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MEPIKA ZXOAIA...

Otav 1nv Avoign tou 2002 £uaBa atd évav @ido OTI 0TO0 AIOTUNPATIKO
Metarrruxiaké  [Mpéypapua  Twv  TuNPATwy  MaBnuatikwy Kol E@apuocuévwy
MaBnuaTikwv «MaBnuatikd Kal EQApPOYEG TOUG» Ba TTEPIEXOTAV —YIA TTPWTN POPG—
Kal n kateuBbuvon «Mabnuatikd yia tTnv Exmraideuony, amo@doica va CUPPETAOYW
OTIC ATTOPAITNTEG EI00YWYIKEG €€eTATEIC TNG 26™ louAiou. Tpelg oguvadeApol NG
AguTtepofaBuiag Extraideuong TTeTUXaUE O° auTéG TIG £€eTAOEIS (eyw, O MNdvvng Kal o
AnuATpPNG) Kai apxiocaue va TTapakoAouBoupe oxeddv kabnuepiva Tig TTapadooeis (To

«OXeOOV» OV UTTOVOEI KOTTAVEG, OANG OxedOV KaBNUEPIVEG TTAPADOTEIG).

H aAfBeia civar 611, dvTag atmd@oitog Tou TuRuatog Mabnuatikwy tou A. I, ©.,
Oev NEepa OO0 TmIO... auoTned ATav Ta TTpdyuarta 5w, oTo THANA MaBnuaTikwy Tou
MavemoTnuiou Kpntng. Aev Ba adiknow QUGIKE Toug —€Ta1 KI AAAIWG— ayaTTnuéVoug
Mou kaBnynTtég Tou A. I, ©. Adokalol 6TTwg n 2. KaAtradidou, n E. Mmépa, o A.
Maydrong, o E. WwuoTtouAog, 0 acipvnoTog Kal TTavioTiva agéxaotog AGOKaAog
Nikog Aavikag, Ba peivouv Xapaydévol oTn PvAPn Pou pe avegitnAo peAdvi. Ouwg
€dw, ouveldnTotToinoa ATl 6AOI 01 KaBNynTEG gival yia TTavTa @oItnTéS. Oxi uévo yia Tn
ouvexn épeuva TTou yivetal. AMNG kal yiaTi, dIdAOKOVTAG UTTOXPEWTIKA BIAPOPETIKO
HABnua kaBévag Toug atrd TO TTPONYOUUEVO €EAUNVO, QTTOKTOUV COAIPIKN yvwon,
aKPIBWG OTTWG £€vag @oITNTAG.  2& TETOIO KAiMa Aoimmdv, dev eival duvartdv ol
METATTTUXIOKOI QOITATEG OUTE VO TTAPAKOAOUBOUV aTTd TO OTTITI, OUTE VA «TTEPVAVEN
HaBnua otrote BéAouv. Ki autd gival KATI TTou, av Kal Ogv APOOTAV O€ TOPEA e TTOANG
Bapid pabnuatikd, To yeuThRKape atmoAUTwe. Kal e vivBw TiTroTa GAAO yI' auTd, aTrd
TNV €0WTEPIKA AVAYKN VA €UXAPIOTACW OA0 TO TPAMA yIa QUTEG TIG OUVORKEG.
‘HuaoTav 2,5 xpdvia kavovikoi pabntég. Ki autd gival Trou, 1600 o€ péva, 600 Kal 0TO
Mavvn kar To AnuATpen, KatéBace 10 pOAo Tou atrd KaB' £dpag KaBnynTA TTou eixaue

OTO MUAAG pag. Makdpi va ‘pacTav yia TTavTa JabnTég, Kal ag fTav KOUpPaoTIKO...

Mou eivar eINKpiv@ TTOAU OUOKOAO va Eexwpiow KATTOIOV aTTd TOUG KaBnynTég
TTou pe 1600 TInyaio kalr aeBovo (HAo évwaoav To TTABog Toug yia TN MabnuarTikn

Maideia Tou TOTTOU Hag e To OIKG pag. Moiov atr’ 6Aoug va EeXxaow;



Tov k. . ZtpdvroAo -oupdTiuo Kabnynt) Tou TuApatog Madnuatikwv Tou 1.
ABnvwv- 110U, £TTi Tpia OAOKANPa egdunva (e ouvexn Tagidia atrd v ABAva) pog
€derxve Toéon Ouvaun yia diIdackaAia kar udbnon JTTopeEl va €xel pia Quxn,
avegapTATwg nAikiag; (Mpdayuat, ev apxn nv o AGyog K. ZTpAviCoAe, Kal TITTOTO
povooruavTto, Titrota TeAslwpévo!). Tnv K. E. BaolAdkn, -€Ttikoupn KaBnyATpia Tou
Maidaywyikou TuAPaTog AnuoTikh¢ Exmaideuong tou T, KpAtng- 1mou, av Kai
AKpwG... BewpnTiIK (WUXOAOYOG Yyap), ayKAAIOoE TO HaBNPATIKO PJag TTABoG e TOon
otopyn; Tnv K. Z. MNatradotrouAou, -ka- BnyATpIa Tou TuRPaTog MaBnuartikwy Tou I,
KprTng- TTOU  QVTIPETWTTIOE TNV... XPOVIKI Hag ammooTacn atd ta Bapid padnuatikd
pe Téon uttopovr]; Toug K.K. K. TCavakn kal M. KoUpkouAo, -avattAnpwTh KkadnynthA
Kal evieTaApévo  eTTikOupo  KaBnynTth avtioToixa Tou [MaidaywylikoUu TUAUATOG
Anportikn¢ Ekmaideuong Tou M. Kprtng- TTou pe 10 BabuU BewpnTikO TOug UTTOROBpPO
OoTa TTAISAYWYIKA, MO £dwoav eUTTETTTA TO vONUa TNG OIBAKTIKAG TWV UABNUATIKWY;
Tov K. ©. MATON, -€TTiKOUPO KABNYNTA Tou TuRAPaTtog MabnuaTikwy Tou . KpAtng-
TTOU HE TOV KaBapd SiauavTévio XapOKTPa Tou, TO ALETTEPACTO NBOG TOU Kal TNV
€INKPIVA) TOU BIdBeon yia PETAdOON YVWOEWY UAG PETEOWOE TNV OpeEn yia PIyadikn
avaAuon); Tov K. A. KouBiddkn, -avammAnpwTth kadnyntA Tou TuApatog MadnuaTikwy
Tou . KpATNG- TTou &éxTnKe TOOO TPOBua va atroteAéael PEAOG TNG TPIMEAOUG

ETTITPOTIAG TNG METATTTUXIOKAG JOU EPYACTIQG;

H yATmwg Tov K. M. Adutrpou, -kaBnyntA Tou TuAuaTog MabnuaTikwy Tou IN. KpATtng-
oTov oTToio ogeiloupe T60a; Téca 6oa uévo av Tov yvwpioel KATTolog Ba KaTaAdBel;
Méco avattoAw TIG —OPOAOYW— ATEAEIWTEG WPEG £PEUVAG YIA TA CEUIVAPIO TNG
Mapaokeung, TToU PE TOOO PEPAKI OPYAVWVE, TIG WPES TWV PJaBnudtwy Tng loTopiag
TTOU, v Kal €igal TTPOKTIKGG TUTTOG, Trepvolcav TPV TO KATOAGPBw, TIg €EUTTVEG
QOKNOOUAEG TTOU TOOEG QPOPEG OTO ypa@eio Tou AUvape (0 TTANBuVTIKOG Xapiv
EUYEVEIAG TTPOG TOV... €QUTO HoU). Agv £Xw XTUTTAOEI oUTE PIa @opd Ta Tpia oXedOV

autd xpévia 1o ypageio H308 (Tou K. AGUTTPOU) Kal va VIWow 0TI VOXAW — ioa ioa.

Ag Ba ptTopouca pe Kavévav TPOTTO va EEXAOW QUOIKA ToV AvBpwWTTO UE TOV
oTToio, €T évav Xpovo, yia TTApa TTOANEG WPEG, TTEPACAUE QWTEIVA KOl OKOTEIVA
MOVOTTATIa, TTPOCTTABWVTAG va HETAPEPOUNE Tn Bewpia Twv  OMCBAIVOVIWY

dlavuopdaTWY O€ oUyXpovn YAwoaoa, aAAd Kal va epapudooue Tn Bewpia auTr o€



dyvwoToug —yia pag TouAdxioTov—  xwpous. Evvow Tov K. X. KoupouviwTn, -€TTi-
Koupo kabnynt Tou TuAuatog MabnuaTtikwv Tou I. KpATNg- 0 OTToiog e TOON
UTTOMOVI Kal KapTEPIKOTATA PAdIoE padi pou, TTOANEG QOpPEG TTPOG TO AyVWATO, XWPIG
va Acipel oUTE pIa opd  atrd ouvavTtnaor Yag, av Kal To TTPOYPAUUE TOU YEVIKG OTO
MavemoTAIO gival TTOAU QOpPTWHEVO. Xwpig TNV ApTIa ETTICTNPOVIKI] TOU KATAPTION,
N PEBODIKOTNTA TOU, AAAG TTPOTTAVTOG TNV IKAVOTNTA Tou va SIaBAETTEl péoa atTd
oToifeg TPAEewv Kal BewpnudTwy, N MPETATITUXIOKA auTr] epyacia, cite dev Ba

TeAgiwve TTOTE, €iTe Ba atroTeAOUCE ATTAG £va QTWXO avTiypagpo PIog Bswpiag TTou ron

UTTAPXE.

HpdkAelo, MdapTtiog 2005
Avtwvng ZTTupiddkng



NMPOAOIOz

2KOTTIOG TNG £PYAOiag auTrg €ival N TTapoudiaon Tou TPITOU €idoug dIAVUCUATWY,
TwV OAIoBaIvOvTWy, ia Kal Ta dUO TTPWTA €idn (€QappooTd, eAeUBepa) ival yvwaoTd.
Ta oAioBaivovta diavuouara dIBACKOVTAV OTA OXOAEIa TG XWPAG HOG we Ta Péoa

NG dekaeTiag Tou '60.

2T0 TIPWTO KEPAAaIoO Ba aoyoAnBouue pe évav KaBapd ETTOTITIKO TPOTTO
TTapouciaong Twv oAIoBaIvovTwy dlavuaudTwy oTo EukAcidelo etmitredo.

2710 OeUTEPO KEPAAQIO Ba douue TNV oAiocBnon aTo Xwpo, dnAadn TN CUPTTEPIPOPA
Twv oAicBaivévtwy Slavuoudtwy oTov EukAgidelo xwpo, 1000 €TTOTITIKEA, 600 Kal
BewpnTiKd, €1I0dyovTag TOUG aTTAPAITNTOUG — OAYERPIKOUG — CUUBOAIOUOUG TToU Ba

OIEUKOAUVOUV TOUG UTTOAOYIGHOUG Hag. Na Adyoug oikovouiag, ue Toug GUPBOAIGHOUG
auToUg Ba yivel kal kaTTola avagopd ato R? (Trou atroTeAei TTepiopioud Tou R? ).

To 1piTo KEPAAQIO, Ba aTTOTEAETEI APEVOG TNV OTITIKN ywvia Tng oAioBnong arrd
Mia KaBapd aAyeBpIKA OKOTTIA, KAl QQETEPOU TO OUVOETIKO KPIKO PETAGU EukAcideiou
Kal YTTepBoAIkoU Xwpou.

2KOTTOG TOU TeAeuTdiou Ke@aAdiou eival va avadeigel TN Yyevikeuon Twv
HaBnuaTiKwy Kavovwyv Kal dopwy, OT1Tou £pappolovtag oAioBnon oto YTrepBoAikd
eTiredo, KataAffyouue o€ dUo0 onPavTIKA cuuTrepAcuaTa: aTnV 1I0XU Tou NOpou Twv
pomwyv OTn YAwooa Tng YTEPPOAIKAG YeEWMETpIAg, Kai oTnv  €Upecn TNG
ouvioTapévng atrd Tov Kavova Tou TTapaAAnAoypdupou oTo uTreEPPROAIKS eTTiTTed0 U0
dlavuopdTtwy. Téoo o mpwTtog voposg ( N. porrwv ) 600 kal o deutepog ( N.

oUVNUITOVWYV ) TTPOCOMOIAJOUV TTOAU OTOUG QVTIOTOIXOUG TOU EUKAEidEIOU eTTITTESOU.



EIZAIQIrH

Eival xprioigo va doupe TN «dIAVUCUATIKR TTaIdEia» TTOU ETTIKPATEI T TEAEUTAIA
Xpovia OTn Xwpa Mag, agou £évag atmd Toug PaciKOTEPOUSG OTOXOUG QUTAG TNG
epyaoiag eival va avadei¢el Tnv avaykaidétnta NG d1dackaAiag oToug pabnTtég Tng
Méong Extraidsuong piog o@aipikOTEPNG Kal TTANPECTEPNG EIKOVAG TOU «KOOHOU» TWV
OIOVUOUATWV.

H diakpion PeTAEU «E@APPOCTOU» Kal «EAEUBEPOU» BlaVUOUATOG EEOAEIPONKE pE
Ta véa BIBAia paBnuatikwy 1O 1992. Qg T10TE, Ta dlavuouata dlaxwpifoviav o€
KEQPAPUOOTA» Kal «EAEUBePa», BIBACKOVTAV OPWG TTapAAAnAa pe Tn BonBeia evég
auoTnpou BewpnTikoU TTAaiciou (oxéoelg Kal KAAoe€lg 10oduvayiag, 1-1 kai eTmi
QTTEIKOVIOEIG, YPOMMIKY €EAPTNON — avegapTnoia, aAyeBpikn TR K.4.) Kol O€
TepIocOTEPN €KTaOn atr OTl apydétepa (58 oeAideg, évavti 51 apydtepa kai 46
onuepa). 10 TeEAeUTaio OXOAIKO BIBAiIo dev yiveTal Kapia avagopd yia TNV TTAPATTAVW
OIaKpIoN, OPWG XPNOIUOTIOIOUVTAI KAl Ta dUO €idn dIAVUCUATWY .

Mo ouykekpipéva, oto BIBAI0 «MabBnuatiké | — ANAAYTIKH TEQMETPIA» tTou
€kdOONKe To 1982 avagépovtal n oxEon Kai n KAAon 100duvapiag, T000 aUTOTEAWG,
OnAadr] ouvoAoBewpnTIKA, OCO Kal CUVOEOEUEVEG HE TA €QAPHOOTA dlavUiouaTa.
MNvetar pdhioTa AGyog vyia éva TTPOG €va KAl yia €TTi ATTEIKOVIOEIS, OTn «BacIKA
ateikévion», OTTWG TNV avaépel @ @ € — E Tou ouvéAou Twv dIOVUCUATWY Tou
XWPOU 0TO OUVOAO TWV CNUEIWY TOU XWPOU.

H ypopuikr) €6aptnon SIQVUCPATWY, ME ETITA TTAPAYPAPOUG, COE OUVOAO EiKOOI
TEOOAPWY, oTToTeEAEl éva ammd Ta Tpia Bacikd TuAPaTa oTa otroia dlaxwpileTal TO
Ke@AAaio autd. MAaAioTa yivetal EexwpioTA ava@opd oTn YPAUUIKN €§apTnon dUo, oTn
YPOMPMIKA €EAPTNON TPIWV KOl OTN YPOUUIKN €£apTnOoNn Teoodpwy diavuoudtwy. Ol
BaoeIg TV XWPwV Twv dlavuoudTwy TnNG gubeiag, Tou emITTEdOU Kal Tou EukAgideiou
XWpou, Kabwg Kal o1 dlI00TAoEIS TOoug, KAEIVOUV TO TTPWTO KEPAAaio Tou BiAiou
auTtou. To deuTepo KePAAAIo ava@épeTal TTAAI oTa dlavUCPOTA, QUTA TN QOPa UE TN
Bonbeia Twv ouvreTaypévwy Toug. [ivetal akopa Adyog vyia aAyeBpikr) TiuA
SIavUopaTog Kai yia Tov pepikd Adyo V.

