Estw aujaÐreta shmeÐa Y1, ..., Yn sto epÐpedo.
Kajèna apì ta Yi èqei duo bajmoÔc eleujerÐac.
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K2(ON Y B C) : 'Estw shmeÐo Y p�nw sthn eujeÐa BC. To shmeÐo Y
èqei ènan bajmì eleujerÐac.

K3(ON Y (CIR O U)) : 'Estw shmeÐo Y p�nw ston kÔklo (CIR O U).
To shmeÐo Y èqei ènan bajmì eleujerÐac.

K4(INTER Y ln1 ln2) : 'Estw shmeÐo Y to shmeÐo tom c twn duo eu-
jei¸n. To shmeÐo Y eÐnai stajerì shmeÐo. Pio sugkekrimèna:

1. An ln1 eÐnai thc morf c (LINE U V )   (PLINE W U V ) kai ln2

eÐnai thc morf c (LINE A B)   (PLINE R A B).

2. An ln1 eÐnai thc morf c (LINE U V )   (PLINE W U V ) kai ln2

eÐnai thc morf c (BLINE AB)   (TLINE R A B).

3. An ln1 eÐnai thc morf c (BLINE U V )   (TLINE W U V ) kai ln2

eÐnai thc morf c (BLINE AB)   (TLINE R A B).

K5(INTER Y ln (CIR O A)) : 'Estw shmeÐo Y na eÐnai to shmeÐo tom c
thc eujeÐac kai tou kÔklou, diaforetikì tou shmeÐou A. To shmeÐo Y eÐnai
stajerì shmeÐo. H eujeÐa ln mporeÐ na èqei mia apì tic parak�tw morfèc:
(LINE AV ), (PLINE A U V ), (TLINE A U V ).

K6(INTER Y (CIR O1 A)(CIR O2 A)) : 'Estw shmeÐo Y na eÐnai to
shmeÐo tom c twn duo kÔklwn, diaforetikì tou shmeÐou A. To shmeÐo Y
eÐnai stajerì shmeÐo.

K7(PRATIO Y A B C r) : 'Estw shmeÐo Y p�nw sthn eujeÐa pou pern�ei
apì to shmeÐo A kai eÐnai par�llhlh sthn eujeÐa BC, (PLINE AB C),
tètoia ¸ste AY = rBC, ìpou r eÐnai ènac rhtìc arijmìc, rht  èkfrash
k�poiwn gewmetrik¸n posot twn   metablht . Stic duo pr¸tec peript¸-
seic to shmeÐo Y eÐnai stajerì shmeÐo, en¸ sthn trÐth to shmeÐo Y èqei
èna bajmì eleujerÐac.

K8(TRATIO Y B C r) : 'Estw shmeÐo Y p�nw sthn eujeÐa (TLINE B B C)

tètoia ¸ste r = 4SBCY

PBCB
= BY

BC
, ìpou r eÐnai ènac rhtìc arijmìc, rht  èk-

frash k�poiwn gewmetrik¸n posot twn   metablht . Stic duo pr¸tec
peript¸seic to shmeÐo Y eÐnai stajerì shmeÐo, en¸ sthn trÐth to shmeÐo
Y èqei èna bajmì eleujerÐac.
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Sto sÔnolo oi parap�nw kataskeuèc eÐnai 22, epeid  lamb�noume upìyhn
kai ta tèssera eÐdh eujei¸n. 'Etsi loipìn h kataskeu  K2 anafèretai
sthn tuqaÐa epilog  shmeÐwn p�nw se eujeÐec pou an koun se èna apì ta
tèssera eÐdh eujei¸n, h kataskeu  K4 anafèretai sthn dhmiourgÐa shmeÐou
pou prokÔptei apì thn tom  eujei¸n, o sundiasmìc twn opoÐwn gÐnetai
me 10 diaforetikoÔc trìpouc. Tèloc h kataskeu  K5 anafèretai sthn
dhmiourgÐa shmeÐou pou prokÔptei apì thn tom  kÔklou kai eujeÐac, h
opoÐa èqei treic pijanèc morfèc.

ORISMOS 3.3.1 Oi prot�seic pou an koun sthn kathgorÐa CL èqoun
thn parak�tw morf :

Prìtash=(K1, K2, ..., Kn, S)

K�je prìtash aut c thc kathgorÐac perigr�fetai apì èna peperas-
mèno pl joc kataskeu¸n, oi opoÐec èqoun thn morf  twn kataskeu¸n
K1,K2, ...,K8 (selÐda 102). Oi kataskeuèc ent�ssontai kat� diatetag-
mèno trìpo wc ex c: arqik� eis�getai h kataskeu  K1, h opoÐa èqei thn
morf  thc K1 kai eis�gei aujaÐreta shmeÐa sto epÐpedo. SuneqÐzoume me
thn prosj kh �llwn kataskeu¸n K2, ..., Kn, oi opoÐec èqoun thn morf 
twn kataskeu¸n K2, ...,K8.

Kajemi� apì tic parap�nw kataskeuèc eis�gei nèa shmeÐa pou proèrqon-
tai apì tomèc eujei¸n kai kÔklwn kai apì lìgouc par�llhlwn eujÔ-
grammwn tmhm�twn.

Oi eujeÐec kai oi kÔkloi èqoun kataskeuasteÐ apì ta shmeÐa pou èqei
eis�gei h K1 kai apì ta shmeÐa pou èqoun  dh kataskeuasteÐ mèsw twn
kataskeu¸n K2, ..., Kn.

Tèloc h prìtash katal gei sto sumpèrasma (S), to opoÐo apoteleÐtai
apì thn isìthta duo poluwnumik¸n ekfr�sewn gewmetrik¸n posot twn.
To zhtoÔmeno k�je for� eÐnai h apìdeixh thc isìthtac twn duo aut¸n
poluwnumik¸n ekfr�sewn. Oi gewmetrikèc autèc posìthtec perilamb�-
noun shmeÐa pou èqoun eisaqjeÐ apì tic kataskeuèc Ki, i = 1, ..., n.

Oi gewmetrikèc idiìthtec pou kaloÔmaste na deÐxoume pwc èqoun oi para-
p�nw gewmetrikèc posìthtec eÐnai h suggrammikìthta, h parallhlÐa, h ka-
jetìthta, h armonikìthta, isìthta gwni¸n, isìthta twn mhk¸n duo euju-
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gr�mmwn tmhm�twn, thn isìthta ginomènou eujugr�mmwn tmhm�twn. Akìmh
sthn kl�sh aut  qrhsimopoioÔnte ènnoiec ìpwc orjìkentro, barÔkentro,
perigegrammènos-egegrammènoc kÔkloc.

'Ola ta paradeÐgmata pou dìjhkan prohgoumènwc an koun sthn kath-
gorÐa CL. EpÐshc kai gia tic prot�seic pou an koun sthn kathgorÐa CL

oi perioristikèc sunj kec par�gontai me susthmatikì trìpo.

Oi entolèc twn grammik¸n idiot twn eÐnai oi parak�tw:

(COLLINEAR A B C) : Ta shmeÐa A, B kai C eÐnai suggrammik� an
kai mìno an SABC = 0.

(PARALLEL AB C D) : AB eÐnai par�llhlh sthn CD an kai mìno an
SACD = SBCD.

(PERPENDICULAR A B C D) : AB eÐnai k�jeth sthn CD an kai
mìno an PACD = PBCD.

(MIDPOINT M AB) : To M eÐnai to mèson thc AB an kai mìno an
AM
MB

= 1.

(EQDISTANCE A B C D) : To AB èqei Ðso m koc me to CD an kai
mìno an PABA = PCDC .

(HARMONIC A B C D) : Ta A, B kai C, D eÐnai armonik� shmeÐa an
kai mìno an AC

CB
= DA

DB
.

(EQ − PRODUCT A B C D P QR S) : To ginìmeno twn AB kai CD
eÐnai Ðso me to ginìmeno twn PQ kai RS, to opoÐo eÐnai isodÔnamo me

1.AB
PQ

= ± RS
CD

an AB ‖ PQ kai RS ‖ CD,
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2.PACBD = ±PPRQS an AB ‖ CD kai RS ‖ PQ

3.PABAPCDC = PPQP PRSR alli¸c

(TANGENT O1 AO2 B) : O kÔkloc (CIRCLE O1 A) eÐnai efaptomenikìc
ston kÔklo (CIRCLE O2 B) an kai mìno an d2 + r2

1 + r2
2 − 2dr1− 2dr2−

2r1r2 = 0 ìpou d = O1O2
2
, r1 = O1A

2
, r2 = O2B

2.

ORISMOS 3.3.2 'Estw prìtash P=(K1, K2, ..., Kn,S), tìte oi peri-
orismoÐ gia na eÐnai h P prìtash thc kathgorÐac CL eÐnai oi akìloujec.

1.An Ki eÐnai h kataskeu  K1 tìte den qrei�zontai perioristikèc sun-
j kec.

2. An Ki eÐnai mia apì tic kataskeuèc K2,K7,K8, selÐda 102, tìte h
perioristik  sunj kh gia thn Ki eÐnai B 6= C.

3. An Ki eÐnai mia apì tic treÐc peript¸seic thc kataskeu c K4, selÐda
102, tìte h perioristik  sunj kh gia thn Ki

gia thn pr¸th kai trÐth perÐptwsh eÐnai: UV ∦ AB kai

gia thn deÔterh perÐptwsh eÐnai: UV 6⊥ AB.

4. An Ki eÐnai h kataskeu  K3, selÐda 102, tìte h perioristik  sunj kh
gia thn Ki eÐnai O 6= P .

5. An Ki eÐnai h kataskeu  K5, selÐda 102, tìte h perioristik  sunj kh
gia thn Ki eÐnai O 6= P, Y 6= P .

6.An Ki eÐnai h kataskeu  K6, selÐda 102, tìte h perioristik  sunj kh
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gia thn Ki eÐnai O1, O2, A mh suggrammik�.

3.4 DHMIOURGIA ELAQISTOU SUNOLOU
KATASKEUWN

'Opwc eÐdame parap�nw gia tic prot�seic pou an koun sthn kathgorÐa
CL, to pl joc twn kataskeu¸n kai twn gewmetrik¸n posot twn eÐnai
parap�nw sugkritik� me tic kataskeuèc kai tic gewmetrikèc posìthtec
pou up�rqoun sthn kathgorÐa CH . 'Etsi loipìn gia to epìmeno b ma, thn
dhmiourgÐa dhlad  teqnik¸n apaloif c shmeÐwn, ja prèpei na skeftoÔme 66
peript¸seic apaloif c gia k�je kataskeu  kai k�je gewmetrik  posìth-
ta. To gegonìc autì mporeÐ na aplousteuteÐ me thn dhmioiurgÐa enìc
el�qistou sunìlou kataskeu¸n. Parak�tw ja deÐxoume ìti oi parap�nw
kataskeuèc mporoÔn na antikatastajoÔn apì 5 mìno basikèc kataskeuèc.
Oi kataskeuèc autèc eÐnai:

K1(POINT (S) Y1, ..., Yn): 'Estw aujaÐreta shmeÐa Y1, ..., Yn sto epÐpedo.
Kajèna apì ta Yi èqei duo bajmoÔc eleujerÐac.

K7(PRATIO Y A B C r). 'Estw shmeÐo Y p�nw sthn eujeÐa pou pern�ei
apì to shmeÐo A kai eÐnai par�llhlh sthn eujeÐa BC, (PLINE AB C),
tètoia ¸ste AY = rBC, ìpou r eÐnai ènac rhtìc arijmìc, rht  èkfrash
k�poiwn gewmetrik¸n posot twn   metablht . Stic duo pr¸tec peript¸-
seic to shmeÐo Y eÐnai stajerì shmeÐo, en¸ sthn trÐth to shmeÐo Y èqei
èna bajmì eleujerÐac. O periorismìc eÐnai B 6= C.

K8(TRATIO Y A B r). 'Estw shmeÐo Y p�nw sthn eujeÐa (TLINE AA B)

tètoia ¸ste r = 4SABY

PABA
= AY

AB
, ìpou r eÐnai ènac rhtìc arijmìc, rht  èk-

frash k�poiwn gewmetrik¸n posot twn   metablht . Stic duo pr¸tec
peript¸seic to shmeÐo Y eÐnai stajerì shmeÐo, en¸ sthn trÐth to shmeÐo
Y èqei èna bajmì eleujerÐac. O periorismìc eÐnai B 6= A.

K41(INTER Y (LINE U V )(LINE P Q)). 'Estw shmeÐo Y to shmeÐo
tom c twn duo eujei¸n. To shmeÐo Y eÐnai stajerì shmeÐo. O periorismìc
thc kataskeu c aut c eÐnai UV ∦ PQ.

K42(FOOT Y P U V ) h opoÐa eÐnai isodÔnamh me thn kataskeu  (INTER Y (LINE U V )(TLINE P U V )).
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'Estw shmeÐo Y to shmeÐo tom c thc eujeÐac UV kai thc k�jet c thc
dierqìmenhc apì to shmeÐo P . To shmeÐo Y eÐnai stajerì shmeÐo. O
periorismìc thc kataskeu c aut c eÐnai U 6= V .

Se autì to el�qisto sÔnolo kataskeu¸n mporoÔme na antikatast soume
kai ta tèssera eÐdh eujei¸n apì èna mìno eÐdoc: (LINE U V ).

1. H eujeÐa (PLINE W U V ) mporeÐ na antikatastajeÐ apì thn eujeÐa
(LINE W N). To shmeÐo N eis�getai apì thn kataskeu  (PRATIO N W U V 1).

2. H eujeÐa (TLINE W U V ) mporeÐ na antikatastajeÐ apì thn eujeÐa
(LINE N W ). An ta W,U, V eÐnai suggrammik� to shmeÐo N eis�ge-
tai apì thn kataskeu  (TRATIO N W U 1), alloi¸c eis�getai apì thn
kataskeu  (FOOT N W U V ).

3. H eujeÐa (BLINE U V ) mporeÐ na antikatastajeÐ apì thn eujeÐ-
a (LINE N M). Ta shmeÐa M kai N eis�gontai apì tic kataskeuèc
(TRATIO N M U 1) kai (PRATIO M U U V 1

2
) ≡ (MIDPOINT M U V )

antÐstoiqa.

T¸ra ja suneqÐsoume me thn antikat�stash twn 22 kataskeu¸n apì tic
5 basikèc kataskeuèc, antikajist¸ntac tautìqrona kai ta tèssera eÐdh
twn eujei¸n apì thn (LINE UV ).

1. H kataskeu K2(ON Y (LINE U V )) eÐnai isodÔnamh me thn kataskeu 
K7(PRATIO Y U U V r)), to r eÐnai aìristo.

2. H kataskeu  K5(INTER Y (LINE U V )(CIR O U)) eÐnai isodÔ-
namh me tic kataskeuèc (FOOT N O U V ) kai (PRATIO Y N N U − 1)

3. H kataskeu K3(ON Y (CIR O P )) eÐnai isodÔnamh me thn kataskeu 
(INTER Y (LINE P Q)(CIR O P ), gia tuqaÐa epilog  shmeÐou Q.

4. H kataskeu  K6(INTER Y (CIR O1 P )(CIR O2 P )) eÐnai isodÔ-
namh me tic kataskeuèc (FOOT N P O1 O2) kai (PRATIO Y N N P −1)

Akìmh sth diatÔpwsh twn prot�sewn pou an koun sthn kl�sh CL ja
qrhsimopoihjoÔn perissìterec kataskeuèc lìgwn mhk¸n, tic opoÐec ja
ent�xoume stic duo basikèc kataskeuèc lìgwn pou èqoume sunant sei,
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PRATIO kai TRATIO.

K9(MIDPOINT Y U V )

DiatÔpwsh kataskeu c: èstw shmeÐo Y to mèson thc eujeÐac UV .

H kataskeu  aut  eÐnai isodÔnamh me thn (PRATIO Y U U V 1
2
).

K10(SY MMETRY Y U V )

DiatÔpwsh kataskeu c: èstw shmeÐo Y to summetrikì tou shmeÐou V
wc proc to shmeÐo U .

H kataskeu  aut  eÐnai isodÔnamh me thn (PRATIO Y U U V − 1).

K11(LRATIO Y U V r)

DiatÔpwsh kataskeu c: èstw shmeÐo Y p�nw sthn UV tètoio ¸ste:
UY
UV

= r

H kataskeu  aut  eÐnai isodÔnamh me thn (PRATIO Y U U V r).

K12(MRATIO Y U V r)

DiatÔpwsh kataskeu c: èstw shmeÐo Y p�nw sthn UV tètoio ¸ste:
UY
Y V

= r

H kataskeu  aut  eÐnai isodÔnamh me thn (PRATIO Y U U V r
1+r

).

K13(HARMONIC Y A B C)

DiatÔpwsh kataskeu c: èstw shmeÐo Y suggrammikì me ta trÐa sug-
grammik� shmeÐa A,B, C, ètsi ¸ste: CA

CB
= −Y A

Y B
.

K14(INV ERSION Y U O R)
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DiatÔpwsh kataskeu c: èstw ìti to shmeÐo Y eÐnai h antistrof  tou
shmeÐou U wc proc ton kÔklo (CIR O R).

H kataskeu  aut  eÐnai isodÔnamh me:

(LRATIO Y O R OR
OU

) an U ∈ OR

(LRATIO Y O U PORO

POUO
) alli¸c

(ShmeÐwsh: h antistrof  eÐnai ènac metasqhmatismìc tou epipèdou ston
eautì tou, pou orÐzetai me thn bo jeia enìc kÔklou. An O to kèntro
tou kÔklou kai r h aktÐna tou tìte se k�je shmeÐo A diaforetikì tou O,
antistoiqoÔme to shmeÐo B p�nw sthn hmieujeÐa OA, ètsi ¸ste:

OB ·OA = ρ2.

O kÔkloc (O, r) lègetai kÔkloc thc antistrof c, to shmeÐo O lègetai
kèntro antistrof c kai h aktÐna r lègetai dÔnamh thc antistrof c.)

K15(CONSTANT p(r)) H kataskeu  aut  eis�gei ènan algebrikì ari-
jmì r o opoÐoc eÐnai rÐza tou an�gwgou poluwnÔmou p(r), dhlad  p(r) = 0.

Ed¸ na shmei¸soume ìti h kataskeu  (CONSTANT ),mèsa se mia gewmetrik 
prìtash, mac bohj� sthn kataskeu  isìpleurwn trig¸nwn kai h kataskeu 
(TRATIO) sthn kataskeu  tetrag¸nwn.

3.5 TEQNIKES APALOIFHS SHMEI-
WN

'Etsi loipìn me thn dhmiourgÐa tou el�qistou sunìlou kataskeu¸n arkoÔ-
maste na deÐxoume teqnikèc apaloif c bohjhtik¸n shmeÐwn mìno gia tic
pènte kataskeuèc: K1,K7,K8,K41,K42.

APALOIFES SHMEIWN MESW GEWMETRIKWN POSOTHTWN
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Onom�zoume G(Y ) mia grammik  gewmetrik  posìthta me metablht  Y
kai eÐnai mia apì tic akìloujec gewmetrikèc posìthtec: SABY , SABCY , PABY , PABCY ,
gia A,B, C, Y diaforetik� shmeÐa.

Gia trÐa suggrammik� shmeÐa Y, P, Q, apì tic prot�seic B.3, selÐda 15
kai B.10, selÐda 91, paÐrnoume:

G(Y )=PY
PQ

G(Q)+Y Q

PQ
G(P ) (A)

EpÐshc an G(Y )=PAY B tìte apì thn prìtash B.10 gia trÐa suggrammik�
shmeÐa Y, P,Q paÐrnoume:

G(Y )=PY
PQ

G(Q)+Y Q

PQ
G(P )-PY

PQ

Y Q

PQ
PPQP (B)

Onom�zoume PAY B mia tetragwnik  gewmetrik  posìthta me metablht 
Y .

LHMMA 3.5.1 'Estw G(Y ) eÐnai mia grammik  gewmetrik  posìthta
kai shmeÐo Y eis�getai apì thn kataskeu  (PRATIO Y W P Q r) tìte
èqoume:

G(Y )=

{
(PW

PQ
+ r)Γ(Q) + (WQ

PQ
− r)Γ(P ), an W an kei p�nw sthn eujeÐa PQ;

G(W ) + r(Γ(Q)− Γ(P )), alli¸c.

Apìdeixh

An ta W,P, Q eÐnai suneujeiak� èqoume:

W P QY

Sq ma 3.22:

PY
PQ

= PW
PQ

+ r

Y Q

PQ
= WQ

PQ
− r
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An tic antikatast soume sthn (A), (selÐda 110) ja p�roume thn zhtoÔ-
menh sqèsh.

W SY

P Q

Sq ma 3.23:

Gia thn deÔterh t¸ra sqèsh, an p�roume shmeÐo S tètoio ¸ste WS =
PQ.

Apì thn (A) (selÐda 110) paÐrnoume: G(Y )=WY
WS

G(S)+ Y S
WS

G(W )=rG(S)+(1−
r)G(W )(1)

Apì tic prot�seic B.6, selÐda 16 kai B.11, selÐda 93, paÐrnoume: G(S)=G(W )+G(Q)-
G(P )(2)

Antikajist¸ntac thn (2) sthn (1) paÐrnoume thn zhtoÔmenh sqèsh.

LHMMA 3.5.2 'Estw G(Y ) eÐnai mia grammik  gewmetrik  posìthta
kai shmeÐo Y eis�getai apì thn kataskeu  (INTER Y (LINE P Q)(LINE X Z))
tìte èqoume:

G(Y )=SPXZΓ(Q)−SQXZΓ(P )

SPXQZ

Apìdeixh

Apì to je¸rhma twn epig¸niwn trig¸nwn, PY
PQ

= SPXZ

SPXQZ

Y Q

PQ
=

SQXZ

SPXQZ



KEF�ALAIO 3. AUTOMATES APODEIXEIS STHN EPIPEDH GEWMETRIA112

P

Y

Q

X Z

Sq ma 3.24:

Antikajist¸ntac tic parap�nw sqèseic sthn (A) (selÐda 110) paÐrnoume
thn zhtoÔmenh sqèsh.

LHMMA 3.5.3 'Estw G(Y ) eÐnai mia grammik  gewmetrik  posìthta
kai shmeÐo Y eis�getai apì thn kataskeu  (FOOT Y W P Q) tìte èqoume:

G(Y )=PWPQΓ(Q)+PWQP Γ(P )

2PQ
2

Apìdeixh

P Y Q

W

Sq ma 3.25:

Apì thn prìtash B.8 (selÐda 89), paÐrnoume: PY
PQ

=
PWPQ

PPQP

Y Q

PQ
=

PWQP

PPQP
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An antikatast soume tic parap�nw sqèseic sthn (A) (selÐda 110) paÐrnoume
thn zhtoÔmenh.

LHMMA 3.5.4 'Estw shmeÐo Y eis�getai apì thn kataskeu  (PRATIO Y W P Qr)
tìte èqoume:

PAY B = PAWB + r(PAQB − PAPB + PWPQ)− r(1− r)PPQP

Apìdeixh

An p�roume shmeÐo S tètoio ¸ste: WS = PQ.

Tìte apì thn (B)(selÐda 110) paÐrnoume:

G(Y )=WY
WS

G(S)+ Y S
WS

G(W )-WY
WS

Y S
WS

PPQP=rG(S)+(1−r)G(W )-r(1−r)PPQP (1)

W S

P Q

Y

Sq ma 3.26:

Apì thn prìtash B.11, selÐda 93, thn deÔterh sqèsh paÐrnoume:

G(S)=G(W )+G(Q)-G(P )+PWPQ(2)

An t¸ra sthn (1) antikajist soume thn sqèsh (2) ja p�roume thn zh-
toÔmenh sqèsh.

LHMMA 3.5.5 'Estw shmeÐo Y eis�getai apì thn kataskeu  (TRATIO Y P Q r)
tìte èqoume:
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SABY = SABP − r
4
PPAQB

Apìdeixh

P Q

Y

A1

A

B

Sq ma 3.27:

PaÐrnoume shmeÐo A1 na eÐnai h orjog¸nia probol  tou shmeÐou A p�nw
sthn PQ. Tìte apì tic prot�seic B.4 (selÐda 15) kai B.8 (selÐda 89), ja
p�roume:

SPAY

SPQY
=

SPA1Y

SPQY
= PA1

PQ
=

PA1PQ

PQPQ
=

PAPQ

PQPQ

'Ara SPAY =
PAPQ

PQPQ
SPQY = r

4
PAPQ.

An ergastoÔme ìmoia gia to shmeÐo B, ja p�roume:

SPBY =
PBPQ

PQPQ
SPQY = r

4
PBPQ.

T¸ra SABY = SABP + SPBY − SPAY = SABP − r
4
PPAQB.

LHMMA 3.5.6 'Estw shmeÐo Y eis�getai apì thn kataskeu  (TRATIO Y P Q r)
tìte èqoume:
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PABY = PABP − 4rSPAQB

Apìdeixh

P Q

Y

B

A

B1

A1

Sq ma 3.28:

PaÐrnoume shmeÐa A1, B1 na eÐnai h orjog¸niec probolèc twn shmeÐwn
A,B antÐstoiqa p�nw sthn PY .

Tìte PBPAY

PY PY
=

PB1PA1Y

PY PY
= A1B1

PY
=

SPA1QB1

SPQY
=

SPAQB

SPQY
.

Epeid  PY ⊥ PQ, S2
PQY = 1

4
PQ

2
PY

2
.

Akìmh PY PY = 2PY
2

= 4rSPQY .

'Etsi loipìn PABY = PABP − PBPAY = PABP − 4rSPAQB.

LHMMA 3.5.7 'Estw shmeÐo Y eis�getai apì thn kataskeu  (TRATIO Y P Q r)
tìte èqoume:

PAY B = PAPB + r2PPQP − 4r(SAPQ + SBPQ)

Apìdeixh

Apì to prohgoÔmeno l mma ja p�roume:
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P Q

Y

B

A

Sq ma 3.29:

PAPY = 4rSAPQ kai PBPY = 4rSBPQ

Akìmh PY PY = 2PY
2

= 4rSPQY = r2PPQP

Tìte PAY B = PAPB − PAPY − PBPY + PY PY = PAPB + r2PPQP −
4r(SAPQ + SBPQ).

APALOIFES SHMEIWN MESW LOGWN EUJUGRAMMWN
TMHMATWN

LHMMA 3.5.8 'Estw shmeÐo Y eis�getai apì thn kataskeu  (FOOT Y W P Q),
upojètoume A 6= P tìte èqoume:

AY
CD

=

{
PWCAD

PCDC
, an A ∈ PQ;

SAPQ

SCPDQ
, an A /∈ PQ.

Apìdeixh

An A ∈ PQ, paÐrnoume shmeÐo S tètoio ¸ste: AS = CD.

Apì tic prot�seic B.8 (selÐda 89) kai B.12 (selÐda 94), tìte:

AY
CD

= AY
AS

= PWAS

PASA
= PWCAD

PCDC
.
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W

Y QP A

S

C
D

Sq ma 3.30:

An A /∈ PQ tìte h deÔterh sqèsh prokÔptei �mesa apì to je¸rhma twn
epÐpleurwn trig¸nwn.

LHMMA 3.5.9 'Estw shmeÐo Y eis�getai apì thn kataskeu  (TRATIO Y P Q r)
tìte èqoume:

AY
CD

=

{
PAPQ

PCPDQ
, an A /∈ PY ;

SAPQ− r
4
PPQP

SCPDQ
, an A ∈ PY .

Apìdeixh

An A /∈ PY tìte h pr¸th sqèsh prokÔptei apì thn prìtash B.9 (selÐda
90).

Y

P

A

C

Q

D

Sq ma 3.31:

An A ∈ PY tìte
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AY
CD

= AP
CD

− Y P
CD

.(1)

Apì to je¸rhma twn epÐpleurwn trig¸nwn èqoume:

AP
CD

=
SAPQ

SCPDQ
(2)

Y P
CD

=
SY PQ

SCPDQ
= r

4

PPQP

SCPDQ
(3)

Apì tic (2) kai (3) me antikatastash sthn (1) paÐrnoume thn zhtoÔmenh
sqèsh.

Me thn efarmog  twn parap�nw lhmm�twn epitugq�noume thn apaloif 
twn bohjhtik¸n shmeÐwn apì tic gewmetrikèc posìthtec thc prìtash-
c. Skopìc mac eÐnai oi gewmetrikèc posìthtec pou ja prokÔyoun na
apìteloÔntai mìno apì eleÔjera shmeÐa. Na shmei¸soume ed¸ ìti oi
gewmetrikèc posìthtec tou embadoÔ kai thc Pujagìreiac diafor�c den eÐ-
nai anex�rthtec, to gegonìc autì epibebai¸netai mèsw tou tÔpou Herron−
Qin: 16S2

ABC = 4AB
2
AC

2−P 2
BAC . Gia ton lìgo autì epijumoÔme na ek-

fr�soume tic gewmetrikèc autèc posìthtec se mia sqèsh pou perilamb�nei
anex�rthtec metablhtèc. 'Etsi eis�goume trÐa nèa shmeÐa O, U, V tètoia
¸ste UO ⊥ OV . Katal goume epomènwc na ekfr�soume tic gewmetrikèc
autèc posìthtec sunart sh twn embadik¸n suntetagmènwn twn eleÔjerwn
shmeÐwn thc prìtashc wc proc to OUV .

Sunèpeia twn parap�nw eÐnai to l mma pou akoloujeÐ.

LHMMA 3.5.10 Gia opoiad pote eleÔjera shmeÐa A,B, C èqoume:

1. SABC = (SOV B−SOV C)SOUA+(SOV C−SOV A)SOUB+(SOV A−SOV B)SOUC

SOUV

2. PABC = AB
2
+ CB

2 − AC
2

3. AB
2

= OU
2
(SOV A−SOV B)

S2
OUV

+ OV
2
(SOUA−SOUB)

S2
OUV
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4. S2
OUV = OU

2
OV

2

4

Apìdeixh

O

V

U

M A

B

Sq ma 3.32:

1. Anatrèxte sthn apìdeixh tou l mmatoc 2.5.3 (selÐda 41), twn teqnik¸n
apaloif c shmeÐwn apì ta embad�.

2. EÐnai o orismìc thc Pujagìreiac diafor�c.

3. Eis�goume shmeÐo M apì thn kataskeu  (INTER M (PLINE AO U)(PLINE B O V ).

Apì to Pujagìreio je¸rhma: AB
2

= AM
2
+ BM

2

Apì to l mma 2.4.5 (selÐda 32) twn teqnik¸n apaloif c shmeÐwn apì
lìgouc eujugr�mmwn tmhm�twn, gia A /∈ MB kai B /∈ MA, paÐrnoume:

AM
OU

= SAOBV

SOOUV
= SAOV −SBOV

SOUV

BM
OV

= SBOAU

SOOUV
= SBOU−SAOU

SOUV

Apì ta parap�nw prokÔptei h zhtoÔmenh sqèsh.

4. EÐnai sunèpeia gnwst c prìtashc.
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3.6 ALGORIJMOS

Eis�goume thn gewmetrik  prìtash P, h opoÐa an kei sthn kathgorÐa CL

kai eÐnai diatupwmènh wc ex c:

P=(K1, K2, ..., Kn, S).

O algìrijmoc exet�zei an h prìtash eÐnai alhj c   yeud c kai an eÐnai
alhj c par�gei thn apìdeixh akolouj¸ntac ta parak�tw b mata, alli¸c
termatÐzei.

BHMA 1. Gia i = n, ..., 1, xekin¸ntac dhlad  apì to shmeÐo pou èqei
kataskeuasteÐ teleutaÐa katal gwntac sta shmeÐa pou èqoun eisaqjeÐ
aujaÐreta mèsw thc K1 efarmìzoume to epìmeno b ma.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn Ki. An h perioristik 
sunj kh eÐnai: an A 6= B èlegxe an sumbaÐnei PABA = 0, an AB ∦ PQ
èlegxe an sumbaÐnei SAPQ = SBPQ kai tèloc an AB ⊥/PQ èlegxe an
PAPQ = PBPQ. An o algìrijmoc epibebai¸nei thn prìtash P, tìte h P
eÐnai alhj c k�tw apì tic perioristikèc sunj kec pou autìmata par�gontai
apì ton orismì 3.3.2 (selÐda 105), alli¸c h P eÐnai yeud c.

BHMA 3. Apì to (S) sumpèrasma thc prìtashc paÐrnoume tic gewmetrikèc
posìthtec, G1, G2, ..., Gl kai tic fèrnoume sto pr¸to mèroc me skopì to
deÔtero mèloc na eÐnai mon�da. Gia kajemi� apì tic gewmetrikèc posìthtec
efarmìzoume to epìmeno b ma.

BHMA 4. Gia kajèna apì ta Gj,j = 1, ..., l, apaloÐfoume ta bohjhtik�
shmeÐa pou kataskeu�sthkan apì tic Ki.

Gia thn apaloif  twn shmeÐwn aut¸n qrhsimopoioÔme ta parak�tw er-
galeÐa: tic prot�seic B.1 èwc B.6 (selÐdec 13)- 16), tic prot�seic B.7 èwc
B.12 (selÐdec 87- 94), tic teqnikèc apaloif c shmeÐwn mèsw lìgwn mhk¸n
(selÐda 116), tic teqnikèc apaloif c shmeÐwn mèsw twn embad¸n kai twn
Pujagìreiwn diafor¸n (selÐda 110).

An to apotèlesma thc apaloif c eÐnai mia gewmetrik  posìthta G'j
apoteloÔmenh mìno apì shmeÐa pou epilèqjhkan aujaÐreta, tìte efar-
mìzoume to l mma 3.5.10 (selÐda 118), me skopì na prokÔyei mia rht 
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èkfrash anex�rthtwn metablhtwn, alli¸c efarmìzoume apì thn arq  to
b ma 4.

BHMA 5. Katal xame sto na exis¸soume touc arqikoÔc lìgouc gewmetrik¸n
posot twn me lìgouc gewmetrik¸n posot twn pou perilamb�noun mìno
anex�rthtec met�blhtèc. GÐnontai oi apaitoÔmenec aplopoi seic kai an
katal xoume sthn isìthta me th mon�da tìte h prìtash P eÐnai alhj c
alli¸c h P eÐnai yeud c.

Apìdeixh orjìthtac algorÐjmou.

Parap�nw ex ghsh qrei�zetai to teleutaÐo b ma. 'Etsi loipìn an katal x-
oume sthn exÐswsh tou lìgou gewmetrik¸n posot twn me thn mon�da,
dhlad  r = 1 tìte h prìtash eÐnai alhj c. Alli¸c afoÔ oi gewmetrikèc
posìthtec apoteloÔntai apì eleÔjerec paramètrouc, mporoÔme na broÔme
timèc gia tic gewmetrikèc posìthtec tètoiec ¸ste r 6= 1. Sunep¸c brÐsk-
oume èna antipar�deigma gia to opoÐo h prìtash den isqÔei.

3.7 EMBADIKES SUNTETAGMENES

EÐqame eis�gei sto l mma 3.5.10 (selÐda 118) to orjog¸nio sÔsthma em-
badik¸n suntetagmènwn. EÐdame pwc gia na qrhsimopoi soume to l mma
autì èprepe na eis�goume trÐa aujaÐreta shmeÐa O,U kai V , tètoia ¸ste
OU 6⊥ OV . T¸ra ja belti¸soume to l mma 3.5.10 kai kat� sunèpeia kai
ton algìrijmo me thn eisagwg  tou loxoÔ sust matoc embadik¸n
suntetagmènwn, kat� to opoÐo opoiad pote trÐa shmeÐa mporoÔn na
qrhsimopoihjoÔn wc shmeÐa anafor�c.

GnwrÐzoume  dh ìti an O, U kai V eÐnai trÐa mh suneujeiak� shmeÐa kai A
eÐnai èna opoiod pote shmeÐo tìte oi embadikèc suntetagmènec tou shmeÐou
A wc proc to OUV eÐnai oi akìloujec:

xA = SOUA

SOUV
, yA = SV OA

SOUV
kai zA = SUV A

SOUV
.

EÐnai fanerì ìti isqÔei: xA + yA + zA = 1.

PROTASH 3.7.1 Ta shmeÐa tou epipèdou eÐnai se èna proc èna anti-
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stoiqÐa me ta shmeÐa (x, y, z) ètsi ¸ste xA + yA + zA = 1.

PROTASH 3.7.2 Gia opoiad pote shmeÐa A,B kai C èqoume:

SABC = −SOUV

∣∣∣∣∣∣

xA yA zA

xB yB zB

xC yC zC

∣∣∣∣∣∣
=−SOUV

∣∣∣∣∣∣

xA yA 1
xB yB 1
xC yC 1

∣∣∣∣∣∣

Na shmei¸soume ed¸ ìti gia an èna shmeÐo R an kei p�nw sthn eujeÐa
AB, tìte oi embadikèc suntetagmènec tou shmeÐou R prèpei na ikanopoioÔn
thn parak�tw sqèsh, h opoÐa eÐnai h exÐswsh thc eujeÐac AB :

∣∣∣∣∣∣

xA yA 1
xB yB 1
xR yR 1

∣∣∣∣∣∣
= 0

PROTASH 3.7.3 'Estw R shmeÐo p�nw sthn eujeÐa PQ kai r1 =
PR
PQ

, r2 = RQ

PQ
.

Tìte: xR = r1xQ + r2xP , yR = r1yQ + r2yP , zR = r1zQ + r2zP

Apìdeixh

H prìtash aut  eÐnai �mesh sunèpeia thc B.3 (selÐda 15).

PROTASH 3.7.4 Gia duo shmeÐa A kai B èqoume:

AB
2

= OV
2
(xB − xA)2 + OU

2
(yB − yA)2 + PUOV (xB − xA)(yB − yA).

Apìdeixh

'Estw K kai L na eÐnai shmeÐa tètoia ¸ste KA ‖ OU, KB ‖ OV, LA ‖
OV kai LB ‖ OU .
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L

KA

B

V

O U

Sq ma 3.33:

Tìte apì prìtash 3.2.3 (selÐda 93) paÐrnoume:

AB
2

= AK
2
+ BK

2 − PAKB = OU
2
(AK

OU
)2 + OV

2
(BK

OV
)2 + PLAK (1)

Apì to l mma 2.4.9 (selÐda 34), paÐrnoume:

AK
OU

= SBOAV

SUOV
= yB − yA

BK
OV

= SBOAU

SOV U
= xA − xB (2).

'Omwc apì thn prìtash 3.2.4 (selÐda 94) epeid  AL ‖ OV kai AK ‖ OU
paÐrnoume:

PLAK = AL
OV

AK
OU

PUOV = (yB − yA)(xB − xA)PUOV . (3)

Antikajist¸ntac thn (2) kai (3) sthn (1) paÐrnoume thn zhtoÔmenh
sqèsh.

PORISMA 3.7.5 IsqÔei ìti: 2AB
2

= POV U(xB − xA)2 + POUV (yB −
yA)2 + PUOV (zB − zA)2

Apìdeixh

Apì thn prìtash 3.7.1 (selÐda 121):



KEF�ALAIO 3. AUTOMATES APODEIXEIS STHN EPIPEDH GEWMETRIA124

zA − zB = (xB − xA) + (yB − yA)

kai apì thn prohgoÔmenh prìtash paÐrnoume thn zhtoÔmenh sqèsh.

SHMEIWSH: 'Enac enallaktikìc trìpoc metatrop c twn gewmetrik¸n
posot twn se mia èkfrash pou perilamb�nei mìno anex�rthtec metabl-
htèc eÐnai o akìloujoc. An sumbolÐsoume me A thn èkfrash pou per-
ilamb�nei embad� kai Pujagìreiec diaforèc eleÔjerwn shmeÐwn, tìte an
oi posìthtec autèc perièqoun ligìtera apì trÐa shmeÐa den qrei�zetai na
k�noume tÐpota. 'Omwc an oi posìthtec autèc perièqoun p�nw apì duo
shmeÐa tìte epilègoume trÐa eleÔjera shmeÐa O, U, V apì ta shmeÐa pou
perilamb�nei h A, kai efarmìzoume tic prot�seic 3.7.2 kai 3.7.4 (selÐda
122), me skopì na metatrèyoume ta embad� kai tic Pujagìreiec diaforèc
se embadikèc suntetagmènec wc proc to OUV . T¸ra h A perièqei em-
badikèc suntetagmènec eleÔjerwn shmeÐwn, OU

2
, OV

2
, UV

2 kai SOUV . H
mình algebrik  èkfrash pou en¸nei tic parap�nw posìthtec eÐnai o tÔ-
poc Herron − Qin 16S2

OUV = 4OU
2
OV

2 − P 2
UOV .(1) Antikajist¸ntac

thn (1) sthn A paÐrnoume mia èkfrash pou perilamb�nei mìno anex�rthtec
metablhtèc.

3.8 EIDIKES TEQNIKES APALOIFH-
S SHMEIWN- SUSTHMA (GIB)

Sto prohgoÔmeno kef�laio anafèrame to sÔsthma (GIB) twn autìmatwn
apodeÐxewn gewmetrik¸n prot�sewn pou ak koun sthn kathgorÐa CH .
Sthn enìthta aut  ja parousi�soume thn diadikasÐa tou sust matoc (GIB)
stic autìmatec apodeÐxeic gewmetrik¸n prot�sewn pou ak koun sthn kath-
gorÐa CL.

H mèjodoc pou parousi�same sto parìn kef�laio, anafèretai sthn
epÐlush gewmetrik¸n prot�sewn pou an koun sthn kathgorÐa CL. H mèjo-
doc sthrÐzetai se èna el�qisto sÔnolo kataskeu¸n (sunolik� 5 kataskeuèc),
gegonìc pou epirre�zei thn èktash twn apodeÐxewn twn gewmetrik¸n pro-
t�sewn. To el�qisto sÔnolo kataskeu¸n apì th mia pleur� bohj�ei sthn
apofug  dhmiourgÐac epiplèon teqnik¸n apaloif c shmeÐwn, all� apì thn
�llh sumb�lei sthn eisagwg  meg�lou pl jouc bohjhtik¸n shmeÐwn. En-
deiktik� anafèroume to ex c par�deigma, h kataskeu  (PLINE W U V )
èqei antikatastajeÐ apì thn kataskeu  (LINE W S), ìpou S eÐnai èna bo-
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hjhtikì shmeÐo pou eis�getai mèsw thc kataskeu c (PRATIO S W U V 1).

Sthn enìthta aut  ja anafèroume eidikèc peript¸seic teqnik¸n apaloif -
c gia mia apì tic kataskeuèc pou eis�game sto parìn kef�laio me skopì
thn meÐwsh thc èktashc twn apodeÐxewn. Sth sunèqeia ja d¸soume èna
par�deigma gia na exhg soume thn leitourgÐa tou (GIB) sthn autìmath
paragwg  apodeÐxewn gewmetrik¸n prot�sewn pou ak koun sthn kath-
gorÐa CL.

∗Eidikèc peript¸seic teqnik¸n apaloif c thc kataskeu c (FOOT Y P U V ).

U VY

P

A B

P

VY

P

U VY A

U B VY

P

U Y V

P=A=B P

VYU=A=B

P

YU=A V=B

U

A

B

Sq ma 3.34:

PERIPTWSH 1. An AB ‖ UV tìte SABY = SABU .

Apìdeixh: AfoÔ AB ‖ UV �ra AB ‖ UY epomènwc apì thn prìtash
B.4 (selÐda 15) paÐrnoume thn zhtoÔmenh sqèsh.

PERIPTWSH 2. An AB ⊥ UV tìte SABY = SABP .

Apìdeixh: AfoÔ AB ⊥ UV �ra AB ‖ PY epomènwc apì thn prìtash
B.4 (selÐda 15) paÐrnoume thn zhtoÔmenh sqèsh.

PERIPTWSH 3. An A, U, V suggrammik� tìte SABY = SUBV PPUAV

PUV U
.
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Apìdeixh: PaÐrnoume ton lìgo SABY

SUBV
. Efarmìzoume thn prìtash B.1

(selÐda 13) kai paÐrnoume: SABY

SUBV
= AY

UV
. T¸ra apì to l mmma 3.5.8 (selÐda

116) èqoume: AY
UV

= PPUAV

PUV U
.

PERIPTWSH 4. An B, U, V suggrammik� tìte SABY = SAUV PPUBV

PUV U
.

Apìdeixh: ApodeiknÔetai ìmoia me thn perÐptwsh 3.

PERIPTWSH 5. An AB ‖ UV tìte PABY = PABP .

Apìdeixh: AfoÔ AB ‖ UV tìte AB ⊥ Y P �ra apì thn prìtash B.7
(selÐda 87) paÐrnoume PABY = PABP .

PERIPTWSH 6. An AB ⊥ UV tìte PABY = PABU .

Apìdeixh: 'Amesh apìrroia thc prìtashc B.7.

PERIPTWSH 7. An B, U, V suggrammik� tìte PABY = PABUPPBU

PUBU
.

Apìdeixh: PaÐrnoume ton lìgo PABY

PABU
. Efarmìzoume thn prìtash 3.2.2

(selÐda 91) kai paÐrnoume: PABY

PABU
= BY

BU
. T¸ra apì to l mmma 3.5.8 (selÐda

116) èqoume: BY
BU

= PPBU

PUBU
.

PERIPTWSH 8. An A = B = P tìte PAY B =
16S2

PUV

PUV U
.

Apìdeixh: Apì ton tÔpo (B)(selÐda 110) twn teqnik¸n apaloif c kai
qrhsimopoi¸ntac to gegonìc ìti A = B = P paÐrnoume ton tÔpo

PPY P = PPUV PPV P +PPV UPPUP−PPUV PPV U

PUV U
. Me qr sh t¸ra tou tÔpou

Herron−Qin (selÐda 97) paÐrnoume:

PPY P = PPUV PPV P +PPV UPPUP−PPUV PPV U

PUV U

=
16S2

PUV −PUPV PPV U+16S2
PUV −PV PUPV UP−16S2

PUV +PUV UPUPV

PUV U
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=
16S2

PUV +PUPV (PUV U−PPV U−PV UP )

PUV U

=
16S2

PUV +PUPV (PV UP−PV UP )

PUV U

=
16S2

PUV

PUV U
.

PERIPTWSH 9. An A = B = U tìte PAY B =
P 2

PUV

PUV U
.