2710 e€mopevo BIBAio, TTou €kdOBNKe To 1992, Ta diIavUCUATA TTAPOUCIACTNKAY HE

AiyoTepo BewpnTikd TpoTTO. ‘ETOI, N 0oX£0N Kal N KAGON 1I00duvapiag TrapaAgipdnkav,

Eicaywyn



Oev UTTAPXEl TTOUBEVA N AEEN «aTTEIKOVION» (OUTE QUOIKA Ol OPOI «EVA TTPOG EVOy» Kal

«ETTI»), oUTE CUMPBOAIZETAI KATTWG TO GUVOAO TwV dlavuoudtwy. O Xwpog, wg TTedio
«®paong» Twv SIAVUCUATWY €XEI TTEPIOPIOTEI OTOV OPICHO TOu dlavuopaTog Béong, o€
MIa eQappoyn Kal o€ pia aoknon. YTTAapxel exwplioT TTapdypa@og (n TeAeuTtaia) yia
TOV XWpo, n oTroia duwg ATav TTavTa €KTOG DIBAKTEAS UANG. H ypapUIKn €EGPTNON EXEI
eTTiong TTapalelpOei, TTaipvovTag avaykaoTiKa padi Tng Tov opiopod TG BAoNG Kal TNG
didoTaong.

AAyeBpiIKA TR eTTiong Oev  UTTApXEl TTouBevd, &vwd O «UEPIKOG AOYOG»
eTTavopifeTal wg «aTTAOG Adyocg». Mpétrel €dw va avaeepBei 611, evw Ta diaviouaTa
oto BIBAio autd TTapoucialovTal TTO «TTPAKTIKA» atr OTI OTO TTPONyoUuEVO, Ol
OUYYPOQEIG €iI0ryayav pia véa €vvola oTnv TeAeuTaia TTapdypago, To €SWTEPIKO
yIvopevo. levikd n TeAeutaia TTapAypa@og Trepleixe oToixeia atrd TN SlavUoUATIKA
Bewpia oTO XWPO, KATI TTOU OEV UTIFPXE GTO TTPonyouuevo. BEBala n oucTnUaATIKA Kal
MOVIUN TTapAAsiyn TNG TTapaypd@ou autig atmo Tn dIdaKTéd UAn, TNV KaTéOoTNOE
oTaBepd avevepyn] @

210 TeAeutaio BiBAio  diavuopdtwy  (Mdptiog 1998), 1O Ke@AAaio auTd
TTapouciadetal okOpa 1o amAd: Av kal dev dla@Epel TTOAU O OXEéon HE TO
TTponyouuevo BiBAio, avagopd oTo xwpo Ot yiveral TToubevd, atmmAdg Adyog Oev
UTTAPXEI, OUTE eQpapuoyEG oTnv EukAgideia MewpeTpia @),

Eivar agibhoyo va avagépoupye akoua OTI oTOo TPWTO BIBAIO UTMpXAV CapavTa
TEOOEPIG OEAIdEG Bewpiag kal oydovTa £€1 TTapadeiyaTa Kal AoKNOEIG, VW OTa dUo
eTOuEVa UTTAPXAV €iKOOI TEOOEPIG OeAiIdeG Bewpiag Kal evevrvTa TTapadeiyuara Kal
acknoeig (otn dIdakTéa UAn) Kai €ikool €€  oeAideg Bewpiag kal evevrvra eTTd
TTapadeiyuata Kal aoKACEIS AvTIOTOIXA.

H éAAEIYn TTPOKTIKWYV €Qappoywy (TT.X. oTn PuoiKr) Twv dIaVUCPATWY KAl oTa Tpid
BiBAia civalr eppaving. ‘Etol, dikaiwpatikd, T600 Ol UTTEPACTIIOTEC TwV —AUECO—
EPAPUOCHEVWY ETTIOTNUWY 600 Kal £vag HEYAAOG apIBUOS —un adidpopwv— PabnTwy
AvVApWTIOUVTAl GWVAXTA yia TN «XPNOoINOTNTO», dNAAdK TOV £QAPUOCINO XAPAKTPO
TWV PaBnuatikwy TTou diddokovtal. AidTl, av éva 1000 BoAiké egpyalegio, OTTWG TO
dldvuopa, Oev ouvdeBei péoca OTnv TAEN ME TO OAUEOWG OXETIKA MWEYEBN TNG
KaBnuepivoTnTag (duvaun, TaxuTnTa, PETATOTION K.G.), TOTE pIa TTOAU KOAN €ukaipia

«KOIVWVIKOTTOINONG» TWV PaBnuaTIKwy Ba Xl XaOEi.

Eicaywyn



Aev 1oxupiCopal 0TI TTPETTEI va TTAVEABEI TO BewpnTIKO TTAGicI0 diIdacKaAiag Twv
OlIaVUOPATWY © auTd gival TTOU TTAYKOOUIWG £QaApUOOTNKE Kal atréTuxe. H didkpion
OpwG Twv dlavuopdTwy OTa Tpia €idn Toug Bewpw OTI Ba A&ITOUPYNOEl, XWPIG TTOAU
KOTTO, WG TTPOPAVAG CUVOETIKOG KPIKOG avapeca oTa «&epd» MabnuaTikd kai Tnv
«e@apuoopévn» Puaoikh Kal KaTd CUVETTEID WG TTOAUTIUO €pyaAgio eQapuoyng NG
«®100gpaTikdTNTag oTNV EKTTaidcuony, yia Tnv otmoia T600¢ Adyog yiveTal GAPEPQ.

Ta duo €idn eival Aiyo TTOAU yVWOoTA:

E@appooTto didvuapa oTo €TTiTTEdO €ival £éva TTpocavaTtoAIouEéVO euBUYPAUUO THAMA

TOU £TTITTEOOU:

A

Av A (4 B, I kAm.) €ivai n apxn Tou diavUoPOTOG, TNV OVOPAlouue onueio
£QUPHOYNG TOU.

EAe00gpo Sidvuopa O ovouddoups TNV KAAOT) 1I008UVaMiag TTou oTToTEAEITAI aTTO OAQ
TA €EQPAPHOOTA SIOVUCHATA TTOU €ival OOPPOTIA WE TO O Kl £XOUV 00 METPO W’ AUTO,

avegapTNTa ATTO TO ONUEIO EPAPUOYNAS KABEVOG:

\, S
\

Eivar dnAadry 1o oUvOAO TwV €QOPUOCTWY OIAVUCUATWY TIOU TIPOKUTITOUV E
mapdAAnAn uerapopd oto EukAcideio etmitredo (o€ OTTOIOOATIOTE ONuEi0 TOU) €vOg

OUYKEKPIUEVOU £@QappoaToU dIavUouaTod.

To 1pito €idog (oAioBaivov didvucua ) oAioBnTAg) eivanl KT «avdueoa» ota dUOo

TTponyouuEva:

Eicaywyn



OAio@aivov didvuopa a Aéue TNV KAGON 100duvayiag Trou atroTeAsital atmd OAa Ta

SlaviouaTa TTou £XoUV i00 PETPO WE TO O, PPICKOVTAI OTOV i8I0 POoPEQ Kal £XOUV ThV

idla popd W’ auto:

Eivail 1o €idog pe 1o 0110i0 Ba aoYK0ANBoUNE O’ auTr) TNV gpyacia. 2tn Puoik autod To

£i50¢ TTEPIYPAPE! TTARPWC TIC SUVAEIC TTOU aoKoUVTal O° éva oTeped awpa

Eicaywyn



IXTOPIKA ZTOIXEIA

O vopog ToU TrapaAAnAoypduuou yia To dBpoioua dIavuoudTwy gival 1600
dIaIoBNTIKOG, TTOU N KATAYWY TOU gival AyvwoTn. Towg ePQavioTnKe o€ Yia —xaPévn
onuepa— epyaaia Tou ApioToTéAn (384 — 322 1. X.) kai BpiokeTal ota Mnxaviké Tou
Hpwva tou AAe€avdpiéwg (TTpwTtog alwvag J. X.). Ekei epapudlel Tov kavéva Tou
TTapaAAnAoypdupou yia va Bpel TN cuvioTapévn TpoxId TTou diaypd@el Eva gwua aTo
oTT0i0 £apudlovTal U0 BUVANEIS (KUETAPEPETAI E OUO TAXUTNTEGY): «OTAV HE OUV €V
AOYw TIvi @EpnTal, €17 eubeiag avdykn @épeaBal To eepduevoy, Kal yivetal dIA-PETPOG
auTh TOU OXAUATOG O TTOIoUCIV al v TOUTW Tw AOyw ouvteBeioal ypauuai» [ otav
(éva ocwpa) petapépetal (Me dUO TaxUTNTEG) ME dedoPEvo AGYO, TO CWHa gival oav va
METaQEPETAI O€ €uBgia ypappn, n otroia cival n dIGPETPOG (dlaywviog) Tou GXAUATOG
(TrapaAAnAoypdpupou) TTou opideTal atTd TIG dUOo TaxUTNTES ] (MNXavikd, 848 b10-13)
®6) ‘Hrav emiong 10 TPWTO TOPIOUA OTV Principia Mathematica (1687) Tou
NeUutwva (1642 — 1727): «Corpus viribus conjustics diagonalem parallelogrammi
codem tempore describere, quo latera separatis» . Z10 ¢pyo auté o NeUTwv Katd-
mAveTal eAVTIANTIKA U auTtd TToU OAUEPA AEUE DIAVUOUATIKR ovidTnTa (TT.X. TaXUTNTa,
Ouvaun) aAAG TToTE PE TNV €vvola Tou dlaviouaTog. H ouoTnuaTikr HEAETN KAl XpAon

TwV SIavUOPATWY EAaBe XWpa Katd 1o 19° aiwva Kail oIS apxég Tou 20,

Ta diaviopata yevvrnoOnkav Katd TG dUo TTpwTeg SekaeTieg Tou 19% aiwva Pe TN
VEWUETPIKA avatrapdoTtacn Twv Miyadikwyv aplBuwy. Or Caspar Wessel (1745 —
1818), Jean Robert Argand (1768 — 1822), Carl Friedrich Gauss (1777 — 1855)
METAEU GAAwV ouvéAaBav Tnv 1I0€a TNG avaTTApAoTaAoNG TWV UIYadIKWwV apIBuwV wg
onueia oTo dI8IGoTaTo ETTTTESO, SNAASH WG Siavuopata Tou R% Or padnuaTikoi, aAAG
Kol GAAOI €TTIOTHPOVEG BOUAEWaV W’ auTd Kal EQAPPOCAV TOUG VEOUG aUTOUG aplBuoug
ME TToIKiAoug TpoTTOUG. O Gauss yia TTapddelyua, €Kave KATAAANAN xprion Twv
MIYadIKwyV apIBPwyV yia va aTtodeiel, o€ nAIKia 22 eTwv 10 OgueAIlLdEG Oewpnua TNG
AAyeBpag. To 1837, o William Rowan Hamilton (1805 — 1865) £de1&e 611 o1 piyadikoi
apiBuoi Ba ptTopoucav va TTEPIYPaPoUV wg diateTaypéva Ceuyn (a, B) TTPAYUATIKWYV

apiBuwyv. H 18éa autr) ATav éva TUAUA TNG EKOTPATEIQG TTOAAWY HPABNUATIKWY,
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oupTrepIAauBavopévou Tou Hamilton, va wagouv yia €vav TpOTTo va ETTEKTEIVOUV TOUG
1010 TATOUG «aPIBPOUG» OTIG TPeig dlaoTdoelg. AAA Kavévag dev ATAV IKAVOS va
KaTopBwaoel KATI TETOIO, TIPOOTATEUOVTAG TAUTOXPOVA TIG BACIKEG AAYERPIKES 1810TNTEG
TWV TTPAYMATIKWY KAl TWV JIYOBIKWY OPIOUWV.

To 1827 o August Ferdinand Mobius dnuocicuce éva pikpd BIBAI0 pe TiTAO
Bapukevipik6¢ Aoyioué¢ O©TO OTIoI0  €I0fyaye TTPOCAVATOAICHEVA  €uBUYpaAUa
TUAMOTA Ta oTToi BRAWVE HE ypauuaTa Tou aA@afiTou, KaB' OAa diavicuaTa, aAAd
Ox1 kKaT ovoua. Kard Ttnv épeuvd Tou yia Ta KEVIpa Bdpoug kal Tnv TTPOROAIKN
YEWUETpia, 0 MObius avémTuée pia apiBunTIK AUTWV TWV TTPOCAVATOAICHUEVWV
EUBUYPAUPWY TUNUATWY ~ Ta TTPOCBeoe Kal €6€1Ee TTWGS TTOAATTAaCIGdovTal auTd JE
TIPAYMATIKO apiBud. Ta evdia@EépovTd Tou ATaV OTToudnTToTE aAAOU TTapOA’ auTd Kal
Kaveig GANog dev UTINKE OTOV KOTIO va Trapatnperjoel Tn oTroudaidtnTa autwy Twv
UTTOAOYIOUWV.

Metd amé peydAo apiBud atrotuxnuévwy  TTpootrabeiwyv, o Hamilton TeAIkdA
atmmo@doioe dIaKOWEl TNV TTAPATTAVW £PEUVA VIO £VA TETOIO TPICOIACTATO «APIBUNTIKO»
oUoTNPa Kal avT’ autou ETTIvonce éva TETPadidoTato oUCTNMA, TO OTTIOI0 OTTEKAAEDE

quaternions ®. Z1ic 16 OkTwPpiou Tou 1843 o Hamilton éypags:

«2nuepa, 16 OkTwPpiou 1843, ToU ETUXE va gival AsuTépa Kail uépa
ouBouliou tn¢ BaoiAikiig Akadnuiag tn¢ lpAavdiag, mepmarwvrac mpog 1o
XWpo NS auvéreuong otnv orroia pondpeua,’”’ ..., kard urkoc Tou BaoiAikoU
KavaAiou, ..., ia utTtod0pPOIa OKEWN BIETPEEE TO HUAAD LIoU, n oTroia TEAIKG
&0wae éva amotéAsoua, T armoudaidTnTa ToU o1ToioU O¢ Ba Arav utrepBoAn va
Tw OT1 auéows Eviwaa. Mia NAEKTPIKN TTEPIUETPOC PAVNKE VA TO TTEPIKAEIEr Kai
uia omiBa éemmerdynke £€w armr’ autnyv,... Agv uyrropoudoa va aviiortabw atnv
woénorn... va kKoww W’ éva uaxaipl TAvw o€ UIa TETPA TNS YEQUPAS TOU

Brougham, kaBwc tnv diaBaivaue, 1o BeueAiwdn TUtro...»

Ta quaternions Tou Hamilton cupBoAifovtav wg g= w + ix + jy + kz, 6TTou W, X, y Kal Z
ATav TTpayuatikoi apiBuoi. O Hamilton ypriyopa avtiAfeOnke o1 Ta quaternions Tou
atroreAouvtav atrd U0 EekdBapa HEPN: O TTIPWTOG OPOG, TOV OTI0I0 OTTEKAAECE

BaBuwTS Kal Ta «X, Y, Z yIa TIG 0POOYWVIEG CUVIOTWOEG I TIPOBOAEG GTOUG TPEIG

(*) O Hamilton éyive Trpéedpog Tng BaaoiAikig Akadnuiag Tng IpAavdioag ota 32 Tou oA xpovial
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opBoywVIoUg GEOVEG, TTAPAKIVIONKE (ava@EPOUEVOG OTOV EQUTO TOU) VA ATTOKOAECEI
TNV TPIOOVOUATN QUTH €KPPOON OTTWG ETTIONG KAl TN YPAPMKI TTOU TTAPICTAVEL, €va
AIANYZMA». O Hamilton xpnoipotoinoe Toug «BgpeAeISEIC TUTTOUG» Tou i2 = j° = k*
= ijk = -1 yia va TToAAaTTAaCIdoEl quaternions, Kal aUECTWG aVaKAAUWE OTI TO YIVOUEVO

Q102 = - 4201 0ev ATAV PETATPEWIHO (aTTO KATI AAAO).