Apìdeixh: Apì ton tÔpo (B)(selÐda 110) twn teqnik¸n apaloif c kai
qrhsimopoi¸ntac to gegonìc ìti A = B = U paÐrnoume:

PUY U = PPUV PUV U−PPUV PPV U

PUV U
= PPUV (PUV U−PPV U )

PUV U

= PPUV PUV PU

PUV U
= PPUV PV UP

PUV U
=

P 2
PUV

PUV U
.

PERIPTWSH 10. An A = B = V tìte PAY B =
P 2

PV U

PUV U
.

Apìdeixh: ApodeiknÔetai ìmoia me thn perÐptwsh 9.

PERIPTWSH 11. An A = U, B = V tìte PAY B = −PPV UPPUV

PUV U
.

Apìdeixh: Efarmìzontac ton tÔpo (B)(selÐda 110) twn teqnik¸n a-
paloif c gia A = B = U paÐrnoume apeujeÐac thn zhtoÔmenh sqèsh.

Efarmog  tou sust matoc (GIB) se gewmetrikèc prot�-
seic thc kathgorÐac CL.

PARADEIGMA: JEWRHMA TOU ORJOKENTROU

DIATUPWSH

K1 : (POINTS A B C): 'Estw trÐa aujaÐreta shmeÐa A,B,C

K2 : (FOOT E B AC): 'Estw shmeÐo E to shmeÐo tom c thc eujeÐac
AC kai thc eujeÐac pou pern� apì to shmeÐo B kai eÐnai k�jeth sthn AC.
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C

A

B

E

F

H

Sq ma 3.35:

K3 : (FOOT F A B C): 'Estw shmeÐo F to shmeÐo tom c thc eujeÐac
BC kai thc eujeÐac pou pern� apì to shmeÐo A kai eÐnai k�jeth sthn BC.

K4 : (INTER H (LINE AF )(LINE B E): 'Estw H to shmeÐo tom c
twn eujei¸n AF kai BE.

S: IsqÔei: PACH = PBCH .

Sullog  suggrammik¸n shmeÐwn kai k�jetwn eujei¸n:

(H, A, F )(F, C, B)(H, E, B)(E, A, C)

akìmh HAF ⊥ BCF, HEB ⊥ EAC.

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, H,F, E
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
AF ∦ BE kai A 6= C, B 6= C.

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 = PACH

PBCH
= 1 kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.
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(Apaloif  shmeÐou H, qrhsimopoioÔme thn èkth eidik  perÐptwsh twn
teqnik¸n apaloif c thc kataskeu c (FOOT ) (selÐda 125) )

(PBCH = PACB, PACH = PACB, afoÔ BH ⊥ AC kai CH ⊥ AB.)

PACH

PBCH
= PACB

PACB

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

=1.

3.9 EFARMOGES ALGORIJMOU I

PARADEIGMA 1.

Stic duo pleurèc AC kai BC enìc trig¸nou ABC, sqedi�zoume duo
tetr�gwna ACDE kai BCFG. To M eÐnai to mèson thc AB. IsqÔei ìti
h CM eÐnai k�jeth sthn DF .

MA B

C

F

G

D

E

Sq ma 3.36:

DIATUPWSH

K1 (POINTS A B C): 'Estw trÐa aujaÐreta shmeÐa A, B, C

K2 (TRATIO D C A 1): 'Estw D shmeÐo p�nw sthn eujeÐa (TLINE C C A)
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tètoio ¸ste: r = CD
CA

= 1.

K3 (TRATIO F C B−1): 'Estw F shmeÐo p�nw sthn eujeÐa (TLINE C C B)

tètoio ¸ste: r = CF
CB

= −1.

K4 (MIDPOINT M AB): 'Estw shmeÐo M to mèson thc eujeÐac AB.

S: PDCM = PFCM .

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, M, F,D
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
A 6= B, C 6= B, C 6= A.

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 = PDCM

PFCM
= 1 kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou M , qrhsimopoioÔme to l mma 3.5.1 (selÐda 110) )

(PFCM = 1
2
PACF , PDCM = 1

2
PBCD)

PDCM

PFCM
=

1
2
PBCD

1
2
PACF

(Apaloif  shmeÐou F , qrhsimopoioÔme to l mma 3.5.6 (selÐda 114) )

(PACF = 4SABC)

1
2
PBCD

1
2
PACF

= PBCD

4SABC
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(Apaloif  shmeÐou D, qrhsimopoioÔme to l mma 3.5.6)

(PBCD = 4SABC)

PBCD

4SABC
= 4SABC

4SABC

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

4SABC

4SABC
= 1.

PARADEIGMA 2.

'Estw A,B, C, D tèssera shmeÐa, pou apoteloÔn armonik  akoloujÐa
kai O tuqaÐo shmeÐo ektìc thc eujeÐac AB. Tìte k�je diatèmnousa tèmnei
tic eujeÐec OA, OB, OC,OD se tèssera armonik� shmeÐa.

Apìdeixh

X

Y

O

A C B D

P
R Q S

Sq ma 3.37:

DIATUPWSH

K1 (POINTS A B X Y O): 'Estw pènte aujaÐreta shmeÐa A,B,X, Y,O

K2 (MRATIO C A B r): 'Estw C shmeÐo p�nw sthn AB tètoio ¸ste:

−r = AC
CB

K3 (MRATIO D A B − r): 'Estw D shmeÐo p�nw sthn AB tètoio
¸ste: r = AD

DB
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K4 (INTER P (LINE O A)(LINE X Y )): 'Estw P to shmeÐo tom c
twn eujei¸n OA me XY .

K5 (INTER Q (LINE O B)(LINE X Y )): 'Estw Q to shmeÐo tom c
twn eujei¸n OB me XY .

K6 (INTER R (LINE O C)(LINE X Y )): 'Estw R to shmeÐo tom c
twn eujei¸n OC me XY .

K7 (INTER S (LINE O D)(LINE X Y )): 'Estw S to shmeÐo tom c
twn eujei¸n OD me XY .

S: IsqÔei −PS
QS

= PR
QR

.

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, S, R,Q, P, D, C
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
OA ∦ XY, OB ∦ XY,OC ∦ XY,OD ∦ XY,A 6= B.

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 =
−PS

QS

PR
QR

= 1.

kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou S, qrhsimopoioÔme thn prìtash B.2 (selÐda 14), to
je¸rhma twn epÐpleurwn trig¸nwn)

(PS
QS

= SODP

SOCQ
)
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−PS
QS

PR
QR

= −SODP
PR
QR

SODQ

(Apaloif  shmeÐou R, qrhsimopoioÔme thn prìtash B.2 )

(PR
QR

= SOCP

SOCQ
)

−SODP
PR
QR

SODQ

=
−SODP SOCQ

SOCP SODQ

(Apaloif  shmeÐou Q, qrhsimopoioÔme to l mma 3.5.2 (selÐda 111) )

(SODQ = −SOXY SOBD

SOXBY
, SOCQ = −SOXY SOBC

SOXBY
)

−SODP SOCQ

SOCP SODQ
=

−SODP (
−SOXY SOBC

SOXBY
)

SOCP (
−SOXY SOBD

SOXBY
)

(Aplopoi seic)

−SODP (
−SOXY SOBC

SOXBY
)

SOCP (
−SOXY SOBD

SOXBY
)

= −SODP SOBC

SOCP SOBD

(Apaloif  shmeÐou P , qrhsimopoioÔme to l mma 3.5.2)

(SOCP = −SOXY SOAC

SOXAY
, SODP = −SOXY SOAD

SOXAY
)

−SODP SOBC

SOCP SOBD
=

−(
−SOXY SOAD

SOXAY
)SOBC

−SOXY SOAC
SOXAY

SOBD

(Aplopoi seic)

−(
−SOXY SOAD

SOXAY
)SOBC

−SOXY SOAC
SOXAY

SOBD

= −SOADSOBC

SOACSOBD

(Apaloif  shmeÐou D, qrhsimopoioÔme thn prìtash B.2 )

(SOBD = SOAB

r−1
, SOAD = rSOAB

r−1
)
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−SOADSOBC

SOACSOBD
=

SOBC(
−rSOAB

r−1
)

SOAC(
SOAB

r−1
)

(Aplopoi seic)

SOBC(
−rSOAB

r−1
)

SOAC(
SOAB

r−1
)

= −rSOBC

SOAC

(Apaloif  shmeÐou C, qrhsimopoioÔme thn prìtash B.2 )

(SOAC = rSOAB

r+1
, SOBC = −SOAB

r+1
)

−rSOBC

SOAC
=

−r(
−SOAB

r+1
)

rSOAB
r+1

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

= 1

PARADEIGMA 3.

'Estw AD kai AA1 eÐnai to Ôyoc kai to mèson tou trig¸nou ABC.
Fèrnoume apì to shmeÐo A1 tic par�llhlec stic eujeÐec AB kai AC, oi
opoÐec tèmnoun thn AD sta shmeÐa P kai Q. Tìte isqÔei ìti ta shmeÐa
A, D, P, Q eÐnai armonik�.

P

D

B

A

C

A1

Q

Sq ma 3.38:
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DIATUPWSH

K1 : (POINTS A B C) 'Estw trÐa aujaÐreta shmeÐa A,B,C

K2 : (FOOT D A B C) ≡ (INTER D (LINE B C)(TLINE AB C))
'Estw D to shmeÐo tom c thc eujeÐac pou dièrqetai apì to A kai eÐnai
k�jeth sthn BC.

K3 : (MIDPOINT A1 B C) ≡ (PRATIO A1 B B C 1
2
) 'Estw shmeÐo

A1 to mèson thc BC.

K4 : (INTER P (LINE AD)(PLINE A1 AB)) 'Estw P to shmeÐo
tom c thc eujeÐac AD kai thc par�llhlhc apì to shmeÐo A1 sthn AC.

K5 : (INTER Q (LINE AD)(PLINE A1 A C)) 'Estw Q to shmeÐo
tom c thc eujeÐac AD kai thc par�llhlhc apì to shmeÐo A1 sthn AC.

S: IsqÔei −AP
DP

= AQ

DQ
.

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, Q,P, A1, D
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
B 6= C kai AD ∦ AC.

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 =
−AP

DP
AQ

DQ

= 1 kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou Q, qrhsimopoioÔme to l mma 2.4.15 (selÐda 37) )
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(AQ

DQ
=

SACA1

SADA1
)

−AP
DP

AQ

DQ

= (−AP
DP

)(
−SADA1

−SACA1
)

(Apaloif  shmeÐou P , qrhsimopoioÔme to l mma 2.4.15 )

(AP
DP

=
SABA1

SADA1
)

(−SABA1

SADA1
)(
−SADA1

−SACA1
) =

−SABA1

SACA1

(Apaloif  shmeÐou A1, qrhsimopoioÔme to l mma 3.5.1 (selÐda 110) )

(SACA1 = −1
2
SABC , SABA1 = 1

2
SABC)

1
2
SABC

− 1
2
SABC

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

=1.

PARADEIGMA 4.

'Estw F to mèson thc pleur�c BC tou trig¸nou ABC. 'Estw D kai E
oi orjog¸niec probolèc twn shmeÐwn C kai B p�nw stic pleurèc AB kai
AC antÐstoiqa. To shmeÐo G eÐnai to mèson thc DE. IsqÔei ìti h eujeÐa
FG tèmnei k�jeta thn DE sto shmeÐo G.

Apìdeixh

DIATUPWSH

K1 : (POINTS A B C) 'Estw trÐa aujaÐreta shmeÐa A,B,C

K2 : (FOOT D C A B) ≡ (INTER D (LINE AB)(TLINE C A B))
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A

B C

D

E

F

G

Sq ma 3.39:

'Estw D to shmeÐo tom c thc eujeÐac pou dièrqetai apì to C kai eÐnai
k�jeth sthn AB.

K3 : (FOOT E B A C) ≡ (INTER E (LINE A C)(TLINE B A C))
'Estw E to shmeÐo tom c thc eujeÐac pou dièrqetai apì to B kai eÐnai
k�jeth sthn AC.

K4 : (MIDPOINT F B C) ≡ (PRATIO F B B C 1
2
) 'Estw shmeÐo F

to mèson thc BC.

K5 : (MIDPOINT GD E) ≡ (PRATIO G D D E 1
2
) 'Estw shmeÐo G

to mèson thc DE.

S: IsqÔei PEDG = PEDF .

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, G, F, E, D
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
A 6= B, A 6= C, B 6= C, D 6= E.

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
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mèloc.

'Etsi èqoume: G1 = PEDG

PEDF
= 1 kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou G, qrhsimopoioÔme to l mma 3.5.1 (selÐda 110) )

(PEDG = 1
2
PDED)

PEDG

PEDF
=

1
2
PDED

PEDF

(Apaloif  shmeÐou F , qrhsimopoioÔme to l mma 3.5.1 )

(PEDF = 1
2
(PCDE + PBDE))

PDED

2( 1
2
PCDE+ 1

2
PBDE)

(Apaloif  shmeÐou E, qrhsimopoioÔme to l mma 3.5.3 (selÐda 112) )

(PBDE = PADBPACB

PACA
, PCDE = PCDCPBAC

PACA
, PDED = PCDCPBAC−PBACPACB+PADAPACB

PACA
)

PCDCPBAC−PBACPACB+PADAPACB
PACA

2( 1
2

PCDCPBAC
PACA

+ 1
2

PADBPACB
PACA

)
= PCDCPBAC−PBACPACB+PADAPACB

PCDCPBAC+PADBPACB

(Apaloif  shmeÐou D, qrhsimopoioÔme to l mma 3.5.3 (selÐda 112) )

(PADB = −PBACPABC

PABA
, PADA =

P 2
BAC

PABA
, PCDC =

16S2
ABC

PABA
)

16S2
ABC

PABA
PBAC−PBACPACB+PACB

P2
BAC

PABA
16S2

ABC
PABA

PBAC+PACB
−PBACPABC

PABA

=
PBACPACB−PACBPABA+16S2

ABC

−(PACBPABC−16S2
ABC)

(Herron − Qin : 16S2
ABC = PBACPACB + PACAPABC kai PABC =

1
2
(PBCB − PACA + PABA), PACB = 1

2
(PBCB + PACA − PABA), PBAC =

−1
2
(PBCB − PACA − PABA))
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16(32PBACPACB−16PACBPABA+16PACAPABC)
16(16PBACPACB−16PACBPABC+16PACAPABC)

=
24(−2P 2

BCB+2PBCBPACA+2PBCBPABA)

23(−4P 2
BCB+4PBCBPACA+4PBCBPABA)

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

=1.

PARADEIGMA 5.

Stic pleurèc enìc trig¸nou ABC sqedi�zoume trÐa isìpleura trÐgwna
A1BC, AB1C kai ABC1. Tìte to CA1C1B1 eÐnai parallhlìgrammo.

(ShmeÐwsh: sthn diatÔpwsh thc prìtashc apaitoÔme: r =
√

3 kai autì
epeid  gnwrÐzoume ìti to embadìn isopleÔrou trig¸nou isoÔtai: ∇AB1C =
AC

2√
3

4
, dhlad  1

2
ACB1E =

√
3AC

2

4
, ìmwc to Ôyoc isìpleurou trig¸nou eÐ-

nai kai di�mesoc, ètsi loipìn prokÔptei ìti: B1E
AE

=
√

3. Gia autìn ton
lìgo akoloujoÔme thn parak�tw perigraf  thc prìtashc.)

Apìdeixh

B1

C1

C

A1

E

G

F

A B

Sq ma 3.40:

DIATUPWSH

K1 (POINTS A B C): 'Estw trÐa aujaÐreta shmeÐa A, B, C

K2 (CONSTANT r2 − 3).
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K3 (MIDPOINT E A C) ≡ (PRATIO E A AC 1
2
): 'Estw E to mè-

son thc eujeÐac AC.

K4 (TRATIO B1 E Ar): 'Estw B1 shmeÐo p�nw sthn eujeÐa (TLINE E E A)
tètoio ¸ste: r = B1E

EA
.

K5 (MIDPOINT F B C) ≡ (PRATIO F B B C 1
2
): 'Estw F to mè-

son thc eujeÐac BC.

K6 (TRATIO A1 F C r): 'Estw A1 shmeÐo p�nw sthn eujeÐa (TLINE F F C)
tètoio ¸ste: r = A1F

FC
.

K7 (MIDPOINT GA B) ≡ (PRATIO GA A B 1
2
): 'Estw G to mè-

son thc eujeÐac AB.

K8 (TRATIO C1 GB−r): 'Estw C1 shmeÐo p�nw sthn eujeÐa (TLINE G G B)
tètoio ¸ste: r = C1G

GB
.

S: SDB1A1 = SCB1C1 .

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, C1, G, A1, F, B1, E
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
B 6= C, A 6= E, G 6= A, F 6= C, A 6= B, G 6= B.

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 =
SCB1A1

SCB1C1
= 1 kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou G1, qrhsimopoioÔme to l mma 3.5.6 (selÐda 114) )
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(SCB1C1 = 1
4
(rPB1BCG + 4SCB1G))

SCB1A1

SCB1C1
=

SCB1A1
1
4
rPB1BCG+SCB1G

(Apaloif  shmeÐou G, qrhsimopoioÔme to l mma 3.5.1 (selÐda 110) )

(SCB1G = 1
2
(SBCB1+SACB1

), PB1BCG = −1
2
(PBCB1 − PACB1))

4SCB1A1

− 1
2
rPBCB1

+ 1
2
rPACB1

+2SBCB1+2SACB1

(Apaloif  shmeÐou A1, qrhsimopoioÔme to l mma 3.5.6 kai 3.5.7 (selÐda
114) )

(SCB1A1 = −1
4
(rPB1CF − 4SCB1F ))

2rPB1CF−8SCB1F

rPBCB1
−rPACB1

−4SBCB1
−4SACB1

(Apaloif  shmeÐou F , qrhsimopoioÔme to l mma 3.5.1)

(SCB1F = 1
2
SBCB1 , PB1CF = 1

2
PBCB1)

rPBCB1
−4SBCB1

rPBCB1
−rPACB1

−4SBCB1
−4SACB1

(Apaloif  shmeÐou B1, qrhsimopoioÔme to l mma 3.5.6 kai 3.5.7)

(SACB1 = −1
4
rPCAE, PACB1 = PACE

SBCB1 = −1
4
(rPCABE − 4SBCE, PBCB1 = PBCE + 4rSABE))

rPCABE+rPBCE−4SBCE+4r2SABE

rPCABE−rPCAE+rPBCE−rPACE−4SBCE+4r2SABE

(Apaloif  shmeÐou E, qrhsimopoioÔme to l mma 3.5.1)

(PACE = 1
2
PACA, PCAE = 1

2
PACA
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SABE = 1
2
SABC , SBCE = 1

2
SABC

PBCE = 1
2
PACB, PCABE = 1

2
(PBCB − PABC))

1
2
rPBCB+ 1

2
rPACB− 1

2
rPABC+2r2SABC−2SABC

1
2
rPBCB+ 1

2
rPACB− 1

2
rPABC+2r2SABC−2SABC

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

= 1.

PARADEIGMA 6.

To antÐstrofo enìc kÔklou pou pern� apì kèntro antistrof c eÐnai
eujeÐa.

SHMEIWSH: H diatÔpwsh pou ja akolouj sei sumbolÐzei thn eujeÐa
(e) wc: QG. H prìtash katal gei sto sumpèrasma ìti h eujeÐa aut  eÐnai
k�jeth sthn OA kai autì giatÐ an Q h probol  tou O p�nw sthn eujeÐa
(e) kai P to antÐstrofo tou Q kai p�roume akìmh shmeÐo G p�nw sthn
(e), opìte ja isqÔei ìti: GQ ⊥ QP .

O

Q

P
R

G

Sq ma 3.41:

DIATUPWSH

K1 (POINTS O A X): 'Estw trÐa aujaÐreta shmeÐa O,A, X
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PO UA

R

X

G

Q

Sq ma 3.42:

K2 (LRATIO P O Ar1): 'Estw P shmeÐo p�nw sthn OA tètoio ¸ste
r1 = PO

OA
.

K3 (INV ERSION Q P O A) ≡ (LRATIO Q O A OA
OP

): 'Estw Q to
antÐstrofo tou P wc proc ton kÔklo (CIR O A).

K4 (MIDPOINT U P O r) ≡ (PRATIO U P P O 1
2
): 'Estw U to mè-

son thc eujeÐac OP .

K5 (INTER R (LINE O X)(CIR U O): 'Estw R to shmeÐo tom c thc
eujeÐac OX kai tou kÔklou (CIR U O).

K6 (INV ERSION G R O A) ≡ (LRATIO G O R POAO

PORO
): 'Estw G to

antÐstrofo tou R wc proc ton kÔklo (CIR O A).

S: PAOG = PAOQ.

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, G, R, U, Q, P, X, A, O
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
O 6= A, O 6= P, O 6= U, O 6= R.
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BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 = PAOG

PAOQ
= 1 kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou G, qrhsimopoioÔme to l mma 3.5.1 (selÐda 110) )

(PAOG = PAORPOAO

PORO
)

PAOG

PAOQ
= PAORPOAO

PAOQPORO

(Apaloif  shmeÐou R, qrhsimopoioÔme to l mma 3.5.4 (selÐda 113), thn
perÐptwsh 9 twn eidik¸n teqn. apal. kataskeu c (FOOT )(selÐda 127)
to l mma 3.5.1 (selÐda 113) kai to l mma 3.5.3 (selÐda 112).

(PORO =
4P 2

XOU

POXO
, PAOR = 2PXOUPAOX

POXO
)

= 2PXOUPAOXPOAOPOXO

PAOQPOXO(4P 2
XOU )

= PAOXPOAO

2PAOQPXOU

(Apaloif  shmeÐou U , qrhsimopoioÔme to l mma 3.5.1 (selÐda 110) )

(PAOQ = 1
2
PXOP )

= PAOXPOAO

2PAOQ( 1
2
PXOP )

(Apaloif  shmeÐou Q, qrhsimopoioÔme to l mma 3.5.1)

(PAOQ = OA
OP

POAO)

= PAOXPOAO
OA
OP

POAOPXOP

= PAOX
OA
OP

PXOP

(Apaloif  shmeÐou P , qrhsimopoioÔme to l mma 3.5.1)
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(PXOP = r1PAOX , OA
OP

= 1
r1
)

= PAOXr1

PAOXr1

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

= 1.

3.10 EMBADIKES SUNTETAGMENES
KAI EIDIKA SHMEIA TRIGWN-
WN

Eis�goume mia nèa kataskeu :

(ARATIO A O U V rO rU rV ):

'Estw shmeÐo A tètoio ¸ste:

rO = SAUV

SOUV
, rU = SOAV

SOUV
, rV = SOUA

SOUV
,

oi opoÐec eÐnai oi embadikèc suntetagmènec tou A wc proc to OUV .

Ta rO rU rV mporeÐ na eÐnai rhtèc ekfr�seic gewmetrik¸n posot twn,
rhtoÐ   algebrikoÐ arijmoÐ.

H perioristik  sunj kh eÐnai: ta shmeÐa O, U, V mh suneujeiak�.

O bajmìc eleujerÐac tou A exart�tai apì ton arijmì twn aprosdioris-
ti¸n sta rO rU rV .

LHMMA 3.10.1 'Estw G(Y ) mia grammik  gewmetrik  posìthta kai
to shmeÐo Y eis�getai apì thn kataskeu :
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(ARATIO Y O U V rO rU rV )

Tìte: Γ(Y ) = rOΓ(O) + rUΓ(U) + rV Γ(V ).

Apìdeixh

O

Y

U VS

Sq ma 3.43:

QwrÐc bl�bh thc genikìthtac, upojètoume ìti to shmeÐo tom c twn eu-
jei¸n OY kai UV eÐnai to S.

An h OY eÐnai par�llhlh sthn Y V tìte prèpei eÐte h UY na tèmnetai
me thn OV eÐte h V Y na tèmnetai me thn OU .

Apì thn prìtash B.4 (selÐda 15), èqoume:

Γ(Y ) = OY
OS

Γ(S) + Y S
OS

Γ(O) = OY
OS

( US
UV

Γ(V ) + SV
UV

Γ(U)) + Y S
OS

Γ(O) (1).

Apì to je¸rhma twn epÐpleurwn trig¸nwn èqoume:

rO = Y S
OS

, OY
OS

= SOUY V

SOUV
, US

UV
= SOUY

SOUY V
, SV

UV
= SOY V

SOUY V

Me mia apl  antikat�stash twn parap�nw sqèsewn sthn sqèsh (1)
paÐrnoume thn zhtoÔmenh sqèsh.

LHMMA 3.10.2 'Estw G(Y )=PAY B kai to shmeÐo Y eis�getai apì
thn kataskeu :

(ARATIO Y O U V rO rU rV ).

Tìte:
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Γ(Y ) = rOΓ(O)+rUΓ(U)+rV Γ(V )−2(rOrUOU
2
+rOrV OV

2
+rUrV UV

2
).

Apìdeixh

O

Y

U VS

Sq ma 3.44:

SuneqÐzoume apì thn apìdeixh tou parap�nw l mmatoc.

QrhsimopoioÔme thn sqèsh (B)(selÐda 110) twn teqnik¸n apaloif c:

Γ(Y ) = OY
OS

Γ(S) + Y S
OS

Γ(O)− OY
OS

Y S
OS

POSO

Γ(S) = US
UV

Γ(V ) + SV
UV

Γ(U)− US
UV

SV
UV

PUV U

Me mia apl  antikat�stash tou Γ(S) sto Γ(Y ) paÐrnoume:

Γ(Y )−r = −OY
OS

US
UV

SV
UV

PUV U−OY
OS

Y S
OS

Y S
OS

POSO = −rV
SV
UV

PUV U−rO
OY
OS

POSO.

ìpou r = rOΓ(O) + rUΓ(U) + rV Γ(V ).

Apì thn sqèsh (B)(selÐda 110) paÐrnoume:

POSO = US
UV

POV O + SV
UV

POUO − US
UV

SV
UV

PUV U .

Tìte: Γ(Y )− r =

= −rV
SV
UV

PUV U − rO
OY
OS

US
UV

POV O − rO
OY
OS

SV
UV

POUO + rO
OY
OS

US
UV

SV
UV

PUV U

= −rOrV POV O − rOrUPOUO − rUrV (− SY UV

SOUY V
+ SOUV

SOUY V
)PUV U
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= −rOrV POV O − rOrUPOUO − rUrV PUV U .

Tèloc gia tic peript¸seic ìpou to shmeÐo Y eis�getai apì thn kataskeu 
(ARATIO Y O U V rO rU rV ) kai jèloume na apaloÐyoume to Y apì thn
gewmetrik  posìthta Γ = AY

CD
ja akolouj soume thn parak�tw logik .

'Ena apì ta shmeÐa O, U, V , èstw to O, ikanopoiheÐ thn sunj kh ìti ta
A, Y, O den eÐnai suneujeiak�, sunep¸c ja èqoume: Γ = SOAY

SOCAD
.

T¸ra loipìn mporoÔme na qrhsimopoi soume to l mma 3.10.1 (selÐda
145) gia na apaloÐyoume to Y .

Qrhsimopoi¸ntac thn kataskeu  ARATIO mporoÔme na qrhsimopoioÔme
me eukolÐa tic parak�tw kataskeuèc eidik¸n shmeÐwn twn trig¸nwn:

1.(CENTROID G AB C): To shmeÐo G eÐnai to barÔkentro tou trig¸nou
ABC.

H kataskeu  aut  eÐnai isodÔnamh thc kataskeu c

(ARATIO G AB C 1
3

1
3

1
3
)

O periorismìc eÐnai ìti ta shmeÐa A, B, C den eÐnai suggrammik�.

2.(ORTHOCENTER H A B C): To shmeÐo H eÐnai to orjìkentro
tou trig¸nou ABC.

H kataskeu  aut  eÐnai isodÔnamh thc kataskeu c

(ARATIO H A B C PABCPACB

16S2
ABC

PBACPBCA

16S2
ABC

PCABPCBA

16S2
ABC

)

O periorismìc eÐnai ìti ta shmeÐa A, B, C den eÐnai suggrammik�.

3.(CIRCUMCENTER O A B C): To shmeÐo O eÐnai to perÐkentro
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tou trig¸nou ABC.

H kataskeu  aut  eÐnai isodÔnamh thc kataskeu c

(ARATIO O AB C PBCBPBAC

16S2
ABC

PACAPABC

16S2
ABC

PABAPACB

16S2
ABC

)

O periorismìc eÐnai ìti ta shmeÐa A, B, C den eÐnai suggrammik�.

4.(INCENTER C I A B): To shmeÐo I eÐnai to ègkentro tou trig¸nou
ABC.

H kataskeu  aut  eÐnai isodÔnamh thc kataskeu c

(ARATIO I A B C − 2PIABPIBA

PAIBPABA

PIABPIBI

PAIBPABA

PIBAPIAI

PAIBPABA
)

Oi periorismoÐ eÐnai A 6= B kai IA 6⊥ IB.

SHMEIWSH: ParathroÔme ìti sthn teleutaÐa kataskeu  tou egegram-
m�nou kÔklou to shmeÐo pou kataskeu�same eÐnai h mia koruf  tou trig¸nou
ABC. Autì ofeÐletai sto gegonìc ìti oi embadikèc suntetagmènec tou
ègkentrou eÐnai tet�rtou bajmoÔ, ìsec dhlad  kai oi aprosdioristÐec stic
embadikèc suntetagmènec. Oi aprosdiristÐec autèc ofeÐlontai ston lìgo
ìti to prìgramma den mporeÐ na diaqwrÐsei tic embadikèc suntetagmènec tou
ègkentrou I apì ekeÐnec twn tri¸n parakèntrwn Ia, Ib, Ic tou trig¸nou
ABC dÐqwc na qrhsimopoihjoÔn anis¸thtec metaxÔ twn embadik¸n sun-
tetagmènwn. 'Etsi loipìn, autì pou k�noume eÐnai na antistrèyoume to
prìblhma.

Oi apodeÐxeic twn parap�nw isodunami¸n brÐskontai sto par�rthma G′ ,
selÐda 224.

3.11 EFARMOGES ALGORIJMOU II

PARADEIGMA 1.(JEWRHMA EULER)

'Estw O to kèntro perigeggrammènou kÔklou sto trÐgwno ABC. 'Estw
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M to kèntro b�rouc kai H to orjìkentro tou trig¸nou ABC. Tìte to
shmeÐo M brÐsketai p�nw sto eujÔgrammo tm ma OH kai qwrÐzei to tm ma
autì se lìgo 1

2
.

Apìdeixh

O

C

BA

H

M

Sq ma 3.45:

DIATUPWSH

K1 : (POINTS A B C): 'Estw trÐa aujaÐreta shmeÐa A,B,C

K2 : (CIRCUMCENTER O AB C) ≡

(ARATIO O AB C PBCBPBAC

16S2
ABC

PACAPABC

16S2
ABC

PABAPACB

16S2
ABC

)): 'Estw shmeÐo O

to perÐkentro tou trig¸nou ABC.

K3 : (CENTROID M A B C) ≡ (ARATIO M A B C 1
3

1
3

1
3
): 'Estw

shmeÐo M to barÔkentro tou trig¸nou ABC.

K4 : (LRATIO H M O − 2) ≡ (PRATIO H M M O − 2): 'Estw H
shmeÐo p�nw sthn eujeÐa MO tètoio ¸ste: HM = 2MO.

S: IsqÔei: PABC = PCBH .

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, H, M, O
ekteloÔme ta parak�tw b mata.
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BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
A, B, C mh suggrammik�, O 6= M .

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 = PABC

PCBH
= 1 kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou H, qrhsimopoioÔme to l mma 3.5.1 (selÐda 110) )

(PCBH = 3PCBM − 2PCBO)

PABC

PCBH
= PABC

3PCBM−2PCBO

(Apaloif  shmeÐou M , qrhsimopoioÔme to l mma 3.10.1 (selÐda 145) )

(PCBM = 1
3
(PBCB + PABC))

PABC

3( 1
3
PBCB+PABC)−2PCBO

= 3PABC

−6PCBO+3PBCB+3PABC

(Apaloif  shmeÐou O, qrhsimopoioÔme to l mma 3.10.1)

(PCBO = 1
2
PBCB)

3PABC

−6( 1
2
PBCB)+3PBCB+3PABC

= 4SABC

4SABC
= −2PABC

−2PABC

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

=1.

PARADEIGMA 2.

'Estw trÐgwno ABC. Fèrnoume par�llhlh proc thn mia pleur� tou
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trig¸nou h opoÐa pern� apì to kèntro b�rouc tou trig¸nou G. Tìte h
par�llhlh aut  qwrÐzei to trÐgwno se duo mèrh, se lìgo 4 : 5.

Apìdeixh

A

B C

P Q
G

Sq ma 3.46:

DIATUPWSH

K1 : (POINTS A B C): 'Estw trÐa aujaÐreta shmeÐa A, B, C

K2 : (CENTROID G A B C) ≡ (ARATIO G AB C 1
3

1
3

1
3
): 'Estw

shmeÐo G to barÔkentro tou trig¸nou ABC.

K3 : (INTER P (LINE AB)(PLINE GB C) ≡

(INTER P (LINE A B)(LINE G N), (PRATIO N G B C 1): 'Estw
P to shmeÐo tom c thc eujeÐac AB kai thc eujeÐac pou pern� apì to shmeÐo
G kai eÐnai par�llhlh sthn BC.

K4 : (INTER Q (LINE AC)(PLINE GB C) ≡

(INTER Q (LINE A C)(LINE GN), (PRATIO N GB C 1): 'Estw
Q to shmeÐo tom c thc eujeÐac AC kai thc eujeÐac pou pern� apì to shmeÐo
G kai eÐnai par�llhlh sthn BC.

S: IsqÔei: 4SBCQP = 5SAPQ.

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, Q,P, G
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ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
AB ∦ GN, AC ∦ GN, B 6= C.

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 =
4SBCQP

5SAPQ
= 1 kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou Q, qrhsimopoioÔme ta l mmata 3.5.1 kai 3.5.2 (selÐda
110) )

(SAPQ = SAGNSAPC

SAGCN
, SAGN = SAGC−SAGB = SAGC+SABG = SABGC , SAGCN =

SAGC + SACN , SACN = SACG − SACB, SAGCN = SABC

SBCQP = SPBCQ = SAGNSPBC−SCGNSPBCA

SAGCN
, SAGN = SABGC = SBGC −

SBAC , SCGN = −SCGB

�ra SAPQ = −SABGCSACP

SABC
kai SBCQP = SBCP SABC−SBCGSACP

SABC
)

4SBCQP

5SAPQ
= 4(SBCP SABC−SBCGSACP )SABC

5(−SABGCSACP )SABC
= −4(SBCP SABC−SBCGSACP )

5SABGCSACP

(Apaloif  shmeÐou P , qrhsimopoioÔme ta l mmata 3.5.1 kai 3.5.2)

(SACP = SAGNSACB

SAGBN
, SAGN = SAGC −SAGB, SAGBN = SAGB + SABN =

SAGB + SABG + SABC = SABC

SBCP = −SBGNSBCA

SAGBN
, SAGBN = SABC , SBGN = SBGC

�ra SACP = −SABGC , SBCP = SBCG)

=
−4(SABGCSBCGSABC+SBGCS2

ABC)SABC

5SABGC(−SABGCSABC)SABC
= 4(SABGC+SABC)SBCG

5(SABGC)2
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(Apaloif  shmeÐou G, qrhsimopoioÔme to l mma 3.10.1 (selÐda 145) )

(SBCG = 1
3
SABC , SABGC = 2

3
SABC)

= 4(5SABC)32SABC

5(2SABC)232

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtès- aplopoi seic.

=1.

PARADEIGMA 3.

'Estw A, B, C, D tèssera shmeÐa p�nw ston kÔklo kèntrou O. Tìte oi
k�jetec apì ta barÔkentra twn tess�rwn trig¸nwn ABC, ABD, ACD
kai BCD stic efaptomènec tou kÔklou O sta shmeÐa D, C, B, A tèmnon-
tai.

Apìdeixh

C A

D

G1

B

M

NL

O
P

Sq ma 3.47:

DIATUPWSH
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K1 : (POINTS A B C, D): 'Estw tèssera aujaÐreta shmeÐa A,B,C, D

K2 : (CIRCUMCENTER O AB C): 'Estw shmeÐo O to perÐkentro
tou trig¸nou ABC.

K3 : (CENTROID M A B C): 'Estw shmeÐo D to barÔkentro tou
trig¸nou ABC.

K4 : (CENTROID N A B D): 'Estw shmeÐo E to barÔkentro tou
trig¸nou ABD.

K5 : (CENTROID L B C D): 'Estw shmeÐo F to barÔkentro tou
trig¸nou BCD.

K6 : (INTER P (PLINE M O D)(PLINE N O C)): 'Estw P to shmeÐo
tom c thc par�llhlhc apì to shmeÐo M sthn OD kai thc par�llhlhc apì
to shmeÐo N sthn OC.

S: IsqÔei: SAOP = SAOL.

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, P, L,N, M
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
A, B, C mh suggrammik�, A, B, D mh suggrammik�, B, C, D mh suggram-
mik�, A, B, C mh suggrammik� kai OD ∦ OC.

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 = −SAOP

−SAOL
= 1 kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou P , qrhsimopoioÔme to l mma 2.4.16 (selÐda 38) )
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(SAOP = SCMONSADO+SCDOSAOM

SCDO
)

SCMCNSADO+SCDOSAOM

−SAOL(−SCDO)

(Apaloif  shmeÐou L, qrhsimopoioÔme to l mma 3.10.1 (selÐda 145) )

(SAOL = −1
3
(SADO + SACO + SABO)

3(SCMNOSADO+SCDOSAOM )
(SADO−SACO−SABO)SCDO

(Apaloif  shmeÐou N , qrhsimopoioÔme to l mma 3.10.1)

(SCMON = −(SCOM + 1
3
SCDO − 1

3
SBCO − 1

3
SACO))

(−3)(−3SCOMSADO+3SCDOSAOM−SCDOSADO+SBCOSADO+SADOSACO)
3SCDO(SADO+SACO+SABO)

(Apaloif  shmeÐou M , qrhsimopoioÔme to l mma 3.10.1)

(SAOM = −1
3
(SACO + SABO), SCOM = 1

3
(SBCO + SACO))

3(3SCDOSADO+3SCDOSACO+3SCDOSABO)
32(SADO+SACO+SABO)SCDO

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

=1.



Kef�laio 4

SUMPLHRWSH THS
MEJODOU ME QRHSH
GWNIWN

4.1 TRIGWNOMETRIKES SUNARTH-
SEIS

Se autì to kef�laio ja eis�goume thn ènnoia twn trigwnometrik¸n
sunart sewn, me skopì oi tÔpoi tou embadoÔ trig¸nou kai thc Pu-
jagìreiac diafor�c trig¸nou na ekfrastoÔn sunart sei twn trigwnometrik¸n
sunart sewn. EpÐshc qrhsimopoioÔme thn ènnoia tou embadoÔ trig¸nou
gia na orÐsoume tic trigwnometrikèc sunart seic. Na shmei¸soume ìti oi
sunart seic tou hmitìnou kai sunhmitìnou orÐzontai me ton sun jh trìpo.

ORISMOS 4.1.1 To hmÐtono miac gwnÐac ∠A eÐnai duo forèc to prosana-
tolismèno embadìn tou trig¸nou ABC ìtan: AB = AC = 1.

Idiìthtec hmitìnou.

1. sin(0◦) = sin(180◦) = 0, sin(90◦) = 1

157
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2. sin(∠Q) = sin(180◦ − ∠Q).

3. sin(∠A) = sin(∠B)an kai mìno an ∠A = ∠B   ∠A + ∠B = 180◦.

4. ∠A + ∠B ≤ 180◦ kai ∠A < ∠B sunep�getai sin(∠A) < sin(∠B)
(Sunèpeia thc anis¸thtac epig¸niwn trig¸nwn)

Oi parap�nw idiìthtec aporrèoun apeujeÐac apì ton orismì tou hmitìnou.

PROTASH 4.1.2 SABC = 1
2
· AB · AC · sin(∠A).

Apìdeixh

Q
P

A

B C

Sq ma 4.1:

'Estw duo shmeÐa P kai Q p�nw stic pleurèc AB kai AC antÐstoiqa
ètsi ¸ste AP = AQ = 1.

Apì to je¸rhma twn epig¸niwn trig¸nwn ja p�roume

∇ABC = ∇APQAB·AC
AP ·AQ

= ∇APQ · AB · AC = 1
2
· AB · AC · sin(∠A).

Efarmìzontac thn parap�nw prìtash kai gia tic treÐc gwnÐec tou trig¸nou
ABC ja p�roume:

∇ABC = 1
2
· b · c · sin(∠A) = 1

2
· a · c · sin(∠B) = 1

2
· a · b · sin(∠C)

Wc sunèpeia twn parap�nw èqoume tic akìloujec prot�seic.

PROTASH 4.1.3 (Nìmoc hmitìnwn)
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Se èna trÐgwno ABC, an BC = a, CA = b kai AB = c tìte ja isqÔei
ìti:

sin(∠A)
a

= sin(∠B)
b

= sin(∠C)
c

PROTASH 4.1.4 'Estw P shmeÐo tou epipèdou kai PA,PB, PC treÐc
hmieujeÐec tètoiec ¸ste:

∠APC = y, ∠CPB = z kai ∠APB = x = y + z < 180◦. Tìte ta
shmeÐa A,B kai C eÐnai suggrammik� an kai mìno an

sin(∠x)
PC

= sin(∠y)
PB

= sin(∠z)
PA

.

Apìdeixh

P

A C B

y z

x

Sq ma 4.2:

An ta shmeÐa A,B kai C eÐnai suggrammik� tìte èqoume:

∇PAB = ∇PAC +∇PCB dhlad 

PA · PB · sin(x) = PA · PC · sin(y) + PB · PC · sin(z)

Diair¸ntac t¸ra kai tic duo pleurèc thc isìthtac me to PA · PB · PC
paÐrnoume to zhtoÔmeno.
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AntÐstrofa, apì thn sqèsh:

sin(∠x)
PC

= sin(∠y)
PB

= sin(∠z)
PA

prokÔptei ìti ∇PAB = ∇PAC + ∇PCB
isqÔei ìmwc ìti

∇ABC =| ∇PAB −∇PAC −∇PCB |= 0

Epomènwc ta shmeÐa A,B kai C eÐnai suggrammik�.

ORISMOS 4.1.5 OrÐzoume to sunhmÐtono thc gwnÐac A wc ex -
c:

cos(∠A) =

{
sin(90◦ − ∠A), an ∠A ≤ 90◦;
− sin(∠A− 90◦), an ∠A > 90◦.

PROTASH 4.1.6 (Nìmoc sunhmitìnwn)

Se èna trÐgwno ABC èqoume:

PABC = 2 · AB · CB · cos(∠B)

Apìdeixh

Apì to parap�nw sq ma parathroÔme ìti:

an h ∠B ≤ 90 tìte CABC = ∇BEC = 1
2
· AB · BC · sin(90◦ − ∠B) =

1
2
· AB ·BC · cos(∠B).

'Etsi loipìn: PABC = 4CABC = 2 · AB ·BC · cos(∠B)

'Omoia apodeiknÔetai kai h perÐptwsh:∠B > 90◦.

ORISMOS 4.1.7 H prosanatolismènh gwnÐa ]ABC eÐnai ènac
pragmatikìc arijmìc tètoioc ¸ste:
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C

F

A B

E

Sq ma 4.3:

1. h apìluth tim  thc gwnÐac ]ABC eÐnai Ðsh me thn tim  thc kanonik c
gwnÐac ∠ABC kai

2. h ]ABC èqei Ðdio prìshmo me to SABC .

ORISMOS 4.1.8 EpekteÐnoume ton orismì tou sunhmitìnou kai tou
hmitìnou stic prosanatolismènec gwnÐec wc ex c:

'Estw ]A eÐnai mia arnhtik  gwnÐa tìte:

sin(]A) = − sin(−]A), cos(]A) = cos(−]A)

MporoÔme plèon na orÐsoume to prosanatolismèno embadìn kai
th Pujagìreia diafor� trig¸nou qrhsimopoi¸ntac thn ènnoia thc
prosanatolismènhc gwnÐac.

PROTASH 4.1.9 SABC = 1
2
·AB ·BC · sin(]ABC), PABC = 2 ·AB ·

BC · cos(]ABC)

ORISMOS 4.1.10 H prosanatolismènh gwnÐa an�mesa se
duo kateujunìmenec eujeÐec PQ kai AB, sumbolÐzetai wc ex c:
](PQ,AB) kai orÐzetai ìpwc parak�tw.
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P

Q

Y

X

A B

O

Sq ma 4.4:

'Estw shmeÐa O, X kai Y tètoia ¸ste ta OY PQ kai OXBA na eÐnai
parallhlìgramma. Tìte orÐzoume: ](PQ, AB) = ](XOY )

Idiìthtec prosanatolismènwn gwni¸n

1. ](PQ,AB) = −](AB, PQ)

2. ](PQ,AB) = 180
◦
+ ](QP, AB) = 180◦ + ](PQ, BA)

3. ](PQ,AB) = ](QP, BA)

4. ](PQ,AB) + ](AB,CD) = ](PQ, CD)

Oi parap�nw idiìthtec aporrèoun apeujeÐac apì ton orismì twn prosana-
tolismènwn gwni¸n.

T¸ra mporoÔme na orÐsoume to prosanatolismèno embadìn kai
thn Pujagìreia diafor� tetrpleÔrwn qrhsimopoi¸ntac tic trig-
wnometrikèc sunart seic.