O Hamilton miunBnke pe 10 aiwpa Tou ImmméTn 10 1835 KA ATAV €vag AQUTTPOG
ETMIOTAMOVOG TTOU Eixe KAVEI BEPEAEILDN DOUAEIG GTNV OTITIKY KaI TN BEWPNTIKI QUOIKN
W¢ TN OTIYUA TTou €TMvONnoe Ta quaternions. 'ETol, autd Tou TTpocedwaoav Aueoh
avayvwpion otav, TTPAyUaTOTTOIWVTAG Mo OTPO®N, Ta TeAeuTaia 22 xpdvia NG Cwng
TOU a@QOOIwBONKE OTnNV avdTtTuén Kal Tnv TTpowbnon Twv quaternions. ‘Eypawye duo
avoAuTiKa BIBAia, Ta AiaAééeic yia ta quaternions (1853) kail ZToixeia Twv quaternions
(1866), kK&vovTag Aetrropepr) avagopd 6x1 Hévo oTnv dAyeBpa Twyv quaternions aAAd
€TTioNg oTOV TPOTTO TTOU Ba UTTopOoUCAV VA XPENOIYOTIOINBOUV OTNn YEWMETPIa. Z€ éva
onueio, o Hamilton éypawe «péTTel akOua va uttooTnPIEw OTI AUTA N avakaAuyn e
Trapouaiddel oav KAtolov otroudaio yia Ta péoa Tou 19% aiwva, OTTwS ATAV N
avOKGAUWN TNG POong yia To KAgioiho Tou 17 auvar. ATEKTnoe évav otradod, Tov
Peter Guthrie Tait (1831 — 1901), o omoio¢ Tn &¢ekaetia Tou 1850 dpxioe va
epapudlel Ta quaternions oe TTPORAAPATA NAEKTPIOUOU, PayvnTIOPOU KAl o€ AAAa
mpoBAAuaTa  QuoikiAg. Katd 1o deltepo piIcd Tou 19 aiwva, n  oBevapn
UTTEPAOTTIOTIKA O0Tdon Tou Tait yia Ta quaternions TTPOKAAECE EVTOVEG AVTIOPAOEIG,

BETIKEG KAl apVNTIKEG TAUTOXPOVA, OTNV ETTIOTNUOVIKI KOIVOTNTA.

To idIo xpovikd didoTnua TTou o Hamilton avak&AuTrte Ta quaternions, o Hermann
Grassmann (1809 — 1877) ouvétacoe 10 Aoyioud Twv Emekrdoswy (1844), yvwoTo
OrueEPa PE TO YEPMAVIKO Tou Ovoua Ausdehnungslehre. To 1832 o Grassmann
dpxioe va avoTrTiooEl éva «KAIvOUPIo YEWMETPIKG Aoyiopd» w¢ éva TuRua Tng
€peUVAG TOU TIOU a@opouce Tn Bewpia Twv TTANPPOIWY, KOl UETAYEVEDTEPA
XPNOIYOTTOINOE auTtd Ta €pyaAcia yia va dAtTAOTTOINCEl TUAUOTA OUO KAQOIKWYV
epyaciwy , TG AvaAutikn¢ Mnyavikng Tou Joseph Louis Lagrange (1736 — 1813) kai
NG Oupdviac Mnxavikn¢ Tou Pierre Simon Laplace (1749 — 1827). Kart’ apxnyv, 010
Ausdehnungslehre Tou, o Grassmann eTTéKTEIVE TNV £VvOIa TWV BIAVUCHATWY ATTO TIG

OIKeieg OUO N TpeIg dlaoTdoelg o€ £vav aubaipeTo (Quaoikd) apiBuod n dlooTACEWY €101,
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ETTEKTEIVE KaI TNV €vvola Tou Xwpou . Etriong, kai akéua yevikotepa, o Grassmann
ATaV TTPWTOTTOPOG O€ HIA OUCIAOTIKI) evaoXOANOn PE TOUG OUYXPOVOUG TTIVOKEG, TN

YPOUMIKA dAyeBpa Kal TN SIaVUCUATIKA Kal TAVUCTIKN (tensor) avaAuon.

AuoTuxwg, To Ausdehnungslehre gixe dUo coBapd PEIOVEKTAPATA: TTPWTOV, ATAV
QoBepd TTEPIEKTIKG, XwpiG emeénynoeIic Kal TTapadeiyyara Kal ATav  YPOUUEVO
Baociouévo oe €va duovonTo OTUA e Mia UTTEPBOAIKG TTEPITTAOKN CnuEIoypaia.
Akoua kar 6tav o Mdbius 1o eixe peAethoel cofapd, dev Tou ATav duvaTtdv va To
katavonoel TTANpwe. Aegutepov (Kai G&lo Bauupacuou), o Grassmann ATav €vag
KabnynTg MEoNG eKTTAIOEUONG, XWPIG MIa KUPIA ETTIOTNUOVIKA QAN (CUYKPIVOUEVOG
pe Tov Hamilton). Akdua kai étav n epyacia Tou ayvoeito eupéwg, o Grassmann
TTPowbnoe To PAVUPA Tou Katd TiIg dekaeTieg Tou 1840 kai Tou 1850 pe epappoyég
OTNV NAEKTPOBUVAUIKA KOl OTN YEWMETPIO TWV KAUTTUAWY KOl TV ETTIPAVEIWY, A&

XWPIG TTOAAA YEVIKI a1TOd0XH.

To 1862, o Grassmann Onuogicuce dia OeUTEPN KAl GPKETA avabewpnuévn
ékdoon Tou Ausdehnungslehre Tou, aAAG ATav €1TiONG duOVONTA YPAUMPEVN Kal TTAAI
TTOAU TTEPIANTITIKA YIA TOUG PABnUATikoUG €KEivNG TNG €TTOXNG, OTTOTE aKoAouBnoe
AVOYKOOTIKA TRV idla poipa he TNV TTpwTn €KO0CT. ZTa TEAEUTAIO XpOvia TNG (WG Tou
o Grassmann oTpA@NKE PAKPIA ATTO TA MABNUATIKA KAl KATATTIACOTNKE YE MIa OeUTEPN
KAl TTOAU  TTETUXNMEVN EPEUVNTIKI] KAPIEPO OTnN  QWVOAOYIO Kal Tn  OUYKPITIKN
yAwooohoyia. TeAkd ota TéAn Tng Oekaeriog Tou 1860 kai Tou 1870, TO
Ausdehnungslehre dpxioe apyd - apyd va yiveral Katavontd Kal va eKTIMATAI KAl O
Grassmann apxio€ va dEXETAI KATTOIA EUVOIKH avayvwpion IO Ta «PAVTACTIKG» TOU
paBnuaTtikd. Mia Tpitn ékdoon Tou Ausdehnungslehre dnuooieltnke 1o 1878, éva

XPOvo peTd 10 BdvaTo Tou Grassmann.

Mepi Ta péoa Tou 19% aiwva, o Benjamine Peirce (1809 — 1880) ntav o
MeyaAUTEPOG pabnuaTikdog Twv  H.MA.  Avagepdpevog oTtov  Hamilton, Tov
XOPAKTAPIOE WG TOV «UvNUEIdN ouyypagiéa Twy quaternions». O Peirce Atav évag
KadnynTAg MOBNUATIKWY Kal a0TPOVOMIag OTo TTaveTmioTiuio Tou Harvard amé 10

1833 wg 10 1880 Kau éypawe €va oykwdeg 2uotnua AvaAutikng Mnyxavikng (1855,

12

loTopika 2r1o0IxEia



0euTepn ékdoaon 1872), oTto otroio, TTapadoEws dev cuuTtepIEAABE Ta quaternions .

MdaAAov o Peirce €1rekTdOnke G’ auTd TTOU ATTOKAAOUCE «aUTH N UTTépoxn GAyeRpa

TOU XWwpou» oTn ouvtagn Tou BiBAiou Tou Mpauuikh ouvdetikh AAyeBpa (1870), uia
epyacia atmokAEIOTIKA apnpenuévng AAyeppag. ‘Exel 10TOPIKA Kataypagei o1 Ta
quaternions Tav To ayatnuévo avTikeiuevo Tou Peirce kai gixe TTARBOG padnTwy TToU
Katd Tn OIApKEIa TNG KApIEPAG Toug fypayav €vav peydAo apiBud BiBAiwv Kal

EPYACIWY TTAVW G’ aAUTO TO AVTIKEIUEVO.

O James Clerk Maxwell (1831 — 1879) Arav €vag OI0paATIKOG KAl TTPOCEKTIKA
KPITIKOG €lonynT¢ Twv quaternions. O1 Maxwell kai Tait ATav okwTtoédol Kal gixav
otrouddoel padi oto EdiuBoupyo kal 1o KEUTTPITC Kal PoipdoTnKav ApKeTd atmd Ta
evOIAQEPOVTA TOUG TTOU a@opoUcav TN HABNPATIKA QUOIKA. 2’ autd TTOU OVOUAOE «n
MaBNaTIK TagIvOuNon Twv QUOIKWY TToooTATWV», 0 Maxwell diékpive Ta peyEOn TNG
QUOIKAG o€ dUO KaTtnyopieg, Ta Babuwrd Kal Ta diavuouatikd. Katotiv, oToug 6poug
auTou Tou dlaxwpIohoU eTMIORUAve OTI N XPRon quaternions €kave OAOQAVEPES TIG
MoBNPOTIKEG avahoyieg OTn QUOIKA TTou gixav avakaAueBei armd 1o Lord Kelvin (Sir
William Thomson, 1824 — 1907), petalu NG METOQOPAG OepudTNTAG KOOI TNG
KOTAVOUAG TWV NAEKTPOOTATIKWY OuVvAuewv. MapoN autd, OTIG epyacieg Tou, Kai
€IdIKd O’ auTrv TTOU €ixe Tn PeyoAUuTepn emppon, Tnv [llpayuareia mavw oTov
HAektpioué kar rov Mayvnrioué (1873), o Maxwell ¢€dwoe €éugaon otn otroudaidétnTa
auToU TTOU TTEPIEYPAYE WG «Evvola Twv quaternions... 4 n Bswpia Twv AIAVUCUATWV»
WG IO «PaBNUaTIKA HEBODOGC... Jia PuEBodOG okéwng». To idlo dldoTnua, £MOARUAVE
TNV avopoloyevr) @UON Tou TIPOIGVTOG Twv quaternions, Kal TTPOEIBOTTIOINCE TOUG
ETMOTANOVEG VA PEIVOUV JaKPIG aTTd TN Xpron Twv «JeBOdwY Twv quaternions» pe TIg
AETTTOUEPEIEG TTOU AVAPEPOVTAV OTIG TPEIG OIOVUCHATIKEG OUVIOTWOEG. AVAYKAOTIKA, O

Maxwell TTpdTeIve pia KaBapd dilavuouaTikh avaAuon.

O William Kingdom Clifford (1845 — 1879) e¢éppaoe «Babu Baupacuod» yia 1o
Ausdehnungslehre Tou Grassmann kal cupTTdOnoe €INKPIVA Ta dIavUOUOTA, TA OTTOIO
ouxva atrokaAhouce PBruarta, TTadvw amd Ta quaternions. 1o €pyo TOU ZToIXEia

Auvauikng (1878), o Clifford diéotrace 10 yivopevo dUo quaternions o€ dUO TTOAU
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OIAPOPETIKEG OIOVUCHATIKEG OUVIOTWOEG, TTOU TIC ovOpaoe BaduwTh ouvioTwod
(onuepa yvwoTH WG EOWTEPIKO YIVOUEVO) KAl SIAVUOMATIKA OUVICTWOO
(e€wTEPIKO YIVOMEVO). [a TN dIAVUCPATIKN) avaAucn UTTOCTAPIEE OTI «n TTETTOIONGN
Hou gival OTI ol apxég TNG Ba aokrjoouv TEPACTIA ETTIPPON OTO PEAAOV TNG paBnuaTi-
KAG emoTAUNG». MapdAo TTou Ta 2roixeia Auvauikng ixav oKoTTd va yivouv To TTpWTO
eyxeipidlo pia oAékAnpng oeipdg, o Clifford dev €ixe TTOTE TNV €uKaIpia va «KUVNYHOEI»

QUTEG TIG 10€€G, MIa Kal 0 BAvaTog Tov Bprke oTa 34 xpovia Tou.

H avatmtuén tng dAyeBpag Twyv Slavuoudtwy Kal TG SIavUCHATIKRAG avdAuong
OTTwG TIG &€poupe onuepa, avakaAuednkav apxikd o€ OuAdeg aglooNUEIWTWY
onueiwoewv eTiayuévwy atod Tov J. William Gibbs (1839 — 1903) yia Toug @oItnTég
Tou oTo TravemoTAuio Tou Yale. O Gibbs Atav évag viomog Tou New Haven oT1o
Connecticat Twv H.MN.A. (o Tatépag Tou ATav €TTiong kabnynTg oto Yale). H kupia
EMOTNMOVIKY €vaoxoAnon Tou Atav n Bepuoduvauikry. O Maxwell utrootrpige
oBfevapd T Oouleid Tou Gibbs oTn  Bepuoduvapikr, €IOIKA TN YEWMETPIKN
avatrapdoTacn Twv ammoteAeoudtwy Tou. O Gibbs €ionxbn ota quaternions étav
di1aBaoe TNV lMNpayuareia mavw orov HAekTpioud kai tov Mayvnrioué Tou Maxwell kai
peAéTnoe To Ausdehnungslehre Tou Grassmann. Zuptépave 0TI Ta diavuouata Ba
TTapeixav éva Tro aTTOTEAEOUOTIKO €PYOAEio yia Tn OOUAEId Tou OTn QUOIKA. 'ETOol,
apxiCovrag 10 1881, o Gibbs TUTTWOE TPOCWTIKA ONUEIWOEIG BIAVUCUOTIKAG
avaAuong yia Toug QoITNTEG TOU, Ol OTToioI TIG JETEdwaav o€ pabntég oTig H.M.A., T
Bpetavia kai 6An Tnv Eupwtrn. To mpwTto BiBAio cuyxpovng diavuouaTiking avaAuong
otnv AyyAia ntav n Aiavuouariky AvaAuon (1901), TTou dev Atav TiTToT AAAO TTOPd TO
MovTépiopya Twv onueiwoewyv Tou Gibbs ammd évav amd Toug TeAeuTaioug
METATITUXIOKOUG @oITnTéC Tou, Tov Edwin B. Wilson (1879 — 1964). Katd cipwvikd
P60 0 Wilson €AaBe Tnv TrpoTrtuxiakn Tou ekmraideuon oto Harvard, étou eixe
MaBel yia Ta quaternions atd Tov kaBnynth Tou, J. Mills Peirce (1834 — 1906), évav
ammd Toug yioug Tou B. Peirce. To BiAio Twv Gibbs/Wilson emavekTumtwBnke o€
XapT1odeTn €kdoon 1o 1960.

Mia GAAN cupBoAn oTn olyxpovn Katavonaon Kal Xpron Twv SIavUCPATWY UTTHPEE €K
pépoug Tou Jean Frenet (1816 — 1890). O Frenet ¢€ionx6n oto Ecole normale
superieure 10 1840, petd ommoudace otnv TouAolln, 6TToU €ypawe Tn SIOAKTOPIKN TOU

diatpiBr) To 1847. H diatpifr) Tou TTEPIEXEl TN BEWPIa TWV KUPTWV XWPWV KAl TOUG
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TUTTOUG TTOU gival yvwoToi oav turror Frenet — Serret. O Frenet €édwoe poévo £8
TUTTOUG eV O Serret evvid. O Frenet dnuoacicuce auth Tnv TTAnpo@opia oTto Journal

de mathemetique pures et appliqués, 1o 1852.

Kartd 1n dekaetia Tou 1890 kai Tnv TpwTn dekaetia Tou 20 aiwva, o Tait kai
MepIKOi GAAoI aTTodoKipacav Ta dlavuouaTa Kal UTTEPACTTIOTNKAV Ta quaternions evw
TARBoGg  AAAWV  €mMOTNUOVWY KAl PaBnuatikwy  oxediacav  TI¢ OIKEG  TOUG
dlavuopaTikég peBddoug. O Oliver Heaviside (1850 — 1925), évag auTtodidaKTog
PUOIKOG TToU gixe o€ peydAo BaBuo etnpeaoTei amd Tov Maxwell, dnuocicuce apbpa
Kal TNV HAekrpouayvntikh Bswpia tou (Tpeig TéMol, 1893, 1899, 1912) otnv otoia
avTitdxbnke oTta quaternions kar avémtuge T OIKA Tou dlavuopaTikh avdAuon. O
Heaviside cixe AdBel avrituma amod TI¢ onueiwoelg Tou Gibbs kal piAnoe TToAU
KOAQKEUTIKA yI' QUTEG. ZTNV eloaywyn Twyv Bewpiwv Tou Maxwell TTou agopolv Tov
NAEKTPIOUO Kal TO payvnTiopo otn eppavia (1894), o1 diavuopatikég péBodol
uttooTnpixTnkav Kai TMARBog BIBAiwv diavuouaTikAg avaAuong akoAoubnoav oTn
epuavia. O1 diavuopaTikég péBodol eiorxBnkav otnv Italia (1887, 1888, 1897), 1n
Pwaoia (1907) kar Tnv OAAavdia (1903). Ta diaviouata gival oRuepa n ouyxpovn
YAWOOQ MIOG ONUAVTIKAG CUMQWVIOG JETAEU TNG QUOIKAG Kal TWV €QAPHOYWY OTA
MoBnuaTiIkG Kal ouvexiCouv va Tpafouv To OIKO TOUG, OUCIACTIKO, HaBnuatikéd

evdlapépov. @
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KED®AAAIO 1

OAIZOHZH ZTO EYKAEIAEIO ENINMEAO

NMpbéoBeon peTagy eQapuoOOTWYV SIAVUOUATWYV

OPIZMOZ 1.1 E@appooTd didvuopua AB e apxn A kal Trépag B oTo emitredo
ovopdadoupe éva euBUYypaPPo TUAKA TOU OTToiou Ta dkpa BewpolvTal
dlaTeTayMEVA: TO onueio A gival TTpWTOo Kal To onueio B deuTepo.