PROTASH 4.1.11 a. SABCD = 1
2
· AC ·BD · sin(](AC, BD))

b. PABCD = 2 · AC ·BD · cos(](AC,DB))
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Apìdeixh

a. 'Estw shmeÐo X tètoio ¸ste to AXDB na eÐnai parallhlìgrammo.
Tìte ja èqoume: AX = BD. Apì thn prìtash B.6 (selÐda 16), paÐrnoume:

SABCD = SAACX = SXAC = 1
2
XAAC sin(]XAC) = 1

2
ACBD sin(](AC,BD)).

A X

DB

C

Sq ma 4.5:

b. 'Estw shmeÐo X tètoio ¸ste to CXDB na eÐnai parallhlìgram-
mo. Tìte ja èqoume: CX = BD. Apì thn prìtash B.11 (selÐda 93),
paÐrnoume:

PABCD = −PCBAD = −PCCAX = PXCA = 2 · XA · AC · cos(]XCA)
= 2 · AC ·BD · cos(](AC, DB))

C X

DB

A

Sq ma 4.6:

EFARMOGES

A. (O tÔpoc Herron−Qin)

Se èna trÐgwno ABC isqÔei: 16S2
ABC = 4 · AB

2 · CB
2 − P 2

ABC .
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Apìdeixh

Apì thn prìtash 4.1.9 paÐrnoume:

sin(]ABC) = 2SABC

AB·BC

cos(]ABC) = PABC

2AB·BC

QrhsimopoioÔme thn tautìthta: sin(]ABC)2 + cos(]ABC)2 = 1

èqoume: 4S2
ABC

AB2·BC2 +
P 2

ABC

4AB2·BC2 = 1

To opoÐo mac dÐnei to zhtoÔmeno.

B. (O tÔpoc Herron−Qin gia tetr�pleura)

Gia èna tetr�pleuro ABCD isqÔei: 16SABCD = 4AC
2 ·BD

2−P 2
ABCD.

Apìdeixh

Apì th prìtash 4.1.11 paÐrnoume: sin(](AC, BD)) = 2SABCD

AC·BD

cos(](AC, DB)) = PABCD

2AC·BD

kai qrhsimopoi¸ntac p�li thn tautìthta: sin(](AC, BD))2+cos(](AC, DB))2 =
1

èqoume: 4S2
ABCD

AC2·BD2 +
P 2

ABCD

4AC2·BD2 = 1

To opoÐo mac dÐnei to zhtoÔmeno.
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4.2 KUKLOI

Se aut  thn enìthta ja melet soume ektenèstera èna gewmetrikì antikeÐ-
meno pou sunant same kai sto kef�laio 3, touc kÔklouc.

ShmeÐa pou brÐskontai p�nw ston Ðdio kÔklo onom�zontai omokuk-
lik�.

P

P1

A

Q

B

Sq ma 4.7:

'Estw P shmeÐo p�nw ston kÔklo kai shmeÐo P1 to antidiametrikì tou.
Fèrnoume thn efaptomènh tou kÔklou sto P kai paÐrnoume shmeÐo Q p�nw
sthn efaptomènh tètoio ¸ste SPP1Q > 0.

Gia opoiod pote shmeÐo A p�nw ston kÔklo, orÐzoume thn ]A na eÐnai
h prosanatolismènh gwnÐa ]APQ.

To tìxo PA pou perièqetai sthn ]APQ onom�zetai antÐstoiqo tìxo
thc.

Akìmh gia duo shmeÐa A kai B p�nw ston kÔklo isqÔei ìti: ]B−]A =
]BPA.

T¸ra ja orÐsoume thn prosanatolismènh qord .

H prosanatolismènh qord  ÃB èqei apìluth tim  thn tim  tou eujÔgram-
mou tm matoc AB kai prìshmo Ðdio me to prìshmo thc prosanatolismènhc
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gwnÐac ]BPA   isodÔnama to Ðdio prìshmo me to SBPA.

'Opwc blèpoume sto parap�nw sq ma, ìtan SBPA > 0 tìte ÃB > 0. H
prosanatolismènh qord  P̃A eÐnai p�nta jetik .

PROTASH 4.2.1 SÔmfwna me ta parap�nw paÐrnoume:

ÃB = d sin(]BPA) = d sin(]B − ]A)

P̃A = d sin(]APQ)

ìpou d eÐnai h di�metroc tou kÔklou.

Apìdeixh

Ta prìshma kai stic duo pleurèc twn exis¸sewn eÐnai ta Ðdia.

Mènei na elègxoume thn apìluth tim  twn exis¸sewn.

'Etsi loipìn, apì ton nìmo twn hmitìnwn sto trÐgwno BAP èqoume:

AB
sin(∠BPA)

= BP
sin(∠BAP )

'Omwc an�loga apì th jèsh tou shmeÐou A p�nw ston kÔklo diakrÐnoume
tic parak�tw peript¸seic: an oi gwnÐec ∠BAP, ∠BP1P eÐnai eggegram-
mènec pou baÐnoun sto Ðdio tìxo tìte: ∠BAP = ∠BP1P   an oi gwnÐec
∠BAP, ∠BP1P eÐnai eggegrammènec kai baÐnoun se tìxo pou dèqetai h mia
thn �llh tìte: ∠BAP + ∠BP1P = 180◦.

Se k�je perÐptwsh paÐrnoume: BP
sin(∠BAP )

= BP
sin(∠BP1P )

Akìmh sin(∠BP1P ) = BP
PP1

.

'Ara BP
sin(∠BP1P )

= PP1.

Katal goume sunep¸c: AB = sin(∠BPA) · PP1, ìpou d = PP1
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T¸ra sin(∠APQ) = sin(π
2
− ∠P1PA) = cos(∠P1PA) = PA

PP1
.

PROTASH 4.2.2 'Estw d na eÐnai h di�metroc kÔklou, ston opoÐo
eÐnai eggegrammèno trÐgwno ABC.

Tìte: SABC =
gAB·gBC·gAC

2d

Apìdeixh

A

B

C

P

Sq ma 4.8:

'Opwc faÐnetai apì to sq ma, ja èqoume:

∠ABC = ∠CPA   ∠ABC + ∠CPA = 180◦.

SÔmfwna me thn prìtash 4.2.1 (selÐda 166) kai thn prìtash 4.1.2 (selÐ-
da 158) èqoume:

∇ABC = 1
2
AB · BC | sin(∠ABC) |= 1

2
AB · BC | sin(∠CPA) |=

1
2d

AB ·BC · CA

Gia ta prìshma t¸ra thc exÐswshc, diapist¸noume polÔ eÔkola pwc an
enall�xoume th jèsh duo koruf¸n tou trig¸nou, ta prìshma kai stic duo
pleurèc thc exÐswshc ja all�xoun. Gia autì ton lìgo arkeÐ na elègxoume
mìno thn perÐptwsh pou deÐqnei to sq ma. 'Etsi loipìn ja p�roume:

SABC ≥ 0, SCPB ≥ 0, SBPA ≥ 0, SCPA ≥ 0
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tìte:

ÃB ≥ 0, B̃C ≥ 0, ÃC ≥ 0.

PROTASH 4.2.3 (OMOKUKLIKO JEWRHMA)

An oi kÔkloi pou perièqoun ta eggegrammèna trÐgwna ABC,XY Z eÐnai
Ðsoi tìte:

SABC

SXY Z
=

gAB·gBC·gCA
gXY ·gY Z·gZX

.

Apìdeixh

H apìdeixh eÐnai �mesh apìrroia thc prohgoÔmenhc prìtashc.

PROTASH 4.2.4 'Estw d na eÐnai h di�metroc tou eggegrammènou
trig¸nou ABC. Tìte:

PABC = 2ÃB · C̃B · cos(]CPA).

Apìdeixh

AB

C

O

B

P

A

C

P

O

Sq ma 4.9:

Apì thn prìtash 4.1.6(selÐda 160) paÐrnoume:
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| PABC |= 2AB ·BC· | cos(∠ABC) |

Apì ta parap�nw sq mata parathroÔme ìti:

∠ABC = ∠CPA  

∠ABC + ∠CPA = 180◦ tìte:

| PABC |= 2AB ·BC· | cos(∠CPA) |.

Mènei na elègxoume pìte ta prìshma kai stic duo pleurèc thc exÐswshc
eÐnai Ðdia.

Katarq n an enall�xoume th jèsh twn shmeÐwn A kai C ta prìshma kai
stic duo pleurèc thc exÐswshc den all�zoun.

Mènoun loipìn oi parak�tw peript¸seic:

an to P brÐsketai p�nw sto tìxo AC  

an to P brÐsketai p�nw sto tìxo AB

Sthn pr¸th perÐptwsh èqoume ìti ÃB ≥ 0, C̃B ≤ 0

Epeid  ]ABC + ]CPA = 180◦ ta PABC kai cos(]CPA) èqoun p�nta
antÐjeta prìshma.

H prìtash eÐnai alhj c se aut  thn perÐptwsh.

Sthn deÔterh perÐptwsh èqoume ìti ÃB ≤ 0, C̃B ≤ 0

Epeid  ]ABC = ]CPA ta PABC kai cos(]CPA) èqoun p�nta Ðdia
prìshma.

PROTASH 4.2.5 (OMOKUKLIKO JEWRHMA GIA TH
PUJAGOREIA DIAFORA)
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An oi kÔkloi stouc opoÐouc eÐnai eggegrammèna ta trÐgwna ABC, XY Z
eÐnai Ðdioi kai PABC =6= 0 tìte:

PABC

PXY Z
=

gABgBC cos(]APC)
gXYgY Z cos(]XPZ)

.

Apìdeixh

H apìdeixh eÐnai �mesh apìrroia thc prohgoÔmenhc prìtashc.

'Estw B̃C h prosanatolismènh qord  tou kÔklou me kèntro to shmeÐo O
kai di�metro BB′. OrÐzoume thn epiqord  thc prosanatolismènhc
qord c B̃C na eÐnai h B̂C thc opoÐac h apìluth tim  eÐnai Ðsh me | CB′ |
kai èqei to Ðdio prìshmo me to prìshmo thc pujagìreiac diafor�c PBPC .

B'

B

C

O

Sq ma 4.10:

EÐnai faner  plèon h sqèsh: B̃C
2
+ B̂C

2
= d2.

PROTASH 4.2.6 'Estw A,B, C trÐa omokuklik� shmeÐa. Tìte isqÔei:
PABC = 2gABgCBdCA

d
.
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Apìdeixh

Apì ton tÔpo Herron−Qin:

16S2
ABC = 4AB

2
AC

2 − P 2
BAC

kai thn prìtash 4.2.2 (selÐda 167), paÐrnoume:

PABC = 4AB
2
AC

2 − 16S2
ABC = 4AB

2
CB

2
(d2−AC

2
)

d2 = 2gABgCBdCA
d

.

| PABC |= 2|gAB||gCB||dCA|
d

Apì thn prìtash 4.2.4 (selÐda 168), mporoÔme eÔkola na elègxoume ìti
ta prìshma kai sta duo mèlh thc exÐswshc eÐnai Ðdia.

PROTASH 4.2.7 'Estw A,B, C, D tèssera omokuklik� shmeÐa. 'Est-
w E to shmeÐo tom c tou kÔklou kai thc eujeÐac pou pern� apì to shmeÐo
D kai eÐnai par�llhlh sthn AC. Tìte isqÔei: SABCD =

gAC·gBD·gEB
2d

, ìpou
d h di�metroc tou kÔklou.

Apìdeixh

An AC ‖ BD èqoume E = B kai SABCD = 0.

'Etsi loipìn, epeid  DE ‖ AC èqoume:

SABCD =
gAC
gED

SEBD =
gACgBDgEB

2d
.

PROTASH 4.2.8 (TO JEWRHMA TOU PTOLEMAIOU)

'Estw tèssera shmeÐa A,B,C,D omokuklik�. Tìte isqÔei: ÃB · C̃D +

ÃD · B̃C = ÃC · B̃D.

Apìdeixh
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A

B

C

D E

O

Sq ma 4.11:

Fèrnoume apì to shmeÐo D par�llhlh sthn AC pou tèmnei ton kÔklo
sto shmeÐo E.

Apì thn prìtash 4.2.7 (selÐda 171), paÐrnoume:

gACgBDgEB
2d

= SABCD = SBCE + SEAB(1)

H sqèsh (1) me efarmog  thc prìtashc 4.2.2 (selÐda 167), gÐnetai:

SBCE + SEAB =
gBCgECgEB+gEAgBAgBE

2d
(2)

An p�roume to B wc shmeÐo anafor�c ja èqoume:

ẼB = −B̃E, ÃE = −C̃D, C̃E = −ÃD.

Me mia apl  antikat�stash twn parap�nw sqèsewn sthn (2) ja p�roume
thn zhtoÔmenh sqèsh.

PROTASH 4.2.9 'Estw AB = d h di�metroc enìc kÔklou kai P, Q

duo shmeÐa p�nw ston kÔklo. Tìte isqÔei: dP̃Q = ÃQÂP − ÃP ÂQ.
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A

B

C

D E

O

Sq ma 4.12:

Apìdeixh

A

B

P

Q

J
O

Sq ma 4.13:

Efarmìzoume to je¸rhma tou PtolemaÐou gia ta shmeÐa A,B, P,Q:

ÃB · P̃Q + ÃQ · B̃P = ÃP · B̃Q

Epilègoume J wc shmeÐo anafor�c.

An SJAB < 0 èqoume:
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ÃB = −d, ÂQ = B̃Q, ÂP = B̃P .

An SJAB > 0   J = A èqoume:

ÃB = d, ÂQ = Q̃B, ÂP = P̃B.

H zhtoÔmenh sqèsh eÐnai plèon faner .

PROTASH 4.2.10 'Estw AB = d h di�metroc enìc kÔklou kai P, Q

duo shmeÐa p�nw ston kÔklo. Tìte isqÔei: dP̂Q = ÃQÃP + ÂP ÂQ.

Apìdeixh

A

B

P

Q

J
O

S

Sq ma 4.14:

Fèrnoume to antidiametrikì tou shmeÐou Q.

Efarmìzoume to je¸rhma tou PtolemaÐou gia ta shmeÐa A,B, P, S:

ÃB · P̃B + ÃS · P̃B = ÃB · P̃S

Epilègoume J wc shmeÐo anafor�c.

An ÃB kai Q̃S èqoun to Ðdio prìshmo tìte èqoume:

ÃBP̃S = dP̂Q
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B̃S = ÃQ

ÃSP̃B = ÂQÂP

An t¸ra ÃB kai Q̃S èqoun diaforetikì prìshmo tìte èqoume:

ÃBP̃S = −dP̂Q

B̃S = −ÃQ

ÃSP̃B = −ÂQÂP

H zhtoÔmenh sqèsh eÐnai alhj c kai gia tic duo peript¸seic.

4.3 TEQNIKES APALOIFHS OMOKUK-
LIKWN SHMEIWN

Eis�goume thn kataskeu  twn omokuklik¸n shmeÐwn.

K17(CIRCLE Y1, ..., Ym), (m ≥ 3).

Ta shmeÐa Y1, ..., Ym brÐskontai p�nw ston Ðdio kÔklo. O bajmìc eleu-
jerÐac thc kataskeu c eÐnai: m + 3. Ikanèc kai anagkaÐec sunj kec den
up�rqoun.

To parak�tw l mma eÐnai �mesh sunèpeia twn prot�sewn: 4.2.2, 4.2.6,
4.2.7, 4.2.8, 4.2.9, 4.2.10 (selÐdec 167-174).

LHMMA 4.3.1 'Estw A,B, C, D tèssera shmeÐa p�nw se kÔklo kèn-
trou O kai diamètrou d. 'Estw A to shmeÐo anafor�c. SumbolÐzoume: ∠B
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thn gwnÐa ∠AOB
2

.

Tìte isqÔoun ta parak�tw:

SBCD =
gBCgDCgDB

2d

PBCD = 2B̃CD̃CD̂B

B̃D = d sin(BD)

B̂D = d cos(BD)

To l mma 4.3.1 (selÐda 175) mac bohj�ei na ekfr�soume tic Pujagìreiec
diaforèc omokuklik¸n shmeÐwn se sqèseic pou apoteloÔntai mìno apì
thn di�metro tou kÔklou kai tic trigwnometrikèc sunart seic anex�rthtwn
gwni¸n.

EFARMOGES

PARADEIGMA 1.(TO JEWRHMA SIMSON)

'Estw D shmeÐo tou perigegrammènou kÔklou se trÐgwno ABC. Apì to
shmeÐo D fèrnoume k�jetec stic pleurèc tou trig¸nou ABC. 'Estw E to
shmeÐo tom c thc kajètou apì to shmeÐo D sthn pleur� BC, F to shmeÐo
tom c thc kajètou apì to shmeÐo D sthn pleur� AC, G to shmeÐo tom c
thc kajètou apì to shmeÐo D sthn pleur� AB. Ta shmeÐa E, F, G eÐnai
suggrammik�.

DIATUPWSH
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A B

C
D E

F

G

O

Sq ma 4.15:

K1 (CIRCLE A, B, C, D): 'Estw tèssera aujaÐreta omokuklik� shmeÐ-
a A,B,C,D.

K2 (FOOT E D B C): 'Estw E to shmeÐo tom c thc eujeÐac B, C kai
thc eujeÐac (TLINE D B C).

K3 (FOOT F D A C): 'Estw F to shmeÐo tom c thc eujeÐac AC kai
thc eujeÐac (TLINE D B C).

K4 (FOOT G D A B): 'Estw G to shmeÐo tom c thc eujeÐac AB kai
thc eujeÐac (TLINE D A B). .

K5 (INTER H (LINE E F )(LINE AB)): 'Estw H to shmeÐo tom c
twn eujei¸n EF kai AB.

S: IsqÔei: AG
BG

= AH
BH

.

ALGORIJMOS
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BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, H, G, F, E,D,C,B, A
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
C 6= B, A 6= C, A 6= B, EF ∦ AB, G 6= B, B 6= H.

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 =
AG
BG
AH
BH

= 1 kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou H, qrhsimopoioÔme thn prìtash B.2 (selÐda 14),(je¸rhma
epÐpleurwn trig¸nwn) )

(AH
BH

= SAEF

SBEF
)

AG
BG
AH
BH

=
AG
BG

SAEF
SBEF

(Apaloif  shmeÐou G, qrhsimopoioÔme thn prìtash B.8 (selÐda 89) )

(AG
BG

= PBAD

−PABD
)

PBADSBEF

SAEF (−PABD)

(Apaloif  shmeÐou F , qrhsimopoioÔme to l mma 3.5.3 (selÐda 112) )
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(SAEF = −PCADSACE

PACA
, SBEF = PACDSABE

PACA
)

PBADPACDPACASABE

PABD(−PCADSACE)PACA
= PBADPACDSABE

PABDPCADSACE

(Apaloif  shmeÐou E, qrhsimopoioÔme to l mma 3.5.3)

(SACE = −PBCDSABC

PBCB
, SABE = PCBDSABC

PBCB
)

PBADPACDPCBDPBCBSABC

PCAD(−PBCDSABC)PABDPBCB
= PBADPACDPCBD

−PCADPBCDPABD

(Apaloif  shmeÐou A,B, C, D, qrhsimopoioÔme to l mma 4.3.1 (selÐda
175) )

(PABD = −2(B̃DÃB cos(AD)), PBCD = −2(C̃DB̃C cos(BD))

PCAD = 2(ÃDÃC cos(CD)), PCBD = 2(B̃DB̃C cos(CD))

PACD = −2(C̃DÃC cos(AD)), PBAD = 2(ÃDÃB cos(BD)))

(2gADgAB cos(BD))(−2gCDgAC cos(AD))(2gBDgBC cos(CD))

−(2gADgAC cos(CD))(−2gCDgBC cos(BD))(−2gBDgAB cos(AD))

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

=1

PARADEIGMA 2 (JEWRHMA TOU PASCAL PANW SE
KUKLO)
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'Estw A,B,C,D,E, F èxi shmeÐa p�nw ston kÔklo. 'Estw P to shmeÐo
tom c twn eujei¸n AB kai DF , Q to shmeÐo tom c twn eujei¸n AB kai
DF , S to shmeÐo tom c twn eujei¸n AB kai DF . Ta shmeÐa P,Q, S eÐnai
sugrammik�.

C

A

F

B

D

E

S

Q

P

Sq ma 4.16:

DIATUPWSH

K1 (CIRCLE A B C D F E): 'Estw èxi aujaÐreta omokuklik� shmeÐa
A, B, C, D, F, E.

K2 (INTER P (LINE D F )(LINE AB)): 'Estw P to shmeÐo tom c
twn eujei¸n DF kai AB.

K3 (INTER Q (LINE F E)(LINE B C)): 'Estw Q to shmeÐo tom c
twn eujei¸n FE kai BC.

K4 (INTER S (LINE E A)(LINE C D)): 'Estw S to shmeÐo tom c
twn eujei¸n EA kai CD.

K5 (INTER H (LINE P Q)(LINE C D)): 'Estw H to shmeÐo tom c



KEF�ALAIO 4. SUMPLHRWSH THSMEJODOUME QRHSH GWNIWN181

twn eujei¸n PQ kai CD.

S: IsqÔei: CS
DS

= CH
DH

.

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, H, S, Q, P, E, F, D, C, B, A
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
DF ∦ AB, EF ∦ BC, AE ∦ CD, PQ ∦ CD, D 6= S, D 6= H.

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 =
CS
DS
CH
DH

= 1 kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou H, qrhsimopoioÔme thn prìtash B.2 (selÐda 14),(je¸rhma
epÐpleurwn trig¸nwn) )

(CH
DH

=
SCPQ

SDPQ
)

CS
DS
CH
DH

=
CS
DS

SCPQ
SDPQ

(Apaloif  shmeÐou S, qrhsimopoioÔme thn prìtash B.2)
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(CS
DS

= SACE

SADE
)

SDPQSACE

SCPQSADE

(Apaloif  shmeÐou Q, qrhsimopoioÔme to l mma 2.4.14 (selÐda 37) )

(SCPQ = −SCFESBCP

SBFCE
, SDPQ = SDEP SBCF

SBFCE
)

SACE(−SDEP SBCF )SBFCE

(−SCFESBCP )SADE(−SBFCE)
= −SACESDEP SBCF

SCFESBCP )SADE

(Apaloif  shmeÐou P , qrhsimopoioÔme to l mma 2.4.14)

(SBCP = −SBDF SABC

SADBF
, SDEP = SDFESABD

SADBF
)

−SACE(−SDFESABD)SBCF SADBF

SCFE(−SBDF SABC)SADE(−SADBF )
= SACESDFESABDSBCF

SCFESBDF SABCSADE

(Apaloif  shmeÐou A,B, C,D, E, F , qrhsimopoioÔme to l mma 4.3.1 (selÐ-
da 175) )

(SADE =
gDEgAEgAD
−2d

, SABC =
gBCgACgAB
−2d

SBDF =
gDFgBFgBD

−2d
, SCFE =

gFEgCEgCF
−2d

SBCF =
gCFgBFgBC
−2d

, SABD =
gBDgADgAB
−2d

SDFE =
gFEgDEgDF

−2d
, SACE =

gCEgAEgAC
−2d

)
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(−gCEgAEgAC)(−gFEgDEgDF )(−gBDgADgAB)(−gCFgBFgBC)(2d)4

(−gFEgCEgCF )(−gDFgBFgBD)(−gBCgACgAB)(−gDEgAEgAD)(2d)4

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

=1

PARADEIGMA 3.(TO GENIKO JEWRHMA THS PETALOUDAS)

'Estw èxi omokuklik� shmeÐa, A,B,C,D,E, F. Oi eujeÐec CD kai EF
tèmnoun thn AB sta shmeÐa M kai N antÐstoiqa. Oi eujeÐec CF kai DE
tèmnoun thn AB sta shmeÐa G kai H antÐstoiqa. IsqÔei ìti:

MG
AG

· BH
NH

= BM
AN

Apìdeixh

A B

D
F

C

E

M G H N

O

Sq ma 4.17:

DIATUPWSH
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K1 (CIRCLE A B C D E F ): 'Estw èxi aujaÐreta omokuklik� shmeÐa
A, B, C, D, E, F .

K2 (INTER M (LINE D C)(LINE AB)): 'Estw P to shmeÐo tom c
twn eujei¸n DF kai AB.

K3 (INTER N (LINE E F )(LINE AB)): 'Estw Q to shmeÐo tom c
twn eujei¸n FE kai BC.

K4 (INTER G (LINE A B)(LINE C F )): 'Estw S to shmeÐo tom c
twn eujei¸n EA kai CD.

K5 (INTER H (LINE D E)(LINE AB)): 'Estw H to shmeÐo tom c
twn eujei¸n PQ kai CD.

S: IsqÔei: MG
AG

BH
NH

= BM
AB

BA
AN

.

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, H, S, Q, P, E, F, D, C, B, A
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
DE ∦ AB, AB ∦ CF, EF ∦ AB, AB ∦ CD,A 6= B, N 6= H, N 6= A,A 6=
G.

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 =
MG
AG

BH
NH

−BM
AB

AB
AN

= 1 kai ektel¸ ta parak�tw b mata.
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BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou H, qrhsimopoioÔme thn prìtash B.2 (selÐda 14),(je¸rhma
epÐpleurwn trig¸nwn}

(BH
NH

= SBDE

SDEN
)

SBDE

−BM
AB

AB
AN

SDEN

MG
AG

(Apaloif  shmeÐou G, qrhsimopoioÔme thn prìtash B.2)

(MG
AG

= SCFM

SACF
)

−SCFMSBDE

SDENSACF
BM
AB

AB
AN

(Apaloif  shmeÐou N , qrhsimopoioÔme to l mma 2.4.14 (selÐda 37) )

(AB
AN

= SAEBF

SAEF
, SDEN = SDEF SABE

−SAEBF
)

−SCFMSBDESAEF (−SAEBF )
BM
AB

SAEBF SDEF SABESACF

= SCFMSBDESAEF

SDEF SABESACF
BM
AB

(Apaloif  shmeÐou M , qrhsimopoioÔme to l mma 2.4.14)

(BM
AB

= SBCD

SACBD
, SCFM = SCDF SABC

SACBD
)

(−SCDF SABC)SBDESAEF (−SACBD)
(−SBCD)SDEF SABESACF (−SACBD)

= SCDF SABCSBDESAEF

SBCDSDEF SABESACF
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(Apaloif  shmeÐou A,B, C,D, E, F , qrhsimopoioÔme to l mma 4.3.1 (selÐ-
da 175}

(SACF =
gACgCFgFA
−2d

, SABE =
gABgBEgAE
−2d

SDEF =
gEFgDFgDE

−2d
, SBCD =

gCDgBDgBC
−2d

SAEF =
gEFgAFgAE
−2d

, SBDE =
gDEgBEgBD

−2d

SABC =
gBCgACgAB
−2d

, SCDF =
gDFgCFgCD

−2d
)

(−gDFgCFgCD)(−gBCgACgAB)(−gDEgBEgBD)(−gEFgAFgAE)(2d4)

(−gCDgBDgBC)(−gEFgDFgDE)(−gBEgAEgAB)(−gCFgAFgAC)(2d)4

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

=1

4.4 PLHREIS GWNIES

Se aut n thn enìthta ja eis�goume èna nèo eÐdoc gwnÐac, thn pl rh
gwnÐa, thc opoÐac h perigraf  den exart�tai apì thn seir� twn shmeÐ-
wn p�nw stic eujeÐec. GwnÐec autoÔ tou eÐdouc qrhsimopoioÔntai gia na
aplopoi soun pollèc apodeÐxeic gewmetrik¸n jewrhm�twn.

ORISMOS 4.4.1 Mia pl rh gwnÐa apoteleÐtai apì èna diatetag-
mèno zeÔgoc eujei¸n l kai m kai sumbolÐzetai wc ex c: ∠[l, m]. Mia
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pl rh gwnÐa ∠[l, m] peristèfetai antÐjeta apì th for� tou rologioÔ me
skopì na fèrei thn l par�llhla proc thn m.

Gia par�deigma, an èqw na metr sw thn ∠[AB, CD] :

A

B

C

D

Sq ma 4.18:

ORISMOS 4.4.2 DÔo pl rhc gwnÐec ∠[l, m] kai ∠[u, v] eÐnai Ðsec an
up�rqei peristrof  R tètoia ¸ste: R(l) ‖ u kai R(m) ‖ v.

Na shmei¸soume epÐshc ìti gia tèssera diakekrimèna shmeÐa A, B kai
C, D p�nw stic eujeÐec l kai m antÐstoiqa, h ∠[l, m] sumbolÐzetai epÐshc
wc ex c:

∠[AB, CD],∠[BA, CD], ∠[AB, DC],∠[l, DC],∠[AB,m].

Gia treÐa shmeÐa A, B kai C isqÔei ∠[ABC] = ∠[AB,BC]

ORISMOS 4.4.3 An l ⊥ m , tìte h ∠[l,m] onom�zetai orj  pl rh
gwnÐa kai sumbolÐzetai wc ex c:∠[1] . An l ‖ m tìte h ∠[l, m] onom�zetai
epÐpedh pl rh gwnÐa kai sumbolÐzetai wc ex c: ∠[0].
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ORISMOS 4.4.4 'Estw a, b, c kai d na eÐnai tèsseric eujeÐec. 'Estw
R na eÐnai mia peristrof  tètoia ¸ste R(a) ‖ d.

OrÐzoume ∠[c, d] + ∠[a, b] = ∠[c, R(b)].

Basikèc idiìthtec twn pl rwn gwni¸n.

1. ∠[c, d] = ∠[0] an kai mìno an c ‖ d

2. ∠[c, d] = ∠[1] an kai mìno an c ⊥ d

3. ∠[u, v] = −∠[v, u]

4. ∠[1] + ∠[1] = ∠[0]

5. ∠[c, d] + ∠[0] = ∠[c, d]

6. ∠[c, d] + ∠[a, b] = ∠[a, b] + ∠[c, d]

7. ∠[c, d] + (∠[a, b] + ∠[e, f ]) = (∠[c, d] + ∠[a, b]) + ∠[e, f ]

8. ∠[c, e] + ∠[e, d] = ∠[c, d]

9. ∠[AB, CD] = ∠[BA, CD] = ∠[AB,DC] = ∠[BA, DC]

10. An ∠[c, d] = ∠[0] tìte gia opoiod pote eujeÐa p èqoume ∠[c, p] =
∠[d, p]. Antistrìfwc an gia mia eujeÐa p èqoume ∠[c, p] = ∠[d, p] tìte
∠[c, d] = ∠[0]
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11. An AB = AC èqoume ∠[AB, BC] = ∠[BC,AC]. Antistrìfwc an
∠[AB, BC] = ∠[BC,AC] tìte AB = AC   ta A,B, C eÐnai suggrammik�.

12. Ta shmeÐa A,B,C kai D eÐnai omokuklik�   suggrammik� an kai
mìno an ∠[AB,BC] = ∠[AD, DC]

13. An AB eÐnai h di�metroc tou kÔklou ston opoÐo eÐnai eggegrammèno
to trÐgwno ABC tìte ∠[AC,BC] = ∠[1]

14. An O eÐnai to kèntro tou kÔklou ston opoÐo eÐnai eggegrammèno to
trÐgwno ABC tìte ∠[BO,OC] = 2∠[AB,AC]

Oi apodeÐxeic twn idiot twn 1 mèqri 9 eÐnai profan c, mènei loipìn na
apodeÐxoume tic upìloipec idiìthtec.

H idiìthta 10 apodeiknÔetai �mesa qrhshmopoi¸ntac tic idiìthtec 1, 4,
5 kai 7.

H idiìthta 11 apodeiknÔetai wc ex c:

An isqÔei: AB = AC tìte

tan(∠[ABC]) = tan(∠[AB,BC]) = 4SABC

−PABC
= 4SBCA

−BC2 = 4SBCA

−PBCA
= tan(∠[BC, CA]) =

tan(∠[BCA]).

Opìte: ∠[ABC] = ∠[BCA].

AntÐstrofa an ∠[ABC] = ∠[BCA] kai SABC 6= 0, apì ton orismì thc
efaptomènhc ja èqoume: PABC = PBCA

dhlad  AB2 = AC2.

Gia tic idiìthtec 12, 13, 14 anatrèxte sto par�rthma D′.

Sth sunèqeia ja parousi�soume duo trìpouc epÐlushc gewmetrik¸n
jewrhm�twn me thn qr sh pl rwn gwni¸n.
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O ènac trìpoc eÐnai na eis�goume sthn mèjodo mia nèa gewmetrik  ènnoia,
thn efaptomenik  sun�rthsh.

'Opwc ja doÔme sthn epìmenh enìthta, h nèa aut  gewmetrik  posìth-
ta ja sunodeuteÐ apì èna pl joc orism¸n kai prot�sewn pou aforoÔn
isìthtec metaxÔ pl rwn gwni¸n. To jetikì sthn epilog  thc diadikasÐac
aut c eÐnai ìti den qrei�zetai na eis�goume nèec teqnikèc apaloif c shmeÐ-
wn apì tic gewmetrikèc posìthtec afoÔ ìpwc ja doÔme h efaptomenik 
sun�rthsh miac pl rhc gwnÐac ekfr�zetai sunart sei tou embadoÔ kai thc
Pujagìreiac diafor�c trig¸nwn   tetrapleÔrwn.

'Omwc me thn epilog  aut c thc diasikasÐac q�noume thn monadikìthta
pou mac prosfèroun oi paradosiakèc apodeÐxeic pou qrhsimopoioÔn sthn
apodeiktik  touc diadikasÐa mìno ekfr�seic metaxÔ pl rwn gwni¸n.

Gia ton skopì autì ja parousi�soume kai ènan deÔtero trìpo epÐlush-
c twn gewmetrik¸n prot�sewn. O trìpoc autìc sthrÐzetai sto gn¸-
rimo plèon sÔsthma (GIB) pou sunant same xan� stic enìthtec 2.7 kai
3.8. Gia na upenjumÐsoume, to sÔsthma autì basÐzetai ex olokl rou sth
kataskeuastik  perigraf  thc prìtashc. Sullègei se om�dec, prin thn
apodeiktik  diadikasÐa, ìlec tic idiìthtec pou mporeÐ na sundèoun ta shmeÐ-
a kai tic eujeÐec metaxÔ touc (suggrammikìthta, parallhlÐa, kajetìthta,
klp.). Skopìc tou eÐnai h autìmath apaloif  twn bohjhtik¸n shmeÐwn
pou perièqontai stic pl reic gwnÐec. Meionèkthma thc epilog c aut c
thc diadikasÐac eÐnai h dhmiourgÐa nèwn teqnik¸n apaloif c shmeÐwn pou
perièqontai stic pl reic gwnÐec.

4.5 EFAPTOMENIKH SUNARTHSH

ORISMOS 4.5.1 H efaptomenik  sun�rthsh gia thn pl rh
gwnÐa ∠[PQ,AB] orÐzetai wc ex c:

tan([PQ, AB]) = sin(](PQ,AB))
cos(](PQ,AB))

.

Gia na elègxoume an o orismìc eÐnai kal� orismènoc arkeÐ na exet�soume
an me thn enallag  twn shmeÐwn P, Q kai A,B h isìthta isqÔei.

ParathroÔme ìti
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sin(](PQ,AB)) = − sin(](PQ,BA)) = − sin(](QP, AB))

cos(](PQ,AB)) = − cos(](PQ,BA)) = − cos(](QP, AB))

PROTASH 4.5.2 ∠[AB,PQ] = ∠[XY, UV ] an kai mìno an ](AB, PQ) =
](XY,UV )   ](AB, PQ)− ](XY,UV ) = 180◦.

Apìdeixh

QwrÐc bl�bh thc genikìthtac, upojètoume ìti AB ‖ XY . Tìte ∠[AB, PQ] =
∠[XY,UV ] an kai mìno an PQ ‖ UV , to opoÐo, ìpwc  dh gnwrÐzoume
apì tic idiìthtec twn prosanatolismènwn gwni¸n, isqÔei an kai mìno an:
](AB, PQ) = ](XY, UV )   ](AB, PQ)− ](XY,UV ) = 180◦.

PROTASH 4.5.3 tan(∠[AB, PQ]) =
4SAPBQ

PAQBP

Apìdeixh

EÐnai �mesh apìrroia thc prìtashc 4.1.11 (selÐda 162).

PROTASH 4.5.4 ∠[AB,PQ] = ∠[XY, UV ] an kai mìno an tan(∠[AB, PQ]) =
tan(∠[XY, UV ])

Apìdeixh

An ∠[AB,PQ] = ∠[XY,UV ] apì thn prìtash 4.5.2 (selÐda 191) paÐrnoume:

](AB, PQ) = ](XY, UV )   ](AB, PQ)− ](XY,UV ) = 180◦.

EÐnai profan c h isìthta kai gia tic duo peript¸seic: tan(∠[AB, PQ]) =
tan(∠[XY, UV ]).

AntÐstrofa, an tan(∠[AB, PQ]) = tan(∠[XY, UV ]) tìte èqoume:
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sin(](AB,PQ))
cos(](AB,PQ))

= sin(](XY,UV ))
cos(](XY,UV ))

.

h parap�nw sqèsh isqÔei an kai mìno an

](AB, PQ) = ](XY, UV )  

](AB, PQ)− ](XY,UV ) = 180◦

ìpou sÔmfwna apì thn prìtash 4.5.2 (selÐda 191) paÐrnoume:

∠[AB, PQ] = ∠[XY, UV ].

PROTASH 4.5.5 ∠[AB,PQ] = ∠[XY, UV ] an kai mìno an

SAPBQPXV Y U = SXUY V PAQBP

Apìdeixh

H prìtash aut  eÐnai �mesh sunèpeia twn prot�sewn 4.5.3 kai 4.5.4
(selÐda 191).

PROTASH 4.5.6 (TO JEWRHMA TWN EPIGWNIWN TRIG-
WNWN)

'Estw duo trÐgwna ABC kai XY Z. An ∠[ABC] = ∠[XY Z] , ∠[ABC]/ne∠[1]
kai ∠[ABC]/ne∠[0] tìte:

SABC

SXY Z
= PABC

PXY Z
= t, ìpou t2 = AB

2
BC

2

XY
2
ZY

2 .

Apìdeixh

Apì thn prìtash 4.5.5 (selÐda 192): an ∠[ABC] = ∠[XY Z] tìte:

SABC

SXY Z
= PABC

PXY Z
= t.
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Apì ton tÔpo Herron−Qin gia to trÐgwno ABC:

16S2
ABC + P 2

ABC = 4AB
2
CB

2(1)

Apì ton tÔpo Herron−Qin gia to trÐgwno XY Z:

16S2
XY Z + P 2

XY Z = 4XY
2
ZY

2

EpÐshc SABC = tSXY Z kai PABC = tPXY Z(2)

Me mia apl  antikat�stash thc (2) sthn (1) paÐrnoume thn zhtoÔmenh
sqèsh.

ParathroÔme ìti h sumbol  thc eisagwg c thc efaptomenik c sun�rthsh-
c sthn mèjodo epÐlushc gewmetrik¸n jewrhm�twn eÐnai pwc plèon mporoÔme
na apodeÐxoume isqurismoÔc ìpwc

∠[AB, CD] = ∠[EF, GH] kai ∠[AB, CD] = ∠[EF, GH]+∠[XY, WZ].

UpenjumÐzoume ìti mèqri t¸ra eÐqame tèsseric trìpouc anapar�stashc
eujei¸n: (LINE U V ), (PLINE P U V ), (TLINE P U V ), (BLINE U V ),
touc opoÐouc antikatast same kat� thn dhmiourgÐa tou el�qistou sunìlou
kataskeu¸n me èna mìno eÐdoc eujeÐac,(LINE U V ). T¸ra me thn èn-
noia twn pl rwn gwni¸n prostÐjetai akìmh ènac trìpoc anapar�stashc
eujei¸n, ton opoÐo kai ja antikatast soume me ton (LINE U V ), ètsi
¸ste na mhn qreiasteÐ na eis�goume nèec teqnikèc apaloif c bohjhtik¸n
shmeÐwn.

H nèa anapar�stash eujei¸n eÐnai h parak�tw:

(ALINE P Q U W V ):eÐnai h eujeÐa l pou pern� apì to shmeÐo P tètoia
¸ste ∠[PQ, l] = ∠[UW,WV ].

Me thn eisagwg  thc nèac anapar�stashc eujei¸n par�gontai kai ept�
nèec kataskeuèc.
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1.(ON Y (ALINE P Q LM N)).

'Estw aujaÐreto shmeÐo Y p�nw sthn (ALINE P Q L M N)).

Perioristikèc sunj kec: P 6= Q,L 6= M, N 6= M.

2.(INTER Y (LINE U V )(ALINE P Q LM N)).

'Estw Y to shmeÐo tom c thc eujeÐac (LINE U V ) kai thc (ALINE P Q L M N)).

Perioristik  sunj kh: ∠[PQ, UV ] 6= ∠[LM,MN ]

3.(INTER Y (PLINE W U V )(ALINE P Q L M N)).

'Estw Y to shmeÐo tom c thc eujeÐac (PLINE W U V ) kai thc (ALINE P Q LM N)).

Perioristik  sunj kh: ∠[PQ, UV ] 6= ∠[LM,MN ]

4.(INTER Y (TLINE W U V )(ALINE P Q LM N)).

'Estw Y to shmeÐo tom c thc eujeÐac (TLINE W U V ) kai thc (ALINE P Q L M N)).

Perioristik  sunj kh: ∠[UV, PQ] + ∠[LM,MN ] 6= ∠[1]

5.(INTER Y (BLINE U V )(ALINE P Q L M N)).

'Estw Y to shmeÐo tom c thc eujeÐac (BLINE U V ) kai thc (ALINE P Q LM N)).

Perioristik  sunj kh: ∠[UV, PQ] + ∠[LM,MN ] 6= ∠[1]

6.(INTER Y (ALINE U V X Y Z)(ALINE P Q LM N)).

'Estw Y to shmeÐo tom c thc eujeÐac (ALINE U V X Y Z) kai thc
(ALINE P Q L M N)).

Perioristik  sunj kh: ∠[UV, PQ] 6= ∠[NM, ML] + ∠[XY, Y Z]
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7.(INTER Y (CIR O P )(ALINE P Q LM N)).

'Estw Y to shmeÐo tom c thc eujeÐac (ALINE P Q L M N)) kai tou
kÔklou (CIR O P ).

Perioristikèc sunj kec: Y 6= P, P 6= O, P 6= Q, L 6= M,N 6= M

Mènei t¸ra na deÐxoume ìti h perigraf  eujeÐac ALINE mporeÐ na an-
tikatastajeÐ apì thn perigraf  LINE.

PROTASH 4.5.7 An UW ⊥/ WV tìte h perigraf  l = (ALINE P QU W V )
eÐnai Ðdia me thn perigraf  (LINE P R), ìpou R to shmeÐo pou eis�getai
mèsw thc kataskeu c (TRATIO R QP 4SUWV

PUWV
).

(ShmeÐwsh: eÐnai anagkaÐo na upojèsoume ìti UW ⊥/ WV epeid  an
Ðsque h metaxÔ touc kajetìthta h eujeÐa l ja perigrafìtan wc ex c:
(TLINE P P Q)).

Apìdeixh

V

W U

R

P Q

Sq ma 4.19:

'Estw ìti h k�jeth pou pern� apì to Q kai eÐnai k�jeth sthn PQ tèmnei
thn eujeÐa l sto shmeÐo R.

Dhlad  to shmeÐo R eis�getai apì thn kataskeu 
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(TRATIO R Q P r), ìpou r =
4SRPQ

PQPQ
.

Epeid  apì thn prìtash B.7 (selÐda 87): RQ ⊥ QP tìte PRQP = PQPQ

Opìte:

r =
4SRPQ

PQPQ
=

4SQPR

PQPR
= tan(∠[RPQ]) = tan(∠[V WU ]) = 4SUWV

PUWV
.

EFARMOGES

PARADEIGMA 1.

'Estw N, M shmeÐa p�nw stic pleurèc AC, AB trig¸nou ABC kai R
to shmeÐo tom c twn eujei¸n BN , CM . To shmeÐo R brÐsketai p�nw sto
Ôyoc AD tou trig¸nou ABC. IsqÔei ìti h AD eÐnai h diqotìmoc thc
gwnÐac MDN .

Apìdeixh

A

C
D

R

M

N

B

Sq ma 4.20:

DIATUPWSH

K1 (POINTS A B C): 'Estw trÐa aujaÐreta shmeÐa A, B, C

K2 (FOOT D A B C): 'Estw D h orjog¸nia probol  tou shmeÐou A
p�nw sthn BC.
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K3 (ON R (LINE AD)): 'Estw R shmeÐo p�nw sthn AD.

K4 (INTER M (LINE A B)(LINE C R)): 'Estw M to shmeÐo tom c
twn eujei¸n AB kai CR.

K5 (INTER N (LINE AC)(LINE B R)): 'Estw N to shmeÐo tom c
twn eujei¸n AC kai BR.

S: IsqÔei SADMPADN = SADNPADM .

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, N,M, R
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
A 6= D, C 6= B, AB ∦ CR,AC ∦ BR.

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 = (−SADMPADN )
SADNPADM

= 1 kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou N , qrhsimopoioÔme to l mma 3.5.2 (selÐda 111) )

(SADN = −SACDSABR

SABCR
, PADN = PADRSABC

SABCR
)

(−SADM )
−PADRSABC

SABCR

PADM
(−SACDSABR)

SABCR

= SADMPADRSABC

SACDSABRPADM

(Apaloif  shmeÐou M , qrhsimopoioÔme to l mma 3.5.2)

(PADM = PADRSABC

−SACBR
, SADM = −SACRSABD

SACBR
)
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PADRSABC
(−SACR)SABD

SACBR

SABRSACD
PADRSABC
−SACBR

= SACRSABD

SACDSABR

(Apaloif  shmeÐou R, qrhsimopoioÔme thn prìtash B.2 (selÐda 14) )

(SABR = SABD
AR
AD

, SACR = SACD
AR
AD

)

SABD(SACD
AR
AD

)

SACD(SABD
AR
AD

)

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

=1.

PARADEIGMA 2.

Sthn upoteÐnousa AB enìc orjogwnÐou trig¸nou ABC sqedi�zoume èna
tetr�gwno ABFE. 'Estw P to shmeÐo tom c twn diagwnÐwn AF kai BE
tou tetrag¸nou ABFE. IsqÔei ìti: ∠[ACP ] = ∠[PCB].

Apìdeixh

DIATUPWSH

K1 (POINTS B C): 'Estw duo aujaÐreta shmeÐa B, C

K2 (TRATIO A C B r): 'Estw A shmeÐo p�nw sthn eujeÐa (TLINE C C B)

tètoio ¸ste: r = CA
CB

= r.

K3 (TRATIO F B A−1): 'Estw F shmeÐo p�nw sthn eujeÐa (TLINE B B A)

tètoio ¸ste: r = BF
BA

= −1.

K4 (TRATIO E A B 1): 'Estw shmeÐo E p�nw sthn eujeÐa (TLINE A A B)

tètoio ¸ste: r = AE
AB

= 1
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A

C B

F

E

P

Sq ma 4.21:

K5 (INTER P (LINE B E)(LINE A F ): 'Estw P to shmeÐo tom c
twn eujei¸n BE kai AF .