H eubeia AB Aéyetal popéag Tou diIavUoPATOG AB .
Aig0Buvon Tou AB AéyeTal n dieuBuvon Tou Popéa Tou.
®Popd Tou AB Aéyetal n @opd TnG nuieuBeiag AB.

MéTpo Tou AB AéyeTal O PN apvnTIKOG TTPAYUATIKOG APIBPOG TTOU EKPPA —
el TO NAKOG TOU TURuaTtog AB.

OpiCoupe GBpoIoPa PETAEU EQAPUOOTWY dIAVUOUATWY POVOV OTav £XOUV TO iBI0 anueio
epappoyng. AloQopeTikd, dev opifoupe dBpoiopa peTalu Toug. YTTO Tn ouvlnkn auTr, av
U0 £@apUOOTA dlavUoPATA £XOUV KOIVO ONUEI0 EQApPOYAG Kal gival OJOPPOTTA, TOTE TO
dbpoicud TOUG Ba egivar To opdppotro W autd didvuopa TTou €£Xel TO D10 onueio

EQAPHOYNG KOl HETPO i00 e TO ABpOoIoHa TWV dUO HETPWV.

Ql
+
gl

0 B 0
——) MPOSOESH >

a

Av gival avTtippoTra, TOTE TO ABPOICHA Eival TO CUYYPAUMIKG [’ auTd Sidvuoua TTou EXEl
id10 onueio e@apuoyng, HETPO iCo PE TN dIa@opda TWV PETPWYV Kal Qopd Tn ¢opd Tou

MeyaAUTEPOU.

0 a-+p

*aT’ MNPOZOEZH e} _>

Av gival un CUYYPAUMIKA, TOTE OEV EXOUNE, TTAPA VA EQAPUOCOUE TO YWWOTO Kavova
ToU TTapaAAnAoypdpupou:
To aBpoicua dUOo EPaPUOCTWY dIAVUCHATWY HE Kolvé onueio epapuoyng O eival 1o
e@apuoaTd ato O didvuopa TTou opideTal atrd Tn dlaywvio Tou TTapaAAnAoypduou TTou

oxnuaTifeTal e TTAEUPEG T ApXIKA SlavUoUATa.



Ql

NPOXOEsH = n \\\
O/CH—E S~o
O \ //.
B -

2XOAIO H 11pd0Beon ueTalu epappooTwy dlavuoudTtwy dgv gival Tirota dAAo, TTapd n

elpeon TNG CUVIOTANEVNG BUVANNG TTOU AOKEITAI € ONUEIaKS CWHA, aAAd Kal
NG TaXUTNTAG €vOG OTEPEOU OWHATOG. TOoO 0 ‘Hpwvag eTTopévwg, 600 Kail 0
NeUTwvag, ékavav —xwpic va To BIATUTTWVOUV— TTPAEEIC HETAEU £QAPUOOTWV

OIAVUCUATWV.
O TTOAAATTAQCIAOUOG TTIPAYUATIKOU apiBuoU A UE EQAPPOOTO SIAVUCHA O VIVETAl WS EEAC:
Av A >0, T0Te TO BIAvUOPa AQ EXEl IBIO ONUEIO EQAPPOYAGS WE TO d, iBia SieUBuvon Kal

@opd, Kai UETPO A|dl.

NMOANATIAAZIASMOZ O

O _— > ME A>0 >
a Ad

Av A<0, 16T TO Bidvuoua Aa £xel iBIo onueio EpapPUOYAS HE To d, idia Siebbuvaon,
avTiBeTn Qopd, Kal uéTpo — A|dl.

NOANANIAAZIAZMOZ O

O — — » ME A<O <
a
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MpbdoBeon peTagl eAelBepwV SlIAVUCHATWYV

O Abyog yia Tov o110i0 opioTnkav Ta €AeUBepa diavuopaTa eivalr o eEAG: H TTpdoBeon
METAEU €AeUBepwyv dlavuoudTwy Ogv OTTaITEl KOIVO OnNUEI0 €QAPPOYNG Twv UTTO
TPOGBeon diavuoudTtwy. Ki autd, yiati atrd Tov opiouo Twv €AeUBEpwVY dIAVUCTUATWY,
MTTOPOUNE TTAVTA Va PETaPEPOUUE TTAPAAANAa TO €va (A Kal Ta dUo), BewpwvTag dnAadn
£évav avTITTPOOWTTO TOU £VOG OTO ONUEIO EQAPUOYNS TOU GAAOU Kal PHETA VA KAVOUUE TNV

TTPOCOeoN OTTWG KAl OTA £QAPHOOCTA.

a a G+
e O—» O—»p» » O >
META®. [g nPOso.
—>
K B
a g a a+g
O —»p < > ¢ 0]
META®. ') NnPOs0O.
+—
B K
/:

° O META®. NPOZO.

2XOAIA 1. To dBpoioua dev aAlolwveTal, av, avTi va PETAPEPOUME TTAPAAANAa To
oldvuoa ﬁdxns va éxel onueio epapuoyng 1o O, TO HETAPEPOAUE WOTE VO
€XEl ONUEIO EQAPPOYAC TO TTEPAG TOU 0. TOTE QUOIKAG eV £POAPUOJOUNE

Kavova TTapaAANAOYPAUHOU, AAAG EVIOVOUPE TNV dpxA TOU O UE TO TTEPAC
TOU E
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a+p

K META®. NPOZO.
_— —_—

2. To GBpoiopa eAeUBepwV dIAVUCUATWY gival KaAd opioévo.
Mpdyuar, ag Bswprigoupe dUo GAAOUG QVTITIPOCWTTOUS d', E TWV UTTo

—

TTpdoBeon diavuopdtwy o, B .

Ta tetpatTAcupa AIHE, TAOH eival TtapaAAnAdypapua, ommote H // = AE
kal A® // = TH. ETropévwg A® // = AE, dnAadn 1o TeTpdtTAcupo AAGE

gival TapaAAnAdypaupo. Apa Ta diavioouara AA ,EO civai ioa, onAadn

10 GBpoIoPa O+ f% dev aANoIWONKE.
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I5160TNTEG BpOoioUATOg

H 10x0¢g TNG avTINETABETIKAG 1816TNTAG 6(+f3 =f3 +0 TTPOKUTITEI APEDQ, TOOO Yid Ta
£QapUooTd, 600 Kal yia Ta eEAeUBepa diavuouaTta, aTrd Tov TPOTTo TTou gidae OTI

TTPOCTIBEVTAl.

Oa atrodeiCoupe TWpPA TNV TTPOCETAIPIOTIKA 1810TNTA YIa Tpia eQpapuooTd dlavuouaTa, N

oTroia Ba 1oy UEl auTOPATA Kal yia Ta EAeUBEPQ.

Ocwpouue Ta epappoaTd oto O
SlavuopaTa a, B, y OTTwe oTo
oxnua.

E@apudlovrag dladoxikd Tov
Kavova Tou TTaparAnAoypdupou
TTaipvoupe G+ B =OA
Kall

(a+p )+ y=0Z
Av Tpa B+ Yy =OE (OXAHQ), OPKEi
va &gi¢oupe Ot TO TETPATTAcUpO OAZE

gival TTapaAAnASGypaupo, WOTE

OZ=a+ (B+ V). r
‘Exoupe
OAZI' TapaAAnAoypauuo, apa AZ// =0l

= AZEB TrapaAAnAoypappo
OBEI' TtrapaAAnAoypauuo, apa OrF// =BE

Apa AB//=EZ
AMAG 1o OAAB gival TTapaAAnAdypapupo, apa AB //=0A.
Etmrouévwg OA //=EZ, dnAadr) To OAZE cival TTapaAAnAdypapo.

ETropévwg sival e G+ =B+a

o (A+B)ry=a+(B+ V)
yla OTTOIaOATTOTE EQAPUOCTA (Gpa Kal yia OTToIadATTOTE eAcUBepa) SlavUoUATa TOU

EukAcidelou emiTTédoU.
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MpbéoBeon peTagl oAioBaIvovTWY SIaVUOUATWY

OTwc eidape oTnv sloaywyr, oAioBaivov didvuopa A sival n KAGon 1008uvapiag Trou
atroTeAeiTal oTTé OAQ Ta BIAVUCUATA TTOU £X0UV {00 PETPO WE TO O, BpioKovTal aTov iB10

POpPEA Kal €XOuV TNV idla gopd U’ auTo:

-
-
_--
-
-
-
-

—
-
_--
-
—
-

H @uoikr Tou gpunveia gival n duvaun, agou, n dpdcn HIag dUvaung oTaBepol PETPOU
Kal KaTelBuvong o€ £va owua, Oev eTTNPEEAZETAI OTTO TO ONUEI0 EQAPUOYNAS TNG OUVAUNG,

OaAAd povo aTrd To popéa TNG.

TNV TTapAypa@o auth Ba eEETACOUNE YEWUETPIKG TNV TTPO0BeoN YETAEU OAITBaIVOVTWY

OIAVUOUATWV.
AIOKPIVOUE TIG TTEPITITWOEIG:

1. Ta diaviopata d, B BpiokovTal aTov idlo popéa.
ToTe, T0 dBpPOICUA TOug gival TO dIAVUC A TTOU €XEl TOV iDI0 popéa, Kal av gival
OMOPPOTIA, TO ABPOICUA £XEI ETPO I00 PE TO ABPOICHA TWV PETPWY TOUG, EVW) AV

gival avtippoTra, Tn d1agopd Tous Kal TN GOoPA& TOU PHEYOAUTEPOU:
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H mpdoBeon ' autd Tov TpOTTO €¢nyeiTal atrd TN QUOIKN EPPNVEIQ TOU
oAioBaivovTog diavUopaTog wg dUVAPNG:
Ag Bewpriooupe SUO BUVAEIG ﬁ IH:2

TTOU AOKOUVTAI KATA ToV idIo popéa €
o€ éva 0TePEd owpa Z. TOTE av ol

OUVAEIG €ival OUOPPOTTES, OTO CUWHA

QOKEITaI ETTi TOU QOpEA € dUvVAPN METPOU

IF,|+|F,| WE popd T @opd Twv F,, F, .
Av o1 duvaeig gival avTippoTreg, 0TO CWUaA

QoKeiTal £1Ti TOU Popéa € dUvaUn HETPOU
IF,1 - |F,| | ME opd ™ popd TG peyaAlTEPNG, KaTG HETPO, ek Twv F,, F,

—

2. Ta diavoouata a, B BpiokovTal o€ SIAPOPETIKOUC, un TTapAGAANAOUS QOpEIC.
MeTagépoupe Ta dIAVUCPATA OTO CNUEIO TOUAG TWV QOPEWV TOUG KAl EQAPHOLOUNE

TOV Kavova Tou TrapaAAnAoypduuou: To aBpoioua cival oAicBaivov didvuoua Tou

—

OTTOIOU O POPENC BIEPXETAI OTTO TO ONUEIO TOPAGS TWV POPEWV TWV O, B Kal Eival

1I000UVANO WG eAeUBEPO DIGVUCUA [E TO Ex+[§.
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3.'Eotw 6T 10 Q, ﬁ BpiokovTal o€ dIAPOPETIKOUG, TTAPAAANAOUG POPEIS Kai gival
oubppOTTa.

—

‘EoTw Ta diaviopata d, B, n €ubeia € oTov N oTToia gival KABETN OTO Popéa TOUG, Kal Ta

dlavuouaTa u , “u NG €. Edv u eiva OIAVUO O JE POPED TNV €, TOTE EXOUME TNV I00TNTO
eAeUBepWV BIAVUOUATWV

a+B =(a+u)+ (B - u)
©a XPNOIKOTIOINCOUNE auTr] TN OXEoNn Yia va opicoude To dBpoicua oAigBavovtwy
OIAVUOPATWY OE QUTH TNV TTEPITITWON.
Me Tov kavova Tou TTapaAAnAoypduuou Ta a, u £xouv abpoioua AM =MX. Ouoia Ta
dlavuouara B, -u €xouv aBpoicua BN= MNT. Ta MX, MT ouvribeviai pe T o€ipd TOUG

oto didvuopa MNP, TTou pe 100TNTEG TPIYWVWYV aTrodeIkvUETal OTI €XEl METPO |a|+|[B | Kai
gival KGBeTO OTNV €.

A A
Emriong, éxoupe Al ~ XWTI1, omére AL = Q Kal
XY  |a
A A
FBM~ZTI, omére B = Q kai eTeid) XW = T (eUKoAO),
2T |B|
Ar
, Xy _|a AT _ |B]
Ba civai ﬂ:m &S —— =
rs m B |al
5T B
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Maparnpouue o1 To onueio I gival aveEdpTnTo Tou dIAVUCUATOG u. Mpétrel aképa va

Toviooupe 8Tl N KaBeTdTNTA Tou SlaviopaTog U pe Ta d, B dev eival amrapaitntn (007,

E@apudoTnke yia eUKoAia oToug UTTOAOYIOUOUG (I0OTNTA, OMOIOTNTA TPIYWVWY) KAl OTO

OXNHA YEVIKA (TTAVTa PTTOpOUME Va Bewprjooups ubsia €, KABETN OTO YOPED TWV ﬁ .

To diavuopa MNP 1Tou TTPOKUTITEl OVOUAleTal ABpoioHa TwV dlIavuoudTwy a, B.

4. E4v 1a q, E BpiokovTal o€ dIAPOPETIKOUG, TTAPAAANAOUG POPEIG Kal gival avTippoTTa
ME Avioa PETPA, TOTE PE OUAAOYIOHOUG OMOIOUG HE Ta TTponyoupeva wBoUhaoTe va
opicoupe wg GBpoIoua Twv dIAVUCPATWY TO dIAvuoua TTou €xel gopd Tn opd Tou
MEYaAUTEPOU, €XEI METPO i00 PE TN JIOPOPA TWV PETPWY TOUG KOl BPIOKETAI OTO QPOopEa
TTOU XWpigel EEWTEPIKA TO TUAMA TTOU eVWVEl TIG dUO apxEG TOUG o€ AOYO QavTioTPOPO

TPOG TO AOYO TWV METPWV TWV apXIKWv dlavuopdaTtwy. ETriong, Bpioketar amd 1n

«MEPIGY TOU PEYAAUTEPOU dIAVUOUATOG.
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5. Eav 1a a, E BpiokovTal o€ dIaPOPETIKOUG, TTApAAANAOUG PopEiIG Kal gival avTippoTTa
jE ioa pétpa (feuyog), TOTE dev OpiCoupe GBPOICUG TOuG Kal aTTAG Aéue OTI EXOUME
{euyog diavuoudTtwy. Mapatnpolue 6T UTTAPXOUV TTOAAG Celyn pe idla «dpdon» OTTWG

Ta OUO apPXIKA

MNa va epunvetooupe, pe Tn BonRdeia tng Gu-

ST

OIKAG, TNV TTEPITITWOTN ToU {eUYOUG, NTTOPOUE

va Bewpnooule éva oTEPEG CUWHPA OTO OTTOI0

aoKoUvTal U0 CUYYPAUMIKEG OUVAEIG iooU

METPOU, aAAG avTiBeTNG POPAG. Av 01 BUVAEIG

QUTEG BpiokovTal aTov idIo Yopéa, TOTE TO CWHA

Ba TTapapeivel akivnto (ouvioTapévn pNdév). Av Ouwg BpiokovTal o€ SIaQOoPETIKOUG
Qo peig, TOTE TO W Ba TTEPIOTPAPEi. Oa £xoupe dNAadK UTTaPEN JOVO POTTAG Kal OXI

METaQOPAG, apou ol duvAauEIg dev JTTOPOUV va OWOOUV CUVICTAUEV, TTAPA JOVO £va

GAAO Celyog duvApEWY.