S: IsqÔei ∠[ACP ] = ∠[PCB] −SCAP PBCP = −SBCP )PACP .

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, P, E, F, A
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
A 6= B, C 6= B, BE ∦ AF.

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 = (−SCAP PBCP )
(−SBCP )PACP

= 1 kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.
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(Apaloif  shmeÐou P , qrhsimopoioÔme to l mma 3.5.2 (selÐda 111) )

(PACP = PACESBAF

SBAEF
, SBCP = SBAF SBCE

SBAEF
, PBCP = PBCF SBAE

SBAEF
, SCAP =

SCAF SBAE

SBAEF
)

(−SCAP PBCP )
(−SBCP )PACP

=
(−SCAF SBAE

SBAEF
)(

PBCF SBAE
SBAEF

)

(−SBAF SBCE
SBAEF

)(
PACESBAF

SBAEF
)

= SCAF (SBAE)2PBCF

(SBAF )2SBCEPACE

(Apaloif  shmeÐou E, qrhsimopoioÔme to l mma 3.5.6, 3.5.5 (selÐda 113)
)

(PACE = PCAC−4SBCA, SBCE = −1
4
(PCBA−4SBCA), SBAE = −1

4
PBAB)

SCAF PBCF (− 1
4
PBAB)

(SBAF )2(− 1
4
(PCBA−4SBCA))(PCAC−4SBCA)

(Apaloif  shmeÐou F , qrhsimopoioÔme to l mma 3.5.6, 3.5.5)

(SBAF = −1
4
PBAB, PBCF = PBCB − 4SBCA, SCAF = −1

4
(PBAC −

4SBCA))

(− 1
4
PBAB)2(− 1

4
(PBAC−4SBCA))(PBCF−4SBCA)

(− 1
4
PCBA+SBCA)(PCAC−4SBCA)(− 1

4
PBAB)2

= (PBAC−4SBCA)(PBCB−4SBCA)
(PCBA−4SBCA)(PCAC−4SBCA)

(Apaloif  shmeÐou A, qrhsimopoioÔme to l mma 3.5.5, 3.5.6, 3.5.7)

(PCAC = r2PBCB, PCBA = PBCB, SBCA = −1
4
rPBCB, PBAC = r2PBCB)

(PBCB ·r2+PBCB ·r)(PBCB ·r+PBCB)
(PBCB ·r+PBCB)(PBCB ·r2+PBCB ·r)

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec apì anex�rthtec
metablhtèc - aplopoi seic.

=1.
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4.6 MEJODOS TWN PLHRWN GWNIWN-
SUSTHMA (GIB)

H mèjodoc twn pl rwn gwni¸n dhmiourg jhke me skopì thn autìmath
apìdeixh ekatont�dwn gewmetrik¸n jewrhm�twn pou perilamb�noun sqè-
seic metaxÔ gwni¸n. Ta pleonekt mata thc mejìdou eÐnai shmantik�.
Prosfèrei mikrèc se èktash kai euan�gnwstec apodeÐxeic. Na shmeiw-
jeÐ pwc èna gewmetrikì je¸rhma ìtan apodeiknÔetai me thn qr sh thc
mejìdou twn pl rwn gwni¸n èqei thn idiìthta na eÐnai anex�rthto apì to
di�gramma tou jewr matoc. To gegonìc autì eÐnai exairetikì an sullo-
gistoÔme thn antÐstoiqh diadikasÐa epÐlushc tou jewr matoc me thn qr sh
ìmwc apl¸n gwni¸n. Se aut n thn perÐptwsh ja apaitoÔntan diaqwrismìc
peript¸sewn an�loga me thn jèsh twn shmeÐwn p�nw sto di�gramma kai
oi apodeÐxeic ja dièferan an� perÐptwsh.

AntÐjeta h mèjodoc twn pl rwn gwni¸n basÐzetai sto pleonèkthma pou
thc prosfèrei h kataskeuastik  seir� twn shmeÐwn. H upìjesh tou
gewmetrikoÔ jewr matoc eis�gei me thn seir� ta shmeÐa me tètoion trìpo
¸ste k�je shmeÐo pou eis�getai na mporeÐ na kataskeuasteÐ apì ta  d-
h up�rqonta shmeÐa. Gia par�deigma, an d¸soume thn plhroforÐa ìti to
shmeÐo M eÐnai to mèson thc AB, ìpou A, B eleÔjera shmeÐa, tìte h
kataskeuastik  seir� ja eÐnai: kataskeu�zoume pr¸ta to shmeÐo A èpeita
to shmeÐo B kai tèloc to shmeÐo M .

'Etsi loipìn kat� thn apodeiktik  diadikasÐa h mèjodoc twn pl rwn
gwni¸n antikajist� pl reic gwnÐec me gwnÐec pou perilamb�noun qamh-
lìterhc seir�c shmeÐa. Autì ofeÐletai sthn kataskeuastik  seir� twn
shmeÐwn, ìpou h jèsh twn shmeÐwn aut¸n (qamhlìterhc seir�c) sto di�-
gramma den exart�tai apì thn jèsh twn shmeÐwn (uyhlìterhc seir�c).

BASIKA BHMATA THS MEJODOU TWN PLHRWN
GWNIWN.

H mèjodoc twn pl rwn gwni¸n akoloujeÐ ta parak�tw b mata gia thn
apìdeixh gewmetrik¸n prot�sewn.

BHMA 1. H upìjesh thc prìtashc eis�getai sto sÔsthma (GIB). To
sÔsthma autì perilamb�nei ìla ta gewmetrik� stoiqeÐa pou aporrèoun apì
tic kataskeuèc pou qrhsimopoieÐ h prìtash.
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BHMA 2. To sumpèrasma thc prìtashc metatrèpetai se isìthta metaxÔ
pl rwn gwni¸n thc morf c ∠[0] =

∑
fi ·ni, ìpou fi eÐnai mia pl rh gwnÐa

kai ni ènac akèraioc suntelest c.

BHMA 3. H mèjodoc èqei efodiasteÐ me èna epiplèon sÔsthma, to
sÔsthma (GKB) twn genik¸n gn¸sewn, to opoÐo apoteleÐ thn b�sh tou
sust matoc (GIB). H apodeiktik  diadikasÐa qrhsimopoieÐ touc kanìnec
tou sust matoc (GKB) se sundiasmì me ta stoiqeÐa pou perilamb�nei
to sÔsthma (GIB). Skopìc tou eÐnai h antikat�stash twn pl rwn g-
wni¸n, pou up�rqoun sto sumpèrasma thc prìtashc, apì isodÔnamec ek-
fr�seic pl rwn gwni¸n. Gia par�deigma, h ∠[u, v] mporeÐ na grafteÐ wc
∠[1] an to (GIB) perilamb�nei stoiqeÐo ìpwc u ⊥ v. EpÐshc efarmì-
zontai oi idiìthtec twn pl rwn gwni¸n, me skopì thn aplopoÐhsh twn ek-
fr�sewn pou proèrqontai èpeita apì k�je antikat�stash. Gia par�deigma,
∠[u, v] + ∠[v, u] = ∠[u, v]− ∠[u, v] = ∠[0] kai ∠[1] + ∠[1] = ∠[0].

BHMA 4. H apodeiktik  diadikasÐa telei¸nei ìtan brèjei mia seir�
apì kat�llhlouc kanìnec, oi opoÐoi ìtan efarmostoÔn sthn exÐswsh tou
sumper�smatoc ja thn fèroun sthn morf  ∠[0] = ∠[0].

To sÔsthma (GKB) èqei efodiasteÐ me touc parak�tw kanìnec:

R1. Duo shmeÐa A, B orÐzoun mia eujeÐa. Perioristik  sunj kh A 6= B.

R2. TrÐa shmeÐa A, B, C orÐzoun ènan kÔklo. Perioristik  sunj kh
SABC 6= 0.

R3. ∠[AB, CD] = ∠[EF, CD] an kai mìno an ∠[AB,EF ] = ∠[0]. Peri-
oristik  sunj kh C 6= D.

R4. ∠[AB, CD] = ∠[AB,EF ]+∠[1] an kai mìno an ∠[CD, EF ] = ∠[1].
Perioristik  sunj kh C, D, E, F mh suggrammik�.

R5. Tèssera shmeÐa A, B, C, D eÐnai omokuklik� an kai mìno an ∠[AC, BC] =
∠[AD, BD]. Perioristik  sunj kh A, B, C, D mh suggrammik�.

R6. AB = AC an kai mìno an ∠[AB, BC] = ∠[BC, AC]. Perioristik 
sunj kh SABC 6= 0
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R7. An O eÐnai to kèntro tou perigegrammènou kÔklou sto trÐgwno ABC
tìte ∠[OA,AB] = ∠[1] + ∠[AC,BC]. Perioristik  sunj kh SABC 6= 0

R8. An AB ⊥ BC an kai mìno an AC eÐnai h di�metroc tou perigegram-
mènou kÔklou sto trÐgwno ABC. Perioristik  sunj kh SABC 6= 0

Autì pou mènei t¸ra na k�noume eÐnai na dhmiourg soume èna nèo sÔsth-
ma teqnik¸n apaloif c shmeÐwn, basismèno ìqi stic kataskeuèc shmeÐwn,
ìpwc gnwrÐzame mèqri t¸ra, all� sta stoiqeÐa pou perilamb�nei to (GIB).

Teqnikèc apaloif c shmeÐwn apì tic pl reic gwnÐec.

'Estw ∠[AB, CY ] mia pl rh gwnÐa kai Y to shmeÐo pou jèloume na
apaloÐyoume. SÔmfwna me ìsa  dh èqoume anafèrei gia na apaloÐyoume
apì tic sqèseic pou akoloujoÔn to shmeÐo Y prèpei na upojèsoume ìti
ìla ta upìloipa shmeÐa èqoun kataskeuasteÐ pio prÐn apì to Y (shmeÐa
qamhlìterhc seir�c).

T1. An to shmeÐo Y brÐsketai p�nw sth CD tìte ∠[AB,CY ] = ∠[AB, CD].

T2. An CY ‖ EF tìte ∠[AB, CY ] = ∠[AB,EF ].

T3. An CY ⊥ EF tìte ∠[AB, CY ] = ∠[AB,EF ] + ∠[1].

T4. An to shmeÐo Y brÐsketai p�nw sth EF kai E, Y, C, D omokuklik�
tìte ∠[AB, CY ] = ∠[AB,EF ] + ∠[ED, CD].

T5. An to shmeÐo Y brÐsketai p�nw sth EF kai isqÔei CY = CE tìte
∠[AB, CY ] = ∠[AB, EF ] + ∠[CE, EF ].

T6. An to shmeÐo Y eÐnai to kèntro tou perigegramm�nou kÔklou sto
trÐgwno CDE tìte ∠[AB, CY ] = ∠[AB, CD] + ∠[ED, EC] + ∠[1].

T7. An ∠[EF, CY ] = ∠[u] kai ∠[u] gnwst  gwnÐa tìte ∠[AB, CY ] =
∠[AB, EF ] + ∠[u].

ApodeÐxeic
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Oi treÐc pr¸tec teqnikèc kai h teleutaÐa eÐnai profaneÐc.

T4. ∠[AB, CY ] = ∠[AB, EF ] + ∠[EF,CY ], apì T1: ∠[EF,CY ] =
∠[EY,CY ] kai apì R5: ∠[EY, CY ] = ∠[EF, CF ]. 'Ara ∠[EF, CY ] =
∠[EF,CF ]

T5. Apì T1: ∠[CE, EF ] = ∠[CE, EY ] = ∠[EY, CY ] = ∠[EF, CY ].
Opìte me mia apl  antikat�stash parathroÔme ìti epalhjeÔetai h idiìthta
8.

T6. Apì thn R7: ∠[CD, CY ] = ∠[ED, EC] + ∠[1]. Opìte me mia apl 
antikat�stash parathroÔme ìti epalhjeÔetai h idiìthta 8.

EFARMOGES THS MEJODOU

PARADEIGMA 1

'Estw A, B, C trÐgwno. 'Estw AD to Ôyoc tou trig¸nou p�nw sthn
BC kai èstw E, F, G ta mèsa twn pleur¸n AB, BC, AC antÐstoiqa.
IsqÔei ìti ta shmeÐa D, E, F, G eÐnai omokuklik�.

E

A

G

B CD F

Sq ma 4.22:

DIATUPWSH

(POINTS A B C) (FOOT D A B C) (MIDPOINT E A B) (MIDPOINT F B C)
(MIDPOINT G A C) S: −∠[GE, GD] + ∠[FE, FD] = ∠[0]

To sÔsthma (GIB) perilamb�nei se om�dec ìlec tic sqèseic pou sundèoun
ta shmeÐa kai tic eujeÐec metaxÔ touc (suggrammikìthta, parallhlÐa, ka-
jetìthta klp.).
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O1: Perièqei ìla ta shmeÐa thc prìtashc me thn seir� pou kataskeu�sthkan,
(A, B, C, D, E, F, G)

O2: Perièqei ìla ta eleÔjera shmeÐa thc prìtashc, (A, B, C)

O3: Perièqei ìlec tic eujeÐec kai ta suggrammik� shmeÐa thc prìtashc,
((E, A, B)(G, A, C)(D, F, B, C)) p.q:(G, A, C) shmaÐnei ìti ta G, A, C
eÐnai suggrammik�.

O4: Perièqei ìlec tic par�llhlec eujeÐec thc prìtashc, ((EG)(BDFC), (FG)(AEB), (EF )(AGC))
p.q: (EG)(BDFC) shmaÐnei ìti oi eujeÐec EG kai BDFC eÐnai metaxÔ
touc par�llhlec.

O5: Perièqei ìlec tic k�jetec eujeÐec thc prìtashc, ((AD)(BDFC))
p.q:(AD)(BDFC) shmaÐnei ìti oi eujeÐec AD kai BDFC eÐnai metaxÔ
touc k�jetec.

O6: Perièqei ìlouc touc kÔklouc thc prìtashc, ((BA)(DBA(E)), (CA)(DCA(G)), (BC)(BC(F )))
p.q:(BA)(DBA(E)) shmaÐnei ìti oi BA eÐnai h di�metroc kai E eÐnai to
kèntro perigegrammènou kÔklou sto trÐgwno DBA.

Qrhsimopoi¸ntac merikèc apì tic parap�nw plhroforÐec par�getai h
apìdeixh.

Apìdeixh

−∠[GE, GD] + ∠[FE,FD]

(apì R3 epeid  GE ‖ DC, paÐrnoume ∠[GE, GD] = −∠[GD,DC])

= ∠[GD, DC] + ∠[FE, FD]

(apì R7 epeid  G kèntro perigegrammènou kÔklou sto trÐgwno DCA,
paÐrnoume ∠[GD, DC] = ∠[DA,CA] + ∠[1])

= ∠[FE,FD] + ∠[DA, CA] + ∠[1]

(apì R3 epeid  FE ‖ CA, paÐrnoume ∠[FE, FD] = −∠[FD,CA])
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= −∠[FD,CA] + ∠[DA, CA] + ∠[1]

(apì R4 epeid  FD ⊥ DA, paÐrnoume ∠[FD, CA] = ∠[DA,CA]+∠[1])

= ∠[0].

PARADEIGMA 2 (JEWRHMA SIMSON)

'Estw D shmeÐo p�nw ston perigegrammèno kÔklo tou trig¸nou ABC.
Fèrnoume apì to D tic treÐc kajètouc stic pleurèc BC, AC, AB. 'Estw
E, F, G ta pìdia twn kajètwn p�nw stic pleurèc BC, AC, AB antÐs-
toiqa. IsqÔei ìti ta E, F, G eÐnai suggrammik�.

C

D

A BG

F

E

O

Sq ma 4.23:

DIATUPWSH

(CIRCLE A B C D) (FOOT E D B C) (FOOT F D A C) (FOOT G D A B)
S: ∠[EF,FG] = ∠[0]

To sÔsthma (GIB) perilamb�nei se om�dec ìlec tic sqèseic pou sundèoun
ta shmeÐa kai tic eujeÐec metaxÔ touc (suggrammikìthta, parallhlÐa, ka-
jetìthta klp.).

O1: Perièqei ìla ta shmeÐa thc prìtashc me thn seir� pou kataskeu�sthkan,
(A, B, C, D, E, F, G)

O2: Perièqei ìla ta eleÔjera shmeÐa thc prìtashc, (A, B, C, D)
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O3: Perièqei ìlec tic eujeÐec kai ta suggrammik� shmeÐa thc prìtashc,
((G, A, B), (E, C, B), (A, F, C), (D, F ), (D, G), (D, E))

O4: Perièqei ìlec tic par�llhlec eujeÐec thc prìtashc, (∅)

O5: Perièqei ìlec tic k�jetec eujeÐec thc prìtashc, ((DF )(AFC), (DE)(ECB), (DG)(AGB))

O6: Perièqei ìlouc touc kÔklouc thc prìtashc, ((AD)(AGFD), (DB)(BEGD), (CD)(DEFC))

Qrhsimopoi¸ntac merikèc apì tic parap�nw plhroforÐec par�getai h
apìdeixh.

Apìdeixh

∠[EF,GF ]

(apì idiìthta 8 paÐrnoume ∠[FE, GF ] = ∠[EF, DF ] + ∠[DF,GF ])

= ∠[EF,DF ] + ∠[DF, GF ]

(apì idiìthta 12(A, D G F kai D, C, E, F omokuklik�) paÐrnoume ∠[EF, DF ] =
∠[EC,DC], ∠[DF, GF ] = ∠[DA, GA])

= ∠[EC, DC] + ∠[DA, GA]

(apì T1 epeid  E ∈ BC kai G ∈ AB paÐrnoume ∠[EC,DC] = ∠[BC, DC], ∠[DA, GA] =
∠[DA, BA])

= ∠[BC,DC] + ∠[DA, BA]

(apì idiìthta 12(A, D B C omokuklik�) paÐrnoume ∠[BC, DC] = ∠[BA, DA])

= ∠[BA, DA] + ∠[DA, BA]

(apì idiìthta 8 paÐrnoume ∠[BA, DA] + ∠[DA, BA] = ∠[BA,BA])

= ∠[BA, BA] = ∠[0].
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4.7 AUTOMATES APODEIXEIS GEWMETRIK-
WN PROTASEWN THS KATHGO-
RIAS C

To sÔnolo ìlwn twn kataskeuastik¸n prot�sewn to sumbolÐzoume me C.
Na shmei¸soume ìti kataskeuastikèc onom�zoume tic prot�seic oi opoÐec
mporoÔn na apodeiqjoÔn me thn qr sh kanìna kai diab th.

Gia na perigr�youme tic prot�seic pou an koun sthn kathgorÐa C, prèpei
na eis�goume duo nèec kataskeuèc.

Ja xekin soume me thn eisagwg  enìc nèou eÐdouc kÔklou:(CIRCLE O r),
o opoÐoc perigr�fetai me b�sh to kèntro tou O kai thn aktÐna tou

√
r. To

r mporeÐ na eÐnai ènac algebrikìc arijmìc, mia rht  èkfrash gewmetrik¸n
posot twn   metablht .

Oi nèec kataskeuèc pou eis�goume eÐnai oi ex c:

K22 (INTER Y (LINE A B)(CIRCLE O r))

DiatÔpwsh kataskeu c: to Y eÐnai to shmeÐo tom c thc eujeÐac (LINE AB)
kai tou kÔklou (CIRCLE O r)).

Oi periorismoÐ thc kataskeu c aut c eÐnai: r 6= 0, A 6= B.

To shmeÐo Y eÐnai stajerì shmeÐo kai èqei duo dunatìthtec.

K23 (INTER Y (CIRCLE O1 r1)(CIRCLE O2 r2))

DiatÔpwsh kataskeu c: to Y eÐnai to shmeÐo tom c tou kÔklou (CIRCLE O1 r1)
kai tou kÔklou (CIRCLE O2 r2)).

Oi periorismoÐ thc kataskeu c aut c eÐnai: r1 6= 0, r2 6= 0, O1 6= O2.

To shmeÐo Y eÐnai stajerì shmeÐo kai èqei duo dunatìthtec.
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4.8 TEQNIKES APALOIFHS SHMEI-
WN MESW GEWMETRIKWN POSOTHTWN

PROTASH 4.8.1 'Estw Y to shmeÐo tom c thc eujeÐac UV kai tou
kÔklou (CIRCLE O r). Tìte èqoume thn parak�tw sqèsh:

(UY

UV
)2 − POUV

UV
2

UY
UV

+ OU
2−r

UV
2 = 0 (C)

Apìdeixh

Y1
M Y

O

V U

Sq ma 4.24:

'Estw Y1 èna akìmh shmeÐo tom c thc eujeÐac UV kai tou kÔklou (CIRCLE O r)
kai èstw M to mèson thc Y1Y .

Apì thn prìtash B.8 (selÐda 89), paÐrnoume:

POUV

UV
2 = PMUV

UV
2 = 2UM

UV
= UY

UV
+ UY1

UV
(1).

Apì thn prìtash B.10 (selÐda 91), paÐrnoume:

OU
2

= Y1U
Y1Y

OY
2
+ UY

Y1Y
OX

2 − Y1U
Y1Y

UY
Y1Y

Y1Y
2

= OY1
2
+ UY UY1

= r + UY UY1 (2).
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Apì tic (1) kai (2) paÐrnoume thn sqèsh (C) (selÐda 209).

'Etsi loipìn me thn bo jeia thc sqèshc (C) èqoume tic parak�tw teqnikèc
apaloif c.

LHMMA 4.8.2 'Estw Γ(Y ) mia apì tic parak�tw gewmetrikèc posìtht-
ec kai to shmeÐo Y eis�getai apì thn kataskeu  (INTER Y (LINE P Q)(CIRCLE O r)).

Tìte: SABY = PY
PQ

SQAPB + SABP

PABY = PY
PQ

PQAPB + PABP

PAY B = PY
PQ

PQAPB + PABP − PY
PQ

(1− PY
PQ

)PPQP

O lìgoc PY
PQ

ikanopoieÐ thn sqèsh (C) (selÐda 209)

(Sq ma 4.27)

Apìdeixh

Apì thn prìtash B.3 (selÐda 15), paÐrnoume:

SABY = (PY
PQ

)SABQ + (1− PY
PQ

)SABP = PY
PQ

SQAPB + SABP

Apì thn prìtash B.10 (selÐda 91), thn pr¸th sqèsh, paÐrnoume:

PABY = PY
PQ

PQAB + (1− PY
PQ

)PPAB = PY
PQ

PQAPB + PPAB

Apì thn prìtash B.10 (selÐda 91), thn deÔterh sqèsh, paÐrnoume:

PAY B = PY
PQ

PQAB + (1− PY
PQ

)PPAB − PY
PQ

(1− PY
PQ

)PPQP

= PY
PQ

PQAPB + PPAB − PY
PQ

(1− PY
PQ

)PPQP
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LHMMA 4.8.3 'Estw Γ(Y ) = AY
CD

kai to shmeÐo Y eis�getai apì thn
kataskeu  (INTER Y (LINE P Q)(CIRCLE O r)).

Tìte AY
CD

=

{
AP
CD

+ PY
PQ

PQ

CD
, an A ∈ PQ;

SAPQ

SCPDQ
, alli¸c.