MpdayuaT, av 6ewpAOOUNE TIG DUVAMEIG

— —

F,, F, 6TTwg oT1o oxAua Kai O 10 KEVIPO POTTWY,

TOTE N OUVOAIKA POTTA TWV duvauewy Ba

givai
OA |F,|- OB |F,| = (OA— OB) |F,| = AB ||

dnAadn TTapatnpoUe 6TI N PoTtA Tou {elyoug dev e€aprdrar amd 1o kévipo porrwv (12,
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aAAG iooU0Tal (Katd uETPo) UE TO UETPO UIAS EK TwWV OUVANEWY, £TTI TNV arréoTacn ueTaéu

Twv popéwv Touc ™. ETropévwg gival ion pe 1o epBaddv Tou TTapalAnAoypdupou TTou

opietal atroé Ta dlavuouara Tou {elyoud.
MNa va kaBopicouue TN Qopd TTEPICTPOPNAG, TTPOCNUAIVOUUE TO gUPadOV auTd ue BeTIkG
TTPOCNMO, av N @opd eival avTiIwPEOAOYIAKN KAl JE ApvNTIKO TNV avTiOeTn TTEPITITWON.

‘E101, T0 euBaddv Tou TTpwToUu TTapaAAnAoypdupou Tou OXAUATOG €ival apvnTIKO, EVW TOU

OeUTEPOU BETIKO.

=
e s~ F1 F‘Y /

’ ’

Ve 7 / /

d 7
/// —_ E /// /’ E //
. /' ’ // //’ .
l—y

F, F,

ZUVETTWG, N Opdaon evog eUyoug gival JOVO TTEPIOTPOQPIKN, KAl TTapapével oTabepn (Katd

METPO) av TO yIvopevo AB |ﬁ1 | Tapauével oTaBepo.

OPIZMOZ 1.2 Ovopdloupe o0GTNHA JIGVUCPATWY OTO UKAEISEIO eTTiTTedo E? KGOE
TTETTEPACHEVN CUANOYH EQOAPHOCTWV SIAVUCUATWY Tou E>.

OEQPHMA 1.1

To GBpoIopua TwV SIAVUGUATWY £VOS CUOTAWATOS X Tou R? eival eite

povadiké didvuopa, eite povadikd Ceuyog.

ATédeIEn
Oewpoupe dU0 ePapuooTd diaviouara d, f% Tou . TOTE, OTTWG

gidape, autd eite Ba auvTiBevtal o€ éva dlIAvUCUa, €iTe Ba atroTeAoUV
Ceuyog.

TNV TIPWTN TTEPITITWON, To didvuopa (dBpoioua) eite Ba uTTopEi va
TTpooTeDE Ye Eva dANo Siavuopa Tou emTTédOU, €iTe Ba atroTeAei (elyog
M auTo.

21N deUTepn TIEPITITWON, av Y éva GAAO SIGvuaa Tou £TTITTESOU JE
V It @, 10TE, apoU (A+B)+V = G+ (B +V ) EXOUpE:

OAioBaivoupe Ta dlaviouata O, Y WOTE VA ATTOKTAOOUV KOIVO ONUEio
£QAPHOYAC Kal BPICKOUPE TO ABPOIoHA TOUG O+ Y . £Tn CUVEXEI,
EVEPYWVTAC avaAoya, BPiOKOUYE TO ABPOICHA TWV SIAVUOUATWY O+ |

—

B TO OTTOIO TTPOYAVWG Eival UOVADIKO.
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—

Av TWpa Y //a, Ta dilavioparad,y divouv SIGvuoua avTippoTro Ye 1o B

() M€ TO O ) OAAG Gvicou PETpou, OTTATE TIAAI €XOUME avaywyn o€ éva
(kAGon 1coduvapiag) diavuoua. ETTopévwg pe eTaywyr otov apiBud Twv

OIAVUCUATWY TOU OUCTHMATOG, KABE —TTETTEPACHUEVO— OUOTNUA SlIaVUCUd-

Twv Tou R? avdyetail gite o€ povadikd diavuopa (KAGon) &ite o€ Povadikd

Ceuyog (KAaon).
y y
> <
a a
e T Ry e
r’] —
B B
----------- 4+ ceeoeo o
®
OEQPHMA 1.2 Av tpia oAioBaivovTa diaviouata Tou TTITTEQOU BpioKovTal OE [N
TTapdAANAoUG Qopeic avda dUo Kal £Xouv UNdevIKG aBpoioua, TOTE Ol
POPEIG TOUG GUVTPEXOUV.
ATédeIEn
‘Eotw Ta dilavioparad ,f% , Y TTOU £XOUV UNOEVIKO GBPOICTHA WG
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oAioBaivovTta diavuouara.

O @opéag Tou aBpoicuaTog Twv d

Kal B, wg oAoBaIvOVTWYV dIaVUTUATWY
OIEpYETAI ATTO TO ONEIo TOPAG TwV

POpPEWV Tou O KOl Tou B. B
TUVETTWG, TO TPiTO didvuopa ( = — (a +[§ ) ) TTIPETTEI va BPiOKETAI OTO QPopéa
TOU aBPoioUATOG TWV TTPWTWV dUO, dNAAdI oI POpPEiC TUVTPEXOUV (]

OEQPHMA 1.3 'EoTtw ohicBaivov Sidvuoua O Kal Soopévo onueio A. To d avayeTal o€

éva oUoTNUa TPIWV SIAVUCHATWY: O€ éva dIAVUC A TTou SIEPXETAI ATTO

T0 A TTOU £ival OPOPPOTTO KAl i00U YETPOU WE TOQ Kal O€ £va {eUyog.

AT6deIEn
B A
Otwpouue 10 oAioBaivov didvucua
Kal To dOOUEVO OnuEio A, wg KEVTPO d
potrwv Tou gmmédou.  __________ oy
A@oU n QUOIKI EpNVEIa Tou a eival a

n duvapn, 1o «ouoTnua» A- a (A:

KEVTPO POTTWV) PTTOPEl va avayBei o orolodATToTE AAAO GUCTNHA UE TV
idla dpdon Pe To apxXIKG. AnAadry o€ OTToIOdATTOTE CUCTANA dIAVUOUATWY
éXEl oUVIOTaPEVN A Kal idia poTT We 1o O (d|al).

A@oU Aorrév o0 oTdXOC €ival N HETAPOPE Tou O oTo A, n avaywyn Ba

odnynoel kal oTn «yévvnon» {elyoug, TOU OTT0IOU N OUVOAIKA POTTH
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Ba cival ion pe TN po-

M Tou d.

H apxikA potmy (Tou a) wg
TTPOG TO onueio A gival ion pe 1o eufaddv E tou TapaAAnAoypauuou Je
TAEUPA A Kai OYog d.

MrtropoUue ETTOUEVWG VO 00N- A
ynBouue o petagopdTOU G
oTo A, ye Tautdxpovn OuwG dn- G[ ___________ E - -u /
MIoupyia {elyoug TTou Ba opilel

TTapaAAnAdypaupo eppadou E. (]
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KE®AAAIO 2

2.1 OAIZOHZH ZTON EYKAEIAEIO XQPO

OPIZMOZ 2.1 O EukAeideiog xwpog didoTaong 3 ( E*) rapioTévetal ammd 1o GUVOAO
TWV SIaTETAYUEVWY TPIAOWY TIPAYHOATIKWY APIBUWY.
Apa
E3={x/x=(k, A ) pe kA ueR}

OPIZMOZ 2.2 E@appooTé Sidvuoua (x, u) oTo onueio x Tou E* ovopdgoupe 1o

{elyog TTou aTroTeAEiTal aTé To onueio x Tou E* kal To eAeBepo

Sidvuopa u Tou R3.

2XOAIO Mndeviké Ba ovopdadoupe TO EQapUOoTO didvuoua (X, 0) aTo TUXOV
onueio x kal Ba 10 oupPoAifoupe atrAwg pe 0 (n didkpior) Tou aTTd To

€AeUBePO PNdevIKG Ba yiveTal atrd Ta cup@palopeva)

OPIZMOZ 2.3 E@aTrTopevog XWpog oTo onueio x Tou E° ( T,E® ) ovopddetal o
OIAVUOUATIKOG XWPOG TTOU OpifeTal atrd Ta £QAPPOCTA OTO X SIAVUCUATO

ME TIG TTPAEEIG: e (X, U) + (X, V) = (X, utv)
e A(X, U) = (X, Au) yia kaBe AeR
EAéyxoupe 6T 0 xwpog TE® = {x} x R® ikavoTroiei Ta aipara Tou
OIOVUOUOTIKOU XWPEOU.

a) (x, u) + (X, v) = (X, utv) = (x, v+u) = (x, v) + (X, U)

B) (x, u) + [(X, v) + (X, W)] = (X, U) + (X, v+W) = (X, U+v+w)
= (% utv) + (x, W) = [(x, u) + (X, V)] + (x, W)

Y) (%, u) + (x, 0) = (x, u+0) = (x, u)
8) (x, u) + (x, -u) = (x, 0)
£) 1+ (x, u) = (x, 1u) = (x, u)
oT) (KA) (x, u) = (X, (kA)u) = (X, k(Au)) = K(x, Au) = K[A(x, U)]

Q) A[(x, u) + (X, V)] = A (X, utv) = (X, Au+Av) = (X,Au) + (X, Av)
= A(X, u) + A(X, V)



n) (K+A) (X, u) = (X, (K+A)u) = (X, Ku+Au) = (x,Ku) + (x,Au)
=Kk(X,u)+A(X,u) @

OPIZMOZ 2.4 a) EowTepIKO YIVOMEVO TWV BIAVUCUATWY (X, U) Kal (X, V) ovoualoupe
TOV apIBUO u-v, dnAadn
(X, u) - (x, v) = uv
B) ESwTePIKO YIVOHEVO TWV SIOVUCUATWY (X, U) Kal (X, V) ovoualoupe
10 d1dvuopa (X, uxv ), dnAadn

(x, u)x(x, v) = (X, uxv)

2XOAIO loyxUouv OAeg 01 YVWOTEG ATTO TNV AvAAUTIKY YEWMETPIa 1810TATEG Twv BUO

YIVOUEVWY, MIag Kal Ta diavUuopaTa u, v gival eEAelBepa Silavuouara.

OPIZMOZ 2.5 E@amrtopeviki Séopn Tou E (TE®) ovouddoupe To 0UVOAO TwV
EQAPPOCTWY BIAVUOUATWY OTa onueia Tou E°.
AnAadn

TE:=E3xR®

OPIZMOZ 2.6 ZGoTnpa SIaVUCUGTWY 0T0 E ovouadoupe éva TIETTEPACHEVO TUTTIKO
ddpoicpa (X, Uq) + (Xo, Ug) + ... + (Xn, Up) OTOIXEIWV TOU TE®

Oa ouppoAifoupe éva oUoTnUa Z(X,u,) A oTTAG Z(X,Ux), EVVOWVTAG

xeE3

OTI Ta (X, Uy) OV gival undév o€ TTETTEPATUEVO TTANBOG onuEiwy.
2XOAIO Mndeviké Ba Aéue To cuoTnua Z(X, Uy) OTaV yia KAOE X, ux =0, Kkal 6a 10

oupBoAiCoupe pe Z(x, 0).

MAPATHPHZH Tia tov opiopd Tou undevikoU CUCTAPATOG, OV gival apKETO, va IOXUEI

2 Uy =0, yiati Té1e evdeXOUEVWG Va €xouue POTTH ({eUlyog SlavuoudTwy).
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OEQPHMA 2.1 To cGvoho S Twv ouoTnudtwy Tou E> pe Tic Trpdceig
o (X, Uy) B Z(X, Vy) = Z(X, UyxtVy) Kal

o M(Z(X, Uy)) = Z(X, Auy) yia kGBe AeR

gival dravuouarikog Xwpog.

ATédeIgn
a) Z(X, Uyx) B Z(X, Vx) = Z(X, UxtVy) = Z(X, VxtUyx)= Z(X, V) B Z(X, Uy)

B) Z(X, Ux) B [Z(X, Vx) B Z(X, Wx)]= Z(X, Uy) B Z(X, Vx+Wy)
= Z(X, UXHVetWy) = Z(X, UxtVy) B Z(X, Wy)
= [Z(X, Ux) B Z(X, V)] B Z(X, Wy)

Y) Z(X, Uy) B Z(x, 0) = Z(x, u+0) = Z(X, uy)

O) Z(X, Ux) B Z(X, -Ux) = Z(X, Ux-Ux) = Z(X, 0)
€) 1- Z(X, uy) = Z(X, Tuy)= Z(X, Uy)
oT) (KA) (Z(x, Uy)) = Z(X, (KMu) = Z(X, K(AUy)) =K Z(X, Auy)
=K[A Z(X, uy)]
) M[2(x, u) B 2(X, Vi)l = A 2(X, Uxtvi)= Z(X, A(Ux+Vy))
= 2(X, AuctAVL)= Z(X, Auy) B Z(X, Avy)= AZ(X, Ux) B AZ(X, V)
n) (K+HA) (X, U = (X, (K+A)ux) = Z(X, KUx+AUy)
= (X, Kuy) B Z(X, Auy) = KE(X, Uy) B AZ(X, Uy) @

Oa opicoupe TN oxéon I00duvapiag TNG oTroiag ol KAGoe€ig Ba gival Ta oAicBaivovTa

SlaviouaTta oTo XWpo E°.

OPIZMOZ 2.7  Aéug 6T T0 aToIxeio (y, u,)eEx R® cival 1I0080vVapo e TO (X,Uy) Kal
YPAQOUME (X, Ux) ~ (Y, Uy) QV KOl HOVO OV U= Uy KOl Ux = A( X =Y )
yla katrolo AeR).

AnAadn, €dv uy = 0, TOTE

(X, Ux) ~ (X+AUy, Ux)
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€VW OAa Ta PNdevIKA e@aTrToueva diavuouaTta ival IcodUvVapa.
H 1o0xU¢ TG avakAaoTIKOTATAG €ival TTPoPavAg, agou
(X, Ux) ~ (X+0uy, Uy) = (X, Ux)
Mo TN CUPPETPIKOTNTA £XOUUE:
(X, ux) ~ (Y, Uy) < (U= uy Kal y=x+Auy) < [uy= Uy Kal X=y+(-A)uy]
< (y, uy) ~ (X Uy)

TEANOG, N METARATIKOTNTA IOXUEI, MIO KAl

[(X, uy) ~ (y, uy) & (Y, uy) ~ (z, uy)] = [y=x+Auy, U= Uy & z=y+puy, u,= U,
= [z=(X+Auy) + PUy, Ux = U;] = [2=X+H(A+P)Uy, Uyx = U]
= (X,Ux) ~ (2, Uz) (]
Apa pe Tnv Tapatrdvw Icoduvapia opifovtal KAAoelg Icoduvapiag ota diavuouata

Tou TES.

OPIZMOZ 2.8 O@ewpoUpe éva onueio avagopds X, oto E®. Opifoupe wg TTAoUKepIa-
VEG CUVTETAYHEVEG TOU EQAPMOOTOU S1avUoHATOG (X, U) WG TTPOG
TO onuEio ava@opdg Xo Kal TIG CUPBOAICoupe pe P((x, u)) To dlaTeTayuévo

Ceuyog (U, (X—xg)xu ) dnAadn

P((x, u))= (u, xxu)

OTTOU (X—Xo) xU €ival TO EEWTEPIKO YIVOPEVO TOU EAEUBEPOU dlavUOUATOG U
ME TO EQAPUOOTS BIAVUOUA TTOU €XEI APXH TO ONUEIO avapopdg Kal TTEPAG

TO Onueio Xx.

Xo

MAoukepiavéG OUVTETAYUEVEG TOU OUCTAMATOS Z(X, AUy) WG TTPOG TO
onuEio Xo Aéue TO dlaTeTayuéVo CeUYOG (Zuy, (X—Xo)xUx) Kal TIG GUUBOAICOU-
ME pE P(Z4) i atmAd P(Z) dnAadn

P(Z)= (Zuy, Z(X—Xo)xUyx)
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2XOAIO  O1 TTAOUKEPIAVEG CUVTETAYMEVEG TOU HNOEVIKOU dIavUoUaToG, AAAd Kail ToU

MNdevikoU cuoTuatog givar (0, 0)

OEQPHMA 2.3 Auo oToixeia gival IcodUvaua av Kal JOVo av €X0UV i0EG TTAOUKEPIAVEG
OUVTETAYUEVEG WG TTPOG KATTOIO ONUEio avagopd.
ATédeIEn
Otwpoupe WG oNWEio avaPopag TNV apxr Twv afdvwy. ToTe X, = 0 Kal
€0TW Ta 1I0000VOPa OTOIXEIA (X, U) Kal (X+Au, u). ToTeE
P((x, u))= (u, xxu) Kai
P((x + Au, u))= (u, (x+Au)xu)= (u, xxu + (Au)xu)
=(u, xxu + A(uxu)) = (u, xxu +0)

=(u, xxu)

AvTIOTPOQWG, av P((x, u)) = P((y, v)) TOTE (U, Xxu)= (v, yxV)
Ouwg atrd Tov opIoHo TwV NMAOUKEPIAVWY CUVTETAYHUEVWY WG
olaretaypévo Ceuyog, Ba eival

(u=v Kal Xxu= yxv) 1] (U=V Kal XxUu= yxu) 1 [u=v kail (y—x)xu= 0] A

AMNG eTteidn (vevikd) u = 0, Ba éxoupe

(u=v kai (y—=x) = Au)  (u=v ka1 y= X + Au) 1} (y, u)=(x+Au, u)=(x, u) &

Etrouévwg o€ 1Ic0d0vaua oToixeia avTioToixei Jovadikd (e0yog TTAOUKEPIAVIDV
OUVTETAYUEVWV.
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2.2 ITATIKH IZOAYNAMIA ZYZTHMATQN
ATTO TNV 1I00duvapia (X, Ux) ~(X + AUy, Uy), TTAIPVOUME TN OXEON ~ PETAEU OCUOTNHATWY:

2(X, U)=[2(X, Ue) B (X1, -V, )T 8 (%, V)~ [2(X, U)B (X1, -v, )] B (Xe+Av, , v, )

onAadn oTi
Z(X, Ux) ~ [Z(X, U8 (X1, -V, )] B (X1+Av, , v, )

oTToTE

[Z(X, u)B (X1, -v, )] B (X+Av, , v, )= Z(X, U)B (X1+Av, , v, )]B(X, -V, )
Ouwg (X1, =v,, )~ (X1=A(-v, ), -v, ), omoTE
[Z(X, u)B (X1, -v, )] B (X1+Av, , v, )~
~ [ 20 ugB (X*+Av, , v, )IBE(X-A-v,, ), -V, )
= Z(X, u)B[ (X1+Av, , v, )B(X1+Av, , -v, )]
= 2(X, U)B (X1+Av, , 0)= Z(X, Ux)
Apa n oxéon «~» TTOU OPIOTNKE TTAPATTAVW Eival CUUUETPIKA KAl AVOKAQOTIKN. Oa Tn

XPNOIUOTIOINCOUE VIO VA OPICOUNE HIa oxéon I008UVAMIaG HETAEU OUCTNUATWY

EQOAPHOCTWY JIAVUCGHATWV.

OPIZMOZ 2.9 Ipdagoupe 2=T kail Aéue 0TI Ta cucTAPATA 2, T TOU XWPOU OAWYV TwV
ouoTNUATWYV S gival (OTATIKA) 1000UVAUA AV UTTAPXE! TTETTEPATUEVN
akoAouBia cuoTnudTwy X4, 2o, ..., Z TETOIQ WOTE:

2=, =T KAl Ziy~Ziyiai=1,2, ..., k1.

H (oTaTikA) iIcoduvapio ocuoTnudTwy gival ToOTE
a) avoKAQOTIKA : 2=Z (TTPOPAVEG)
B) ouppETPIKA
ATTédeIgn
‘Eotw Ta ouoTApaTa 2, T e 2=T.
Ymdpxel 101€ akoAoubia (Z,), n=1, 2, ..., K pe Z=Z, & =T Kal Zjs1 ~ Z; yIA
i=1,2, ..., k1.

AQoU Gpwg N oxéon «~» gival CUPPETPIKA, EXOUPE X~ Xy, OTTOTE
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BewpwvTag TNV akoAoubia  (Zcn+1), N=1, 2, ...,k pe Z=T, Z4=Z, 6a
gival T=2,apouyia n=1:2 1 =2¢=T Kai
VIO N=K:2=2«=2 @

Y) MeTOBaTIKN
ATédeIgn

Ocewpoupe Ta cuotApata 2, T, Ptou S ue =T ka1  T=P.

Apa uttdpxouv akoAouBicg (Z,), n=1, 2, ..., Kk kal (T,), m=1, 2, ..., L T€TOIEC

woTe (Z4=%, Z=T kal 2y ~ Ziyi1a i =1, 2, ..., k-1) ka
(T+=T, T=P ka1 Tjy ~ Tyyiaj =1, 2, ..., &-1)

Omorte, BewpwvTtag TNV akoAoubia (P;), r=1,2, ..., k+l ye P, =%, yia

r=1,2,...,k kar P=Tyiar=«k+1, k+2, ..., K+, eival 2=T @

OEQPHMA 2.3 Av =T kai 2’=T’ 161¢ ZHZ'=TEHT yiakdBe 2, T, 2", T € S.

MNa Tnv atrddeiEn auTr Ba XPEIACTOUUE TO

AHMMA 2.1 Av 2=T 161¢ 2’HZ=2’HT vVyiak&Oe Z, T, 2 € S.

ATéde1En
AOYyw TNG 1I0XU0G TNG METARATIKOTNTAG, APKEi va atrodeifoupe TNV

Icoduvapia yia éva Briua, dnAadn yia Tn axéon «~».
‘Exoupe: £~ T < Z=TH (X, -v) B (X+Av, V)
Omote 2’M2=2"A[TH (X, -v) B (X+Av, V)], Ae R
Kal agou n TTPAEN «HE» OTTWGS OPIOTNKE, €ival TIPOCETAIPIOTIKN,
22 =(2'@\T)®E (X,-v) B (X+Av,Vv) ~ BT @
‘Etol, av Z=T ka1 Z’=T €xOuueE:

YEY=TEY =TET VyviokdeeZ, 1,2, TS @

OEQPHMA 2.4 Av Z=T 101 AZ=AT yia kKGBe Ae R kai yiakaBe 2, T € S.

ATTédeIgn
Av Z~T 161e T=TH (X, -v) B (X*+pv, V), pe R omére
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AZ=ATH (X, -Av) B (x+pv, Av)
= ATE (X, -AV) B (x+% (A\V), Av)  (A£0. Av A=0 To Betpnua gival

TTPOPAVEG)

O©étovrag Av = u Kai %=K, EXOUE

AZ = AT B (X, -u) B (x+Kkv, U), oTTOTEAZ ~AT @

OEQPHMA 2.5 To oUvoAo Twv KAACEWYV CTATIKNAG 1000UVANiag cuoTnUATWY gival
OIAVUOUATIKOG XWPOG.
ATTédeIgn

2UMBoAiCoupe Cr TNV KAGON 1I00dUvVauiag Tou ouoThiuaTtog R.
Tote G) Cs+ Cy=Ct + Cs, G(pOU 2ET=THX
B) (Cs+ Cr) + Co = Cy+ (Cr + Co),
apou (ZET)BP = Z@ (TEOD)
y) Av L=2(x, 0)

Cs + C_ = Cs, om6T1e CL : undevIKO OTOIXEIO TNG KAAONG
0) Cs + Cryz: = C, a@oU ZH(-1)Z = Z(X, U)BZ(X, -Uy) = Z(X, 0)
€)1-Cs=Cs
oT) (kA) Cs = k(A Cs)
¢) MCsz +Ct)=ACs +ACt
n) (k+A) Cs = kCs + ACs (]
©a Bpouue TN SiIACTACN TOU TTAPATTAVW XWPEOU:

OpiCoupe Tnv ameikévion P: S - R3xR3  é1mou P(Z) o1 TTAOUKEPIAVEG CUVTETAYHEVEG TOU

ouoTAMATOG Z, Kal Ba deioupe OTI 1I000UVOUA CUCTAPATA €XOUV i0E€G TTAOUKEPIAVEG

OUVTETAYUEVEG WG TTPOG ©0BEV anpeio. MNa Tnv amddeign autr) Ba XpeIAoTOUUE TO

AHMMA 2.2 H atmeikovion P: S —»R3xR3 gival ypappikn.
ATédeIEn

Ag Bewprooupe duo aToixeia (cuoTthuara) Z, T Tou S.
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Eivar P(ZET) = P(Z(X, Uyx) B Z(X, Vy)) = P(Z(X, ux + Vy))

=(Z(ux + Vy), Z(Xx(Ux + Vy))) =(Z(ux + Vy), Z(XxUyx + XxVy))

=(Zuy + ZVy, ZXxUx + ZXxVy) =(ZUx, ZXxUy) + (ZVx, ZXxVy)
=P(Z) + P(T)

Emiong av A mpaypatikég apiBudg, Ba civai
P(AZ) = P(AZ(x, ux)) = P(Z(x, Auy))= (Z(Aux), Z(xx(Aux)))
= (A Zuy, AZXxUy) = A(ZUy, ZXxUy)
=AP(Z) &

Apa n atreikdvion gival YpauuIKn.

2Tn ouvéxela, ival atrapaitnTo va arrodei¢ouue O

OEQPHMA 2.6  loodUvaua CUCTANOTA £X0OUV I0€G TTAOUKEPIAVEG OUVTETAYUEVEG.

ATédeIgn
‘Eotw Ta cuotApata T, T'Tou S pe T=T'. Adyw Tng peTaparikétnTag, ba
atrodeioupe TTAAI TOV 1I0XUPIOHO Yia éva Brpa, dnAadr otav T ~ T,
‘Exoupe:

T~T apa T=T B8 (X, -u) B (Xx+Au, u) OTTOTE
P(T) = P(T’) + P((x, -u)) + P((x+Au, u))

= P(T’) + (-u, xx(-u)) + (u, (X+Au) xu)

= P(T’) + (-u, -xxu) + (u, xxu+(Au) xu)

= P(T’) + (-u, -xxu) + (u, Xxu)

=P(T) ®

Apa

T=T'= P(T) = P(T")

H 1o0x0¢ TOoU QvTIOTPO@OU TOU TTAPATTAVW IOXUPICKOU, onuaivel TTpoQavwg OTl N
ameikévion P eivar 1-1. Tpog v kareuBuvon autrp Ba atrodeioupe 1O €TTOUEVO
Bewpnua, TTOU AVOPEPETAl O OCUYKEKPIPMEVNG HOPPNG CUCTAMATA (DIFEAR).

38
KEQANAIO 2: H OAiocOnon orn yAwooa tTwv AlavuopuarikKwv XWpwV



OEQPHMA 2.7 Av yia Ta pgn gndevika diaviouaTa u, v, w, Z Kail Ta OnEia X, Xo, Y
IoXUouv utv=w+ 2z Kal (X — Xo)xvV = (Y — Xo) xZ

1o1e { (X0, U), (X, V) }={ (X0, W), (¥, 2) }

ATédeIgn
To Bewpnua, OTTWG &iTTape, I0XUpPICeTal 6TI av Ta SUO TTAPATTAVW —
OIMEAN — CUCTANATA £XOUV I0EC TTAOUKEPIAVEG OUVTETAYUEVEG, TOTE QUTG
gival ico0duvapa.
O1 MNMAouKepIavEG CUVTETAYPEVEG TOU TTPWTOU CUCTHMATOG gival
P{ (X0, U), (X, V)} = ((U+V, Xoxu+xxV)
Opwg atmd TNV 100TNTA (X — Xo)xV = (Y — Xg) xZ EXOUME

XXV — XoxV = Y xZ — XoxZ <> XxV— Y xZ = Xox(V-Z)

ANMGE utv=w+2z < V—Z=W-—U, OTTOTE X xV— Y xZ = Xox(W-U)
S XXV— Y xZ = XgxW -XoxU <> X xV + XoxU = XoxW + Y xZ
omrote  P{(Xo, U), (X, V)} = (U+V, XoxU+Xxv) = ( W+Z, Xoxw+YyxZ)
= P{(xo, W), (v, 2) }
AIOKPIVOUE TIG TTEPITITWOEIG:
o (X—Xo)xv=(y—Xo)xz=0
TOTE (X —Xo = AV KAl Y —Xg = MZ) < (X = Xot AV KAl ¥ = Xo + Yz)
101, { (X0, U), (X, V) } = { (X0, U), (X0 + Av, V) } ={ (X0, U), (X0, V) }
= {(xo, u+Vv)}={(xo, w+2)}={(%, W), (X, 2) }
= { (X0, W), (Xo*+HZ, 2) } = {(x0, W), (¥, 2) }
e (X—X)xv=(y—Xo)x2z=M=0 (1)
Tote Ta diavuopata (X, V), (Y, z) Bpiokovtal 0To KABeTO £TTiTred0 TOU M
OTO ONUEIO X TO OTTOIO (Xo) ATTO TNV (1) €ival capeg OTI BpioKeTal EKTOG

TWV QOPEWV TWV (X, V), (Y, 2):
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OewpWVTaG To oneio Yy’ Tou eMITTESOU (X, Xo, Y), EKTOG TWV EUBEIWV XXo, YXo

TTapaTnEoUpE OTI To dIAvUo A (X, V) JTTopEi va OAIoBroel oTa anEia Xo Kal y
(oxAua). Ze aAyeBpikr YAWooa, atrd Tnv eKAOYr) TOU OnuEiou Y, gival TIPOPaVES
OTI UTTAPXOUV YPAUMIKA ave¢apTnTa SIavUCOHUATA Vo, Vo' JE OPXH TO ONUEIO X Kal
PO PEIG TIG EUBEIES XpX, Xy TTOU ATTOTEAOUV Hia BAcn Twv dIaVUCOUATWY TOU
EMTTEOOU (X, Xo, ¥'). ETTOMEVWG V = Ko + Ay’ = V4 + vy

‘ET01, TIOPATNPWVTAC TO TIPONYOUHEVO OXFMG, EXOULE
{ (%0, u), (X, V) } ={(X0, U), (X, V1 + V2)} = {(Xo, U), (X, V1)} B (X, V2)
= {(X0, U), (X, v1)} B8 (X*+PVz2, V2) = {(Xo, U), (X, 1)} B (Y, V2)
= {(%o, u), (x, vi)} B (Y, V3 + Va) = {(Xo, U), (X, V4)} B (Y', V3) B (Y', Va)
= {(Xo, U), (X + TTv4, V4)} B (Y'+pV3, V3) B (Y'+TV4, Va)

= {(Xo, U), (Xo, V1)} H (XO; V3) H (y! V4)

= {(Xo, U + V1 +V3), (Y, Va)}
Ouwg 100dUvapa ouoThUATa £X0UV ioEC TTAOUKEPIAVEG CUVTETAYHEVEG, dpa
utvitvatvy = Utv < vitvatv, = VoKl OTT TNV UTTO0EoN;:
u+vy+vatv,= wtz

Kal XoxU+XxV = Xox(U+V1+V3) + yxvy < XxV = Xox(V4+V3) + yxvy
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& XxV = Xox(V - Vi) + YxVg < XxV = XoxV - XoxVa + YxVy
& (X = Xo)xV = (Y =Xo)xVa4 < (Y — Xo)xZ = (Y —Xo)xV4

Opwg,
AHMMA 2.3 (axB =axy # 0 kai B=Ay, AeR) = B =y

ATédeIgn
(axB= axy # 0 kai B=Ay, AeR ) = ax(Ay) = axy
= A(axy) = axy = (A-1) axy = 0.
Opwg axy # 0 omdte A=1, dnAadn B=y @
EmoTtpépovrag aTnv atrédeign Tou BEwWPAUATOG, EXOUNE Z=V,, ETTONEVWIG

U+ vy +vg=w, apa mahi { (xo, u), (x, V) }={ (%, W), (y,2)} ®

Ag dolpe Twpa TTWG £va oUuoTnua avdayetal o€ 1I000UvVapo diueAéS. Oa atrodeifoupe KaT

apxnv oT:

OEQPHMA 2.8 Kdbe cuotnua Z avayeTal o€ I000UVAO0 TPIWY EQAPUOCTWY dlavu-

OMATWY, 0£DOUEVWY, JN CUVEUBEIOKWY CNMEiwY epapuoyng, dnAadn

2={(x, u), (y, v), (z. W)} pe xy=yz.
ATTod€1EN
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Oa atrodeiCoupe OTI TUXOV dIAVUCHA (Xo, q) TOU Z avaAUeTal o€ Tpia

eQapuoaTd diavuouarta (81 oNoBrRoewg) (X, u), (Y, V), (z, w).