(Sq ma 4.27)

Apìdeixh

H pr¸th perÐptwsh eÐnai tetrimmènh.

Gia thn deÔterh perÐptwsh paÐrnoume shmeÐo S tètoio ¸ste AS = CD.

Apì thn prìtash B.2 (selÐda 14) paÐrnoume: AY
CD

= AY
AS

=
SAPQ

SAPSQ
=

SAPQ

SCPDQ

PROTASH 4.8.4 H kataskeu , (INTER Y (CIRCLE O1 r1)(CIRCLE O2 r2))
eÐnai isodÔnamh me tic akìloujec duo kataskeuèc:

(LRATIO O O1 O2 r) (TRATIO Y O O1 s)

ìpou r = O1O2
2
+r1−r2

2O1O2
2 , s2 = r1

r2O1O2
2 − 1

Apìdeixh

Y

O1 O2
O

Sq ma 4.25:



KEF�ALAIO 4. SUMPLHRWSH THSMEJODOUME QRHSH GWNIWN212

'Estw O h orjog¸nia probol  tou shmeÐou Y p�nw sthn O1O2.

Apì thn prìtash B.8 (selÐda 89), èqoume:

r = O1O
O1O2

=
PY O1O2

PO1O2O1
= O1O2

2
+r1−r2

2O1O2

kai

s2 = OY
2

OO1
2 = r1

OO1
2 − 1 = r1

r2O1O2
2 − 1

LHMMA 4.8.5 'Estw Γ(Y ) = SABY kai to shmeÐo Y eis�getai apì
thn kataskeu  (INTER Y (CIRCLE O1 r1)(CIRCLE O2 r2)).

SABY = SABO1 + rSO2AO1B − rs
4
PO2AO1B.

(Sq ma 4.28)

Apìdeixh

'Estw O h orjog¸nia probol  tou shmeÐou Y p�nw sthn O1O2.

Apì to l mmma 3.5.5 (selÐda 113) kai thn prìtash B.3 (selÐda 15),
èqoume:

SABY = SABO − s
4
POAO1B

= rSABO2 + (1− r)SABO1 − s
4
(rPO2AB + (1− r)PO1AB − PO1AB)

= SABO1 + rSO2AO1B − rs
4
PO2AO1B.

LHMMA 4.8.6 'Estw Γ(Y ) = PABY kai to shmeÐo Y eis�getai apì
thn kataskeu  (INTER Y (CIRCLE O1 r1)(CIRCLE O2 r2)).

PABY = PABO1 + rPO2AO1B − 4rsSO2AO1B.
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(Sq ma 4.28)

Apìdeixh

'Estw O h orjog¸nia probol  tou shmeÐou Y p�nw sthn O1O2.

Apì to l mmma 3.5.6 (selÐda 114), thn prìtash B.10, (selÐda 91) kai
thn prìtash B.3 (selÐda 15), èqoume:

PABY = PABO − 4sSOAO1B

= rPABO2 + (1− r)PABO1 − 4s(rSO2AB + (1− r)SO1AB − SO1AB)

= PABO1 + rPO2AO1B − 4rsSO2AO1B.



PARARTHMATA

214



PARARTHMA A
′

H sqetik  gewmetrÐa melet� probl mata pou perilamb�noun zht mata sug-
grammikìthtac, parallhlÐac, sÔmptwshc. Sto par�rthma autì ja melet -
soume eidik� thn ènnoia thc suggrammmikìthtac. O akrib c orismìc thc
ènnoiac aut c aporrèei apì ta akìlouja èxi axi¸mata.

AxÐwma A1: Gia trÐa suggrammik� shmeÐa A, B kai C tètoia ¸ste
A 6= B, o lìgoc twn eujÔgrammwn tmhm�twn AC kai AB: AC

AB
eÐnai ènac

pragmatikìc arijmìc pou ikanopoieÐ thn parak�tw sqèsh.

AC
AB

= −CA
AB

= CA
BA

= −AC
BA

.

EpÐshc isqÔei: CA
AB

= 0 an kai mìno an C = A.

AxÐwma A2: 'Estw A kai B duo diaforetik� shmeÐa. Gia ènan prag-
matikì arijmì s, up�rqei monadikì shmeÐo C to opoÐo eÐnai suggrammikì
me ta shmeÐa A kai B kai ikanopoieÐ tic parak�tw sqèseic.

1.AC
AB

= s kai

2.AC
AB

+ CB
AB

= 1.

T¸ra gia to prosanatolismèno embadìn trig¸nou ABC: SABC isqÔoun
oi parak�tw basikèc idiìthtec.

AxÐwma A3: SABC = SCAB = SBCA = −SBAC = −SCBA = −SACB.

215
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An A, B, C trÐa mh suggrammik� shmeÐa tìte isqÔei SABC 6= 0.

AxÐwma A4: Up�rqoun toul�qiston trÐa shmeÐa A, B, C gia ta opoÐa
isqÔei: SABC 6= 0.

(To axÐwma autì exasfalÐzei ìti ìla ta shmeÐa den eÐnai suggrammik�.)

AxÐwma A5: Gia opoiad pote tèssera shmeÐa A, B, C, D isqÔei ìti:
SABC = SABD + SADC + SDBC .

(To axÐwma autì exasfalÐzei ìti ìla ta shmeÐa an koun sto Ðdio epÐpedo.)

Sunèpeia tou axi¸matoc 5 eÐnai o orismìc pou d¸same gia to embadìn
prosanatolismènou tetrapleÔrou.

Pio sugkekrimèna, orÐsame to embadìn prosanatolismènou tetrapleÔrou
ABCD wc ex c: SABCD = SABC + SACD.

Me skopì na dikaiolog soume ìti to SABCD eÐnai kal� orismèno, qrei�ze-
tai na apodeÐxoume ìti apì ton parap�nw orismì prokÔptei

SABCD = SBCDA = SCDAB = SDABC

'Etsi loipìn, me qr sh thc sqèshc

SABCD = SABC + SACD

parathroÔme ìti SABCD = SCDAB = SABC + SACD

kai SBCDA = SDABC = SBCD + SBDA.

ArkeÐ t¸ra na deÐxoume ìti SABCD = SBCDA.

Me qr sh t¸ra thc sqèshc (I), selÐda 12 (blèpe sq mata selÐdac 10-
11).

SABC = SRBC + SRCA + SRAB
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èqoume: SABCD = SABC + SACD

=SRBC + SRCA + SRAB + SRCD + SRDA + SRAC

=SRBC + SRAB + SRCD + SRDA.

SBCDA = SBCD + SBDA

=SRCD + SRDB + SRBC + SRDA + SRBD + SRAB

=SRCD + SRBC + SRDA + SRAB.

EÐnai faner  plèon h isìthta.

Oi parap�nw sqèseic isqÔoun gia opoiad pote jèsh tou R sto epÐpedo.

AxÐwma A6: 'Estw A, B kai C trÐa suggrammik� shmeÐa tètoia ¸ste
AB = tAC. Tìte gia opoiod pote shmeÐo P isqÔei: SPAB = tSPAC .

SHMEIWSH: To axÐwma 6 dhl¸nei mia apì tic pio shmantikèc idiìtht-
ec twn embad¸n. Apì autì prokÔptoun ìlec oi basikèc prot�seic thc
mejìdou twn embad¸n.



PARARTHMA B
′

H sqetik  gewmetrÐa, ìpwc anafèrame sto prohgoÔmeno par�rthma, asqoleÐ-
tai me thn melèth problhm�twn parallhlÐac, sÔmptwshc kai suggram-
mikìthtac. Ta akìlouja apoteloÔn mia om�da axiwm�twn thc sqetik -
c gewmetrÐac, ta opoÐa ìpwc ja deÐxoume aporrèoun apì ta axi¸mata
A1,...,A6, selÐda 215-217.

AxÐwma 1.

'Estw duo diaforetik� shmeÐa A kai B. Tìte up�rqei monadik  eujeÐa h
opoÐa dièrqetai apì ta shmeÐa aut�.

AxÐwma 2.

'Estw eujeÐa e. Apì shmeÐo ektìc thc eujeÐac e up�rqei mÐa kai mìno mÐa
eujeÐa e1 h opoÐa dièrqetai apì to shmeÐo autì kai eÐnai par�llhlh sthn
eujeÐa e.

AxÐwma 3.

Up�rqoun trÐa diaforetik� shmeÐa, A, B, C, tètoia ¸ste to shmeÐo C
na mhn an kei sthn eujeÐa pou orÐzoun ta shmeÐa A, B.

AxÐwma 4.AxÐwma tou Desargues:

'Estw l1, l2, l3 treÐc diaforetikèc eujeÐec oi opoÐec eÐte eÐnai par�llhlec
eÐte tèmnontai sto shmeÐo S. 'Estw A, A1 shmeÐa p�nw sthn eujeÐa l1,
B, B1 shmeÐa p�nw sthn eujeÐa l2 kai C, C1 shmeÐa p�nw sthn eujeÐa
l3, ta shmeÐa aut� eÐnai diaforetik� apì to shmeÐo S an oi treÐc eujeÐec
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tèmnontai. An AB ‖ A1B1 kai BC ‖ B1C1 tìte AC ‖ A1C1.

AxÐwma 5.AxÐwma tou Pascal:

'Estw duo diaforetikèc eujeÐec l1, l2 kai A, B, C kai A1, B1, C1 eÐnai
shmeÐa p�nw stic eujeÐec l1 kai l2 antÐstoiqa. An BC1 ‖ B1C kai AB1 ‖
A1B tìte AC1 ‖ A1C.

Ja deÐxoume t¸ra ìti ta axi¸mata pou mìlic anafèrame eÐnai sunèpeia
twn axiwm�twn A1,...,A6.

Arqik� to axÐwma 1 aporrèei apì to pìrisma 2.1.3. To axÐwma 3 aporrèei
apì ta axi¸mata A3,A4.

Sthn sunèqeia ja apodeÐxoume ìti kai ta axi¸mata 2,4 kai 5 aporrèoun
apì ta axi¸mata A1,...,A6.

Apìdeixh axi¸matoc 2.

'Estw eujeÐa AB kai C shmeÐo ektìc eujeÐac. Apì to axÐwma A2,mporoÔme
na epilèxoume shmeÐa D kai E tètoia ¸ste to D na eÐnai to mèson tou tm -
matoc CA kai to E summetrikì tou B wc proc to D, opìte: ED = DB.

Apì thn prìtash B.2 paÐrnoume: SEAB = 2SDAB = SCAB

Apì thn prìtash B.4 paÐrnoume: CE ‖ AB

Gia thn monadikìthta t¸ra paÐrnoume shmeÐo F tètoio ¸ste FC ‖ AB.

Apì thn prìtash B.5 èqoume: SFCE = SFAB − SCAB = 0

'Ara to shmeÐo F brÐsketai p�nw sthn eujeÐa CE.

Oi apodeÐxeic twn axiwm�twn 4 kai 5 dÐnontai mèsw thc algorijmik c
mejìdou.

AxÐwma tou Desargues.
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S

A

B

C

C1

B1

A1

Sq ma 4.26:

Apìdeixh

DIATUPWSH

K1 : (POINTS A B C, S) 'Estw tèssera aujaÐreta shmeÐa A, B, C, S

K2 : (ON − LINE A1 S A) 'Estw A1 shmeÐo p�nw sthn eujeÐa SA.

K3 : (INTER B1 (LINE S B)(PLINE A1 AB)) 'Estw B1 to shmeÐo
tom c twn eujei¸n SB kai thc par�llhlhc apì to shmeÐo A1 sthn eujeÐa
AB.

K4 : (INTER C1 (LINE S C)(PLINE A1 AC)) 'Estw C1 to shmeÐo
tom c twn eujei¸n SC kai thc par�llhlhc apì to shmeÐo A1 sthn eujeÐa
AC.

S: IsqÔei ìti SB1BC = SC1BC .

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, C1, B1, A1

ekteloÔme ta parak�tw b mata.
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BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
S 6= A, AB ∦ SB kai AC ∦ SC .

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.

'Etsi èqoume: G1 =
SBCB1

SBCC1
= 1 kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou C1, qrhsimopoioÔme to l mma 2.4.15, selÐda 37)

(SBCC1 =
SACA1

SSBC

SSAC
)

SBCB1

SBCC1
=

SBCB1
SSAC

SACA1
SSBC

(Apaloif  shmeÐou B1, qrhsimopoioÔme to l mma 2.4.15)

(SBCB1 =
SABA1

SSBC

SSAB
)

SABA1
SSBCSSAC

SACA1
SSBCSSAB

=
SABA1

SSAC

SACA1
SSAB

(Apaloif  shmeÐou A1, qrhsimopoioÔme to l mma 2.4.11, selÐda 36)

(SACA1 = −((SA1

SA
)SSAC), SABA1 = −((SA1

SA
)SSAB))

(−SSAB
SA1
SA

+SSAB)SSAC

(−SSAC
SA1
SA

+SSAC)SSAB

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec mìno apì anex�rtht-
ec metablhtèc.

= 1.

AxÐwma tou Pascal.
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C1

B1

A1

A B C

Sq ma 4.27:

Apìdeixh

DIATUPWSH

K1 : (POINTS A B A1) 'Estw trÐa aujaÐreta shmeÐa A, B, A1

K2 : (ON − LINE C AB) 'Estw C shmeÐo p�nw sthn eujeÐa AB.

K3 : (ON−PLINE B1 AB A1) 'Estw shmeÐo B1 p�nw sthn eujeÐa pou
dièrqetai apì to shmeÐo A kai eÐnai par�llhlh sthn BA1.

K4 : (INTER C1 (LINE A1 B1)(PLINE A C A1)) 'Estw C1 to shmeÐo
tom c twn eujei¸n SC kai thc par�llhlhc apì to shmeÐo A1 sthn eujeÐa
AC.

S: IsqÔei ìti SBCB1 = SC1CB1 .

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, C1, B1

ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc perioristik¸n sunjhk¸n twn parap�nw kataskeu¸n:
B 6= A, B 6= A1, A1B1 ∦ CA1 .

BHMA 3. Metafor� ìlwn twn gewmetrik¸n posot twn sto pr¸to
mèloc.
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'Etsi èqoume: G1 =
SBCB1

SCB1C1
= 1 kai ektel¸ ta parak�tw b mata.

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou C1, qrhsimopoioÔme to l mma 2.4.15, selÐda 37)

(SCB1C1 = −SAA1B1C)

SBCB1

SCB1C1
=

SBCB1
SA1CB1

−SAA1B1CSA1CB1
=

SBCB1

−SAA1B1C

(Apaloif  shmeÐou B1, qrhsimopoioÔme to l mma 2.4.13, selÐda 36)

(SAA1B1C = AB1

BA1
SBA1C , SBCB1 = −(AB1

BA1
SBA1C))

−SBA1C
AB1
BA1

−SBA1C
AB1
BA1

BHMA 5. Nèec gewmetrikèc posìthtec apoteloÔmenec mìno apì anex�rtht-
ec metablhtèc.

= 1.



PARARTHMA G
′

Sto kef�laio 4, parousi�same tic kataskeuèc twn eidik¸n shmeÐwn twn
trig¸nwn, ìpwc to kèntro b�rouc, to orjìkentro, to ègkentro kai to
perÐkentro kaj¸c kai thn isodunamÐa twn kataskeu¸n aut¸n me thn kataskeu 
(ARATIO Y A B C rO rU rV ).

Sto par�rthma autì ja apodeÐxoume tic isodunamÐec autèc.

1.BarÔkentro G trig¸nou ABC.

CENTROID G AB C ≡ (ARATIO G AB C 1
3

1
3

1
3
)

Apìdeixh

'Estw G to kèntro b�rouc trig¸nou ABC kai M to mèson thc pleur�c
BC.

Epeid  to shmeÐo M eÐnai to mèson thc BC èqoume apì prìtash B.2:
SABM = SAMC kai SGBM = SGMC .

Tìte SGAB = SABM − SGBM = SAMC − SGMC = SGCA.

'Omoia SGBC = SGAB = SGCA = 1
3
SABC .

'Ara rA = SGBC

SABC
= 1

3

rB = SAGC

SABC
= 1

3
, rC = SACG

SABC
= 1

3

224
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2.Orjìkentro H trig¸nou ABC.

ORTHOCENTER H A B C ≡ (ARATIO H AB C PABCPACB

16S2
ABC

PBACPBCA

16S2
ABC

PCABPCBA

16S2
ABC

)

Apìdeixh

'Estw H to orjìkentro trig¸nou ABC. 'Etsi loipìn h tom  twn uy¸n
CD kai AE eÐnai to shmeÐo H.

Opìte me qr sh twn prot�sewn B.2, selÐda 14 kai B.8, selÐda 89, ja
èqoume:

rB

rA
=

SAHC
SABC
SHBC
SABC

= SAHC

SHBC
= AD

DB
= PCAB

PABC

rB

rC
=

SAHC
SABH
SABH
SABC

= SAHC

SABH
= CE

EB
= PBCA

PABC

Akìmh

rA : rB : rC = PABCPBCA : PCABPBCA : PABCPCAB

Apì ton tÔpo Herron−Qin.

PABCPBCA + PCABPBCA + PABCPCAB = 2AB
2
PBCA + PABCPCAB =

16S2
ABC

EÐnai faner  plèon h sqèsh.

3.PerÐkentro O trig¸nou ABC.

CIRCUMCENTER O AB C ≡ (ARATIO H AB C PBCBPBAC

16S2
ABC

PACAPABC

16S2
ABC

PABAPACB

16S2
ABC

)

Apìdeixh

Jèloume na upologÐsoume touc lìgouc: rA = SOBC

SABC
, rB = SAOC

SABC
, rC =

SABO

SABC
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O

R
O1

a

a

A

B C

H1

D E

Sq ma 4.28:

ParathroÔme ìti oi parap�nw lìgoi aforoÔn embad� trig¸nwn pou èqoun
koin  b�sh. Sunep¸c antÐ na upologÐsoume touc lìgouc twn embad¸n
aut¸n, ja upologÐsoume touc lìgouc twn uy¸n touc.

SumbolÐzoume me O1 to tm ma OE kai H1 to tm ma AD.

Ja apodeÐxoume ton pr¸to lìgo rA = SOBC

SABC
. Oi upìloipoi lìgoi prokÔp-

toun ìmoia.

Jètoume: a = BC, b = AC, c = AB

Opìte: rA = O1

H1

Akìmh: O1 = R cos(∠(A))

GnwrÐzoume ìti to embadìn trig¸nou eggegrammènou se kÔklo dÐnetai
apì ton akìloujo tÔpo:SABC = abc

4R

Apì ton nìmo twn hmitìnwn: 2R = a
sin(∠(A))

= b
sin(∠(B))

= c
sin(∠(C))
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EpÐshc 8R3 = abc
sin(∠A) sin(∠B) sin(∠C)

Apì ton nìmo twn sunhmitìnwn:

cos(A) = b2+c2−a2

2bc

Tèloc H1 = c sin(∠(B)) = b sin(∠(C)) = 2SABC

a

'Ara O1

H1
= (b2+c2−a2)a2

16S2
ABC

4.'Egkentro I trig¸nou ABC.

INCENTER C I B C ≡ (ARATIO I A B C −2PIABPIBA

PAIBPABA

PIABPIBI

PAIBPABA

PIBAPIAI

PAIBPABA
)

Apìdeixh

A

B C

I

QE

H

r

Sq ma 4.29:



PARARTHMA D
′

Sto par�rthma autì ja parousi�soume tic apodeÐxeic twn idiot twn twn
pl rwn gwni¸n 10, 11, 12, selÐda 189, efarmìzwntac ton algìrijmo.

'Estw ìti ta A, B, C kai D eÐnai tèssera shmeÐa p�nw se kÔklo kèntrou
O. Tìte ∠[ACB] = ∠[ADB] kai ∠[AOB] = 2∠[ACB].

Apìdeixh

A B

O

C
P

D

N

Sq ma 4.30:

Pr¸ta qrhsimopoioÔme ton algìrijmo gia na upologÐsoume thn gwnÐa
∠[ACB].

'Etsi loipìn zht�me apì ton upologist  na upologÐsei to tan(∠[ACB]).

DIATUPWSH

228
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K1 (POINTS A B): 'Estw duo aujaÐreta shmeÐa A, B

K2 (ON O (BLINE AB)): 'Estw O shmeÐo eujeÐac pou eÐnai k�jeth
sthn AB.

K3 (TRATIO P B A r): 'Estw shmeÐo P p�nw sthn eujeÐa (TLINE B B A)

tètoio ¸ste: r = BP
BA

.

K4 (INTER C (LINE A P )(CIR O A) ≡ (FOOT N O AP ), (PRATIO C N N A):
'Estw C to shmeÐo tom c thc eujeÐac AP kai tou kÔklou kèntrou O kai
aktÐnac OA.

S: Upolìgise: (−4)SABC

PACB
.

ALGORIJMOS

BHMA 1. Gia kajèna apì ta shmeÐa, me thn akìloujh seir�, C, P, O
ekteloÔme ta parak�tw b mata.

BHMA 2. 'Elegqoc ikan¸n kai anagkaÐwn sunjhk¸n twn parap�nw
kataskeu¸n: A 6= C,A 6= O, A 6= B.

BHMA 3. -

BHMA 4. Apaloif  bohjhtik¸n shmeÐwn apì thn G1.

(Apaloif  shmeÐou C, qrhsimopoioÔme to l mma 2, KEF.3)

(−4)SABC

PACB
=

(−4)(
2POAP SABP

PAPA
)

−2(POPO−PAPB−PAOA)POAP
PAPA

= 4SABP

POPO−PAPB−PAOA

(Apaloif  shmeÐou P , qrhsimopoioÔme to l mma 2, KEF.3)

4(− 1
4
PABAr)

PBOB+PABAr2+8SABOr−PAPBr2−PAOA
=

4(− 1
4
PABAr)

PBOB−PAOA+8SABOr

(Apaloif  shmeÐou O, apì ton orismì thc Pujagìreiac diafor�c kai thc
idiìthtac twn shmeÐwn p�nw ston kÔklo, OA = OB.)
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−PABAr
8SABOr

(Aplopoi seic)

−PABA

8SABO
.

Apì ton upologismì thc efaptomènhc thc gwnÐac ∠[ACB], diapist¸noume
ìti h tan(∠[ACB]) den exart�tai apì ta shmeÐa P, C, epomènwc ja isqÔei:
∠[ACB] = ∠[ADB].

Mènei na apodeÐxoume ìti: ∠[AOB] = 2∠[ACB], dhlad  tan(∠[AOB]) =
tan(2∠[ACB]).

Me b�sh ton akìloujo trigwnometrikì tÔpo, thn tim  thc tan(∠[ACB])

pou mìlic upologÐsame kai ton tÔpo tou Herron−Qin (16S2
AOB = 4AO

2
AB

2−
P 2

AOB) ja p�roume:

tan(2∠[ACB]) = 2 tan(∠[ACB])
1−tan(∠[ACB])2

= 8AB
2
SAOB

16S2
AOB−AB

4 = 8AB
2
SAOB

4OA
2
OB

2−P 2
AOB−AB

4 =

4SAOB

2AO
2−AB

2 = 4SAOB

PAOB
= tan(∠[AOB])

Epomènwc ∠[AOB] = 2∠[ACB].