AIOKPIVOUE TIG TTEPITITWOEIG

(i) xo2 (X,, 2)

TOTE, AQOU X, Y, Z U CUVEUBEIOKA, OI EUBEIEG XX, YXo, ZXg OPICOUV Tpia

diavuopata — Bdon Tou R3. ZuveTtwg 10 q avaAusTal o€ Tpia diaviouata q4,

J2, 03 Ta OTTOia e OAioCBNON YETaPEPOVTAI OTA CNEia X, Y, Z avTioToiXa.
AAyeBpIKd, EXOUUE:

(X0, ) = (X0, 91+Q2+03) = (X0, G1)EB (X0, G2)B (Xo, Ga)

= (Xo+AQ1, Q1) B (Xo*+Md2, 42) B (Xo+Pd3, 93)

=(X,q1) B (Y,92) B (z, 03)

(if) Xo€ (X, Y, 2)

Tote, Bewpwvtag onueio d ¢ (X, Y, Z) WOTE XogyZ, TO q AVOAUETAI OTTWG
TIpIvV o€ Tpia dlavUiopaTa e onueia epappoyns y, z, d Kai To didvuoua oTo
d Ba avaAueTal o€ Tpia diaviouaTa Pe onueia epapuoyns X, y, Z.
AAyeBpikd, civai

(X0, @) = (X0, 91%G2+qs) = (X0, G1)E (Xo, G2)8 (Xo, Jl3)
= (Xo+AQy, Q1) B (Xo+HQ2, G2) B (Xo+P03, Gs)
=(y, ) B (z,92) B (d, gs) kaiam v (i)
=(y,q) B (z )8 (v,q/) B (z.a2) B (X q5)

= (X q3) B (y,q1+ar) B (2 g2+q2)
Apa k&Be didvuoua Tou Z avaAleTal O€ Tpia EQAPUOCTA OTA CNEia X, Y, Z.

Av n ouvioTapévn oTa X, y, Z €ival u, v, w avtioToixa, TOTE KaTaAngaue o

2={x,u), (y,v). (zw)} @&
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Twpa YuTTOPOUNE VO ATTodEIEOUUE TO

OEQPHMA 2.9 Kd&Be ouotnua Z avayetal o€ 1I000UvVAp0 dU0 £QapUOOTWV

OIAVUOUATWY, TO £vVa €K TWV OTTOIWYV £XEl OEOOUEVO TNEIo EQPapUOYNG,
onAadr 2= {(Xo, u), (Y, V)}

ATédeIgn
OewpoUE TA ONUEIT X, Z WOTE XX # XoZ.
ToTe, amd 10 Bewpnua 2.9 givai
2= {(xo, @), (X, b), (z, €)}, 6TTOU a, b, C ePapuooTd diavUCPATA PE
oedopéva, pun ouveubelaka onueia eQapuoyng.
‘Eotw b c e (X, X, 2). AvTT.X. b € (X0, X, Z), TOTE TO dIdvucua b
avaAueTal o OU0 OUVIOTWOEG by, by ETTI TWV EUBEILLV XoX KaI XZ
avTiOTOIXA, Ol OTTOIEG e OAICONON uETAPEPOVTAI OTA CNUEIA Xo, Z

avTioToIXA.

by

7

AnAadn Z = {(xo, at+b), (z, ctby)}

2XOAIO Me 10 cupuBoAioud (u, Xp) (To didvuoua TTponyEiTal Tou onueiou) Ba
TTAPIOTAVOUE TO ETTITTESO TTOU OPICETAl ATTO TO EQAPUOOTO O€ KATTOIO

onueio X dIAVUC A U KAl TO ONMEIO Xp# X.

Av Twpa b kai ¢ (X, X, z), Ta diavuouara b, ¢ opifouv Pe TO Xy OUO
emitreda: (b, Xo) Kai (c, Xo)

avTioToixa. Av X4 éva OeUTEPO KOIVO ONUEI0 QUTWY TWV ETTITTEdWY, TOTE
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X1¢(Xo, X, Z), OIOTI DIOQPOPETIKA N euBEia Xox4 Oa BPICKOTAV KAl GTA TPIA

etmmimeda (b, xo), (C, Xo), (Xo, X, Z).

B (X0, X,2)N (b, Xy) = XX 3 3
Ouwg OTTOTE XpXq = XgX = XgZ, GTOTIO.
(Xg, X, Z) N (C, Xy) = X,2Z

Ettiong x&XeX4, OI0TI SIAQPOPETIKA X1Xg = XXo € (Xo, X, Z), OTTIOTE

X1 € (Xg, X, Z).

Etoil To diavuopa b avaAletal o€ U0 GuUVIOTWOEG, by 0Tn dlEUBUvVON TNG

€uBtiag xxq Kal b, oTn dieUBuUvoN TNG uBtiag xx;.

‘ETto1 (X, b) = (X, by) B (X, b) = (x + Ab4, by) B (X + pby, by)

= (Xo, b1) B (x4, b2)
Kal duola
(z,c)=(z,¢1) B (2, C2) =(z + pcy, Cq) B (Z + KCy, C2)

= (Xo, C1) B (X1, C2)

Etropévwg 2= {(Xo, @), (X0, b), (X0, C1)} B (X4, b2) B (X4, C2)

= {(xo, @a*tb+c),(x1, by +C2)} ®

KEQANAIO 2: H OAiocOnon orn yAwooa tTwv AlavuopuarikKwv XWpwV

44



‘ETo1, atrodeifape 0TI KGBe cUOTNPA AVAyETal O€ I000UVAO OIEAES (BUO EQPOPUOOTWV

OlIavVUOPATWYV), dedoPEVoU Tou evOG onuEiou EQapPoyAG.

2ZUVETTWG I0XUEI TO

OEQPHMA 2.10 Av dU0 ouoTAuaTa £X0UV iOEG TTAOUKEPIAVEG CUVTETAYUEVEG, TOTE €ival
Icoduvaua.
AT6deIEn
ZUp@wva Pe 1o Bewpnua 2.7, av dUo SIPEAN CUCTHAMATA £XOUV i0EG
TTAOUKEPIAVEG CUVTETAYUEVEG, TOTE €ival 1I000UvVapa. Opwg (Bswpnua

2.9) kGBe ouoTnua avayeTal o€ 1I000UVapo OINEAEG. ETTopévwg aTro-

Oeixbnke. @

2UVETTWG: 2=T < P(Z) = P(T)

AnAadn n atreikovion P eivar 1-1.
OEQPHMA 2.11 Av (x,u) B (y, v) B (z, w) =0, 16TE 01 POpPEIG TWV dIAVUOUATWY
QUTWV OUVTPEXOUV.
AT6deIEn

Ta oAioBaivovTa diavuopata (X, u), (Y, V), (z, w) £€xouv undevikd dBpol-
opa. Emopévwg n ouvioTapévn Twy dU0 atrd autd (n oTToia TTPoPAvVWG
TTEPIEXETAI OTO ETTITTEDO TOUG) Ba €ival GUVETTITTEDN PE TO TPITO dIAVUCQ.
Apa 1a Tpia diavuopata Ba gival cuvetTiTreda (0X1 KOT avaykn OTO ETTITTE-
0o (X, Y, 2)).
Opwg atmd 1o Ajuua 2.2 kai 7o Bewpnua 2.11 €XoUupE:
(x,u)y@B (y,v)B(z,w)=0< P((x,u) B (y,Vv) #H (z,w)) =P(0) &

(utv+w=0 Kal xxu +yxv+ zxw =0

Av eu=A\v, € R, 101E
Av+v+w=0 ow=-(A+1)v

oTréTE Kal Ta Tpia diavUuapata Bpiokovral aTov idlo popéa
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e U= Av, TOTE AV Xy ONMEIO TOPAG TWV POPEWY TWV U, V,
UTTApYXOUV M, pe RWOTE X4 =X+ YU =Yy + pv
ANG
Xx(-v — W)+ yxv + zxw = 0 < (y-X)xv + (z-X)xw = 0 <
(MU - pV)xv + (z-X¢ + pu)xw =0 <
Muxv + (Z-X1)xw + pJuxw = 0 < pux(v+w) + (z-X)xw = 0 <

MUx(-U) + (Z-X1)xW <> (Z-X1)XW <> Z-X1 = KW <> X1=Z- KW @
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ZEYT'OZ AIANYZMATQN TOY XQPOY

OPIZMOZ 2.11 Ovopddoupe geuyog (diavuopdTwy) KGBe oUoTNUA TG HOPPAG
2= {(X’ U), (y’ -U)}.

2XOAIO Av ey=x+Au, AcR, 101€ 2=0
oy =X+ Au, AeR, 16Te Ta dUO dlavuouarta dev ouvTiBevTal o€ €va.

OPIZMOZ 2.12 ETrimredo 10U un pndevikou Ceuyoug {(x, u), (y, -u)} ovoudloupe To

ETTITTEDO TTOU OPICOUV OI POPEIG TOU CEUYOUG.

OEQPHMA 2.14 Av dU0 un pndevikd Celyn gival iIcoduvapa TOTE Ta ETTITTEDA TOUG Eival
TTapAAANAa.
AvTIOTPOQWG, av Td eTTITTEdA TTOU Opifouv dUO PN PNdEVIKA Ceuyn
gival TrTapaAAnAa kai opi¢ouv dU0 opdonua ICEPRAdIKA TTAPAAANAS-
YPOUMa, TOTE Ta eUyn auTd €ival IcodUvVaua.
ATédeIEn
‘EoTw Ta Celyn Z1={(x, u), (y, -u)}, Z>={(z, v), (w, -v)}.
AvZi=3%, 161e P(Z4)=P(Z2) dnAadn
{ U+ (-U) =V + ()

UxX + (-U)xy = vxZ + (-V)xw

0=0 1oyuel
= ux(X-y)=vx(z-w)

Ouwg 10 didvuopa ux(x=y) gival KABeTO OTO £TTITTEDO TTOU OpPICOUV TA
dlaviopata (X, u), (y, -u) Kai 70 dIGVUCHA Vx(Z—W) gival KABETO O0TO eTTITTESO
TT0U opiCouv Ta diavuouara (z, v), (w, -v).

Apa Ta emmireda TOU Opifouv Ta {elyn Z4 KAl 2, €ival JETAEU TOUG TTAPAA-
AnAa.

AvTIOTPOPWG TWPA, £0TW Ta CeUyn
21 = {(X! U), (y! -U)}, z2 = {(Z! V)! (W: 'V)}
ME Ta emTiTreda TTOU Opiouv Ta {elyn 24 Kal X, va gival JETAEU TOUG TTAPAA-

AnAa kai E4 = E; (oxnua)

47
KE®ANAIO 2: H OAicOBnon orn yAwooa Twv Alavuopuarikwv xWwpwyVv



OEQPHMA 2.15 loxuel oti: (X, u) B (y, Au) = (

U--X————_

K E T

y

-
- -V
-
-

Zz E, _---

v&8--

ToTe, TO0 diAvUCUa Ux(X-Y) gival TTPOPAVWIG KABETO TTPOG TO ETTITTESO
TT0U opiCouv Ta diavuouata (X, u), (y, -u). To idio cupPaivel Kal Pe TO
Oldvuopa vx(z-w) Kai To €miTredo TTou opifouv Ta diavuouara (z, v),
(w, -v).

Emrouévwg agou ta Trapatrdvw emmitTreda gival JeTagu Toug TTapdAAnAQ,
Ta diavoopara  ux(x-y), vx(z-w) Ba eival yetagl Toug £TTiong
TTapdAAnAa.

Apa  ux(X-y) = A[ vx(z-w) ], AeR.

Opwg E1 = Ey, omméte | ux(X-y) | =| vx(z-w) | 1

| Alvx(z-W)] | = [ vx(z-w) | 3 [ A ] vx(z-w) | = | vx(z-w) |
AMN\G 1O didvuopa v Ogv gival CUYYPAUMIKO PE TO DIGVUCUa Z—w, a@ou
TOTE TO {EUYOG Ba ATAV PNdEVIKOS.

Emmopéviog vx(z-w) #0 3 | vx(z-w)| #0 dpa |[A| =1 < A=+1.

Av A =1, n amodeign £xel TEAEIWOEL.

Av A= -1, 161¢ Ta (TTPOCNUACévVA) epBadd E4, E; sival eTepdonua, og

avTiBeon pe TV uTtOBeon. @

X
1

+ Ay

(14 A)u), AeR-{-1
+A( ), AeR-{-1}
ATédeIEn

X+ Ay
(=1=Nu)=0
1+ A ( )

Apkei va deiw o1 (x, u) B (y, Au) B (

Exw: u+Au+ (-1-=A)u=0 «ka
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X+ Ay
uxx + (Au)xy + (=1-=A) u =
(Au)xy + ( ) Ux Y

(14N
+A
uxx + A(uxy) — uxx — ux(Ay)= A(uxy) — A(uxy)=0 @

uxx + A(uxy) +

ux(X+Ay)=

SXOAIO ® Ta A =1 givai (x, u) 8 (y, u) = (%, 20)

e ['la A = -1 TTpoKUTITEl EUYOG.

OPIZMOZ 2.13 Aéue 611 To oUOTNUA Z €ival YPAUUIKOG GUVOUACHOG TV CUCTANATWY

24, 22, ..., Zn QV UTTAPXOUV TTPAYUATIKOI Aq, Ag, ..., Ay OOTE X = Z()\i 2)
i=1

270 €TTOMEVO Bewpnua £CETACOUPE CUCTHATA OTO ETTITTESO.

OEQPHMA 2.16 Aivetal To ONWEio Xo TOU E?, 1a dlavuopata (Xo, Uo), (Xo, Vo) ME U # Vo

Kal 10 Ceuyog {(Yo, Wo), (-Yo, -Wo)} # 0. ToTE K&BE oUOTNUA Z TOU
emTTéSouU E2ypd@eTal KaTd Hovadikéd TPOTIO WS YPAUMIKAS ouvdua-
OMOG TWV CUCTNHATWY 21 = {(Xo, Uo)}, Z2 = {(Xo, Vo)} KaI Z3 = {(Yo, Wo),

(-Yo, -Wo)} OnAadn uttdpyxouv PovadIKoi TTPAYMATIKOI K, A, 4 (WOTE

2=KZ1HAZ, H |JZ3
AT6deIEn

AT6 10 Bewpnua 1.1 k&8s ouoTnua X Tou E? avayetal €ite o€

Movadiké euyog diavuoudTwy {(X, u), (y, -u)} , €ite o€ povadikd
oldvuopa (z, v).

2TNV TTPWTN TTEPITITWON £XOUME
2=2"={(x,u), (y, -u).
Oa atrodeitw OTI UTTAPYXEI MOVADIKOG HeR woOTE 2’ = P,
onAadn: 2=0ZH 02,8 pZ;.

Apkei va deigw OTI uTTdp)El HOVABIKOG TTPAYMATIKOG [ WOTE
P(Z) = P(uZs), n, om
u+(-u) = pw, +h(-w,), TTOU IOXUEI KOl

UxX + (-U)xY =HWoxY, + H(-Wo )x(-Y, ) &
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ux(x-y) = (24) (Woxyo)

Opwg, apou Ta dlavuopara  ux(X-y), Woxyo €ival KABeTa 0To id10

emmimedo, Ba gival JETAEU TOUG CUYYPAUMIKA, OTTOTE TTPAYUOTI UTTAPXEI,

KAl JAAIOTO HOVAdIKOG TTPAYMOTIKOG M WOTE  Ux(X-Y) = (24) (Woxyo) @

21N deUTEPN TTEPITITWON, OTTOU £XOUME HOVADIKO dIdvuaa (z, V),

até 10 Oswpnua 1.3 €ivai

Z = {(xo, V)} B {(x, u), (y, -u)}

Ug

Xo Vo

ETTOPEVWG UTTAPXOUV HoVadIKoi K, A e R bOTE V = KUp + Avg
onAadn Z ={(xo, KUg + AVg)} B {(X, u), (y, -u)}
= (Xo, KUp) B (X0, Avo) 8 {(x, u), (y, -u)}

= K(Xo, Uo) B A(Xo, Vo) 8 {(X, u), (y, -u)}

Kal oTT’ TNV TTPWTN TTEPITITWON TTAIPVOUE:

ZEKZ1B§|)\ZQB§|}JZ3 ()

2YMIMEPAZMA O xwpog Twv KAGoEWV OTATIKAG I000UVAUIOG CUCTNHATWY
oNigBavovTwy SiavuopdTwy Tou E? eival SidoTaong 3.

Twpa Ba TMOTPEWOUNE OTN MEAETN TWV CUCTNHATWY TOU XWPEOU.
Oa atrodeitoupe OTI:
O xwpog Twv KAACEWV OTATIKAG I000UVaNiag ouoTnudTtwy oAIcBaivovTwy
diavuoudTtwy Tou E® civar  SidoTaong 6.
ATédeIgn

‘Exouue opioel Tnv atreikévion

P:S—> R3xR3 o6mou

P: MAoukepIavEG OUVTETAYUEVEG CUCTAPATOG

S: Xwpog cuoTnudTwy
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Kal éxoupe 0l (AQuPa 2.2) 6T gival YyPOMHIKN.

ZUMQWVa TWPA JE To Ocwpnua 2.6, I000UVANA CUCTAPOTA £€X0UV I0EC TTAOUKEPIAVEG
ouvTeTayuéveg (wg TTpog 606€v anueio). MNa 1o Adyo auTo, n atreikévion P opilel
ETTAYOUEVN ATTEIKOVION

P_:S_ — R3xR3

OTO XWPO S_ TWV KAATEWV OTATIKAG I00OUVAHIag OUCTNHATWY.

Oa atrodeiCoupe OTI N TTAPATTAVW ATTEIKOVION €ival ICOMOPPICHOG, CUVETTWG OIACTAON
TOU XWwpou S_ eival 3+3=6.
Ag Bswprjooupe dUo kAdaoeig Cq, C, Tou S —  kai ag uttoBéaoupe OTI £XouV ioeg
TTAOUKEPIOVEG OUVTETAYUEVEG, BNAADH OTI

P_ (c) = P= (Ca).
Oa atrodeitoupe 611 Cq = Co,.
‘Exoupe armmodeitel 6T (©. 2.9) KdBe cuoTtnpa avdyeTtal o€ iIcoduvapo d0o
EQAPHOCTWY SIAVUCHATWY (SNAadN S1ueAéc).
Apa uttdpxouv digeAq cuoTtpata 24 € Cq kal 2, € Co.
Opwg o1 TTAOUKEPIAVEG CUVTETAYUEVES TOU TTPWTOU CUCTAUATOG €ival IOEG JE TIG
TTAOUKEPIAVEG CUVTETAYUEVEG TNG KAGoNG Tou (atmd 10 ©. 2.6).
AnAadn P(Z4) =P (C1) ka1 P(Z2) = P_ (Cy)
ANG P— (Cy) = P_ (Cy), emmopévwg  P(Z4) = P(Z).
ANG (©. 2.7) av dUo SiugA cuCTAMATA £XOUV iOEG TTAOUKEPIAVEG CUVTETAYHEVEG,

TOTE auUTA €ival I008UvVapa.

2UVETTWG 21= 2, pa Cq=0Co,.

H ammddeign Tng «etrin 1810TNTAG TNG P_ €ival aTTAn:

Otwpoupe Tuxaio Ceuyog (u, m) diavuoudTwy Tou R3 x R3 kal onueio avagopdg O [Oxi
amrapaitnta 10 (0, 0, 0) ] oTo Xxwpo. Tote uttdpxel {euydpl dlavuopaTwy (X, U) Tou R3 X

R3 TETOIO WWOTE M = XXU.
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Av Twpa opicoupue To cUCTNUA
T={(O, u-u), (O+x, u)}
TOTE Ol TTAOUKEPIAVEG CUVTETAYUEVEG TOU €ival TTPAYUATI

P(T)= (u, xxu) =(u, m) &

OEQPHMA 2.17 Kd&0e cuoTtnua = Tou E* avdyeTtal o€ 1I0080Vap0 VOGS £PapuUoaTol
olaviopaTog he 6eOONEVO onEio epapuoyrg Kal vog Celyoug.
AnAadn: X = {(xo, u), (y, V), (z, -v)}
ATédeIgn
ZUppwva pe 1o Bewpnua 2.9 gival Z = {(Xo, uU), (z, w)}.
Av u, w ouveTTiTTEdQ, TOTE B €ival €iTe
e U =-w, ommote Z={(x, 0), (Xo, U), (z, -u)}, eite
o U #-w, ommote Z = {(X, u+v), (y, V), (y, -v)}.
Av U, w un ouvetrimeda, ammo 1o Oswpnua 1.3 (oTo £TiTTEdO TTOU

opiCetal atd 10 dIdvuoa (z, W) Kal TO GNUEIo Xo)

Z\WA
Xo ~~o W
~a

~

eivai {(Z! W)} = {(Xo, W), (y! V)! (Z! _V)}! dpa

2 ={(Xo, U), (X0, W), (¥, V), (2, -V); ={(X0, utW), (y, V), (z,-v)} @

AHMMA 2.5 Kd6e ouotnua X Tou E pn pndevikAg ouvioTapévng avayetal o€ I00SUVapo
€ite OUO DIAVUCPATWY, TO €va €K TWV OTTOIWYV £xEl dedopévn dielBuvan, €iTe
evog dlavuouaTtog dedopévng dielBuvong Kail evog CeUyoug.

ATédeIgn

A6 10 Bewpnua 2.9 eivar Z = {(x, u), (y, v)}. E€etaloupe dUO TTEPITTITWOEIG.

Av Ta (X, u), (y, V) gival cuvemiTreda, TOTE PHE TOV YVWOTO Kavova TNG
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TTPOCGOeoNG OANICBAIVOVTWY dIAVUCUATWY, Ba £€XOUlE

u

x/ ~ /S e u+v

z‘/_/__y#’ z -7

(av u//v, T6TE TTAAI TTPOKUTITEI HOVADIKO ABPOIoHA, VW ATTOKAEIETAI N

TEPITITWON U + v =0, apou T161E Ba gixaue PNOEVIKA TUVICTAUEVN)

Av Twpa € n dedouévn d1EUBuUVoN Kai auTr] ival TTapdAANAn Pe TN
OUVIOTaPEVN TwV dIAVUOUATWY (X, U) Kai (Y, V), EXOUME TEAEIWOEL. AV OPWG

n € gival TTapdAAnAn e 1o eTTiTTedo TTOoU OpifeTal ATTO Ta dIAVUCHATA (X, U) KOl
(y, v), aAAG dev gival TTAPAAANAN PE TN OUVIOTOUEVN TOUG, TOTE N €uBEia

€iTE UTTOPEI VA «PETAPEPOEI» OTO ETTITTESO TWV U, V €ITE TEYVEI TO ETTITTEDO TOUG.

u+v J/ u+v

2¢€ KABe TTepiTTTWON €ival TTpoPavéS 0TI To aBpoioua (X, u) + (y, V) avaAueTal

o¢ OU0 CUVIOTWOEG, N Mia K Twv OTToiWV Katd Tn d1elbuvon TNG €.

Av Ta (X, u), (y, V) gival yn ouveTrimeda, T6Te BewpoUpe Eva eTTITTEDO TTOU
TTEPIEXEN TO (Y, V) KAl O QOpEAG ToU (X, U) TEPVEI TO £TTITTESO QUTO OTO X.
ToT1e, avaAuovTtag To dIavuopa U o€ dUOo AAAQ, TO éva €K TWV OTTOIWV KOTA TN

dlevBuvon Tng €.
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Av {(X", uz), (Y, V)} Celyog, TOTE TIETUXOME avaywyn o€ dIGvuoua
0edouévng dielBuvong kal (euyoug. Av {(X”, up), (Y, v)} dev eivail Ceuyog,

TOTE ouvTiBevTal o€ éva dIdvuoa, dnAadr) TTETUXAME avaywyn o€ dUo

dlaviopara, OTTou To £va éxel dedopévn dielBuvan @

OEQPHMA 2.18 Kda6¢ un undeviké oUotnua = Siavuopdtwy Tou E* avayetal o€
I000UVANO £VOG BIAVUCHATOG Kal VOGS (eUYOUG TOU OTTOIOU TO ETTITTEDO
gival kGBeTo oTo didvuoua, dnAadn Z ={(x, u), (y, V), (z,-v)} pe TO
oldvuopa (X, u) va gival KABeTo 0TO €TTITTEdO TTOU OpICeTal ATTO TA

dlavuoparta (y, v) Kai (z, -v).

ATTédeIgn

H &1e0Buvon Tou dlavuopaTtog u gival otabepr, apoU auTo aTTOTEAEI
TNV (eA€0BgpPN) cuvioTaPEVN TWV SIAVUCPATWY Tou 2. ETTopévng apkei va
BpeBei avaywyn Tou Z T€TOIA, WOTE TO ETTITTEDO TWV (Y, V), (Z, -V) va £XEl
O1euBuvaon BIKNAG pag eMAOYAG (OTTOTE PTTOPEI va gival Kal KABETO OTO U).
Av n (eAeUBepn) ocuvioTapévn Tou Z gival undevikn, dev €xoupe TiTToTA
vVa aTTOodOEIEOULE.
Av d¢v gival, cUpgwva Pe 1o Afuua 2.5 10 Z avayetail €ite o€ dU0
dlaviopaTta, 6TTou TO0 €va €xel d1eubuvan OIKAG MOg ETTIAOYNAG, €iTE O€ éva

dldvuopa pe dievBuvon dIKNAG Pag TTIAOYAG Kal o€ £va {eUyog.

TNV TTPWTN TTEPITITWON, OG TTAPATNPACOUNE TO OXAMA TNG aTTOBEIENG

ToUu Otwpnruarog 2.17.

BAétroupe 611 av 1o didvuopa W eTTIAEYED uE KATAAANAN SielBuvan, dnAadn
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10 €MTiTTE®0 TTOU OpifeTal aTTd TO dIAVUCHA (Z, W) KAl TO GUEIo Xo va gival
KABeTO 0TO SIAVUCHA (Xo, U+W), TOTE €XOUNE TEAEIWOEI (TO DIAVUGHA (X0, U+W)
cival oTtafepng dietBuvong, aAAd Ta diavuoparta u, w dev gival aTabepd,
a@oU OTToIOdATTOTE SIAVUC A TOU XWPEOU UTTOPEI va avaAUuBEei ue atreipoug

TPOTTOUG O€ BUO CUVIOTWOEG, £0TW KI AV TO Xg €ival oTaBepd onpeio).

>1n OeUTEPN TTEPITITWON, TTAPATNPWVTAG TO TEAEUTAIO OXN KA TNG ATTOOEIENG
ToU Afjuuarog 2.5,

UI ~<_| U1
]
uz /V
X y
I
I
|

BAétToupe 6T av n emMAoOYA TNG euBegiag € ATAV KATAAANAN,

onAadn av n € Atav KABeTN aTo eTTiTTEdO TTOU OpPIfouV TO BIAVUCHA V KAl TO

onueio x”, Ba gixaue AN TeAsioel. @

OPIZMOZX 2.14  Tnv mmapatdvw avaywyn evog cuoTAuaTog 6a Tnv ovoualoupe
KOvoviKoTtroinon.

OPIZMOZ 2.15 O @opéag TNG un MNOEVIKNG CUVIOTAPEVNG EVOG KAVOVIKOTTOINKEVOU

OUCTHAMOTOG AEYETAI KEVTPIKOG AEOVAS TOU CUCTAUATOG.

>XOAIO H @uaoikn epunveia Tou KevipikoU a&ova dev gival GAAN atrod T diadpoun

TTOU aKOAOUBEI £va owua 0TO OTTOI0 AoKEiTal TTARBOG BUVAUEWV.
Av KaTd TNV KQVOVIKOTTOINGnN, To {eUyog divel undeviko aBpoiopa (e TRV

€vvola Tou aBpoiopartog oAIgBaIvovTwy SIavUCPATWY), TO CWHA HOvo
METAPEPETAI KETTAVW» OTOV KEVTPIKO GEova. Av T0 ABpoiocua auTo dev
gival undevikd, To cwWHaA AKOAOUBEI HETAPOPIKNA Kal TTEPICTPOPIKI Kivnon:
METAPEPETAI KETTAVW» OTOV KEVTPIKO AEOVA KAl TTEPICTPEPETAI AVAAOYa PE
TN Qopda Tou eUYOUG.
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Mpoodiopiopdg Kevrpikou Géova ¥

AHMMA 2.6 Otwpoupe eAelBepo didvuoua U, onueio ava@opdg K kai Tuxaia onusia A,

B Tou xwpou. Av Ma , Ms ol POTTEC TOu dlavUopaTtog U ota A, B avrioTol-
Xa, TOTE

|\7iB—|\7|A ZGXA_B'

OnNAadn n dIaPopPa TWV POTTWV gival aveEAPTNTN TOU onuEiou avagopdg.

ATédeIEn
A
Eivau MB—MA ZGX@—GXKT
= lix (KB —KA)
= UxAB K

Karaokeun Kevrpikou Agova

OT1rwg €idape, o kKevTpikdg agovag eival KABETOG 0To {eUYOG TOU CUCTAMATOG, dpa
TTAPAAANAOG pe TO dIAvVUC A TNG POTTAG TOU CUCTANATOG.

‘ETO1, Qv U n OuvIOTaPEVN TOU CUCTHPATOG KAl A TUXOV ONEIo TOU KEVTPIKOU Agova

. v/

e/
/]

M a

€, TOTE Ba éxoupe

uxMa=0

Otwpoupe B Tuxdv onueio epappoyng TG poTtig Mg (OXUa) TTou TTPOKAAEITaI ATTO TO

Zelyog v, -v ¥

)y poT1TA {elyoug dlavuoudTwy gival EAeUBePO
S1dvuoua, agou av K 10 onueio avagopag v / K

(oxnua), 161e N ouvoAikn pot Mg To u Celyoug
Ba civai A= / B
M; =My + My = v x KA + (-v) x KB

=vxKA-vxKB=vx(KA-KB)
=vxBA

56
KE®ANAIO 2: H OAicOBnon orn yAwooa Twv Alavuopuarikwv xWpwyVv



Tote

MA— MB = uxBA & MA = MB + uxBA
Omore
ux(Mg + uxBA) =0 < uxMg + ux( uxBA ) = 0 <

UxMB + ux( ABxu ) =0 < uxMg + u> AB — (usAB)u =0

A@ouU Twpa 10 A ATAV TUXAIO ONEIO TNG €, UTTOPOUUE Va BEWPROOUE TETOIO A, WOTE TO
oldvuopa AB va avrkel o€ eTTiTTedo KABETO OTO U.

Ouwg 161€ Ba civar - u«AB = 0, ottdTe

_uxM

u2

AMNAG 1O didvuopa Mg gival eAeUBepo iIdvuoua, OTTOTE UTTOPET VO «JETAPEPOEi» o€ onuEio

uxMg+Uu?AB=0 < BA

I Tou popéa Tou U (OXAUQ).
Etrouévwg 0 apiBuntig Tou TTapattdvw kKAdouatog gival didvuapa he apxn Tuxaio onueio
TOU QOpPEA TNG CUVIOTAPEVNG U TOU CUCTHUATOG.
‘ET01, Y10 VO KOTOOKEUAOOUE TOV KEVTPIKO Agova:
e Bewpoupe dUO TUXaia onueia B4, B, Tou @opéa TNG cuvioTapévng Tou

OUCTHANOTOG

e Bpiokoupe Ta Tépata A4, Az TWV £QAPPOCTWY SIAVUCHATWY TToU opiovTal aTTd

BA, =" x LVIB
TIG 100TNTEG u
_uxM,
BzAz - u2
e eV(VOUPE Ta Ar, Ay O KEVTPIKOG a&ovag gival n eubeia A4A; (]
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Tagivounon ZuoTnudtwyv

270 Oewpnpa 2.9 gidape 0TI KABe cUCTNHA dIAVUCUATWY TOU XWPOU AVAYETAI O€
1I000UVAUO CUCTNUA BUO DIAVUCUATWV.

AIOKPIVOUUE TIG TTEPITITWOEIG:

A) Ta diavuopata auTd gival CUVETTITTESD Kal

Q) £XOUV ouvIoTauEV UNGEV Kal POTTH INOEV.

ToT1e TO oUOTNUA €ival PNBEVIKO.

B) £xouv ouviotauévn undév Kai un UNOEVIK POTTH.
ToT1e TO oUOTNUA avayeTal Povo ae elyog, Kal N QUOIKK TOU Epunveia gival n

wEPICTPOPN (Kal OXI JETAPOPA) TOU CUWHATOG.

Y) €XOUV un uNdEVIKN CUVICTAUEVI).
ToTe €xoupe avaywyr) o€ povadikd oAioBnTr, TTou oTn YAwooa TG PuaIkng

MeTa@PAleTal WG HETAPOPG (Kal OXI TTEQIOTPOPH) TOU CWHATOG.

B) Ta diavuoparta dev gival ouveTrireda

Tote, ammd 10 Ocwpnua 2.17 £xoupe avaywyr o€ diavuopa Kai {euyog. 21 Puoikr Ba

Aéyapue OTI TO CWHA OTO OTTOI0 €QAPPOLETAI TO CUCTNNA PETAPEPETAI KAl TTEPIOTPEPETAI
Tautéxpova, dnAadny KoXAlwveTal Ue KATEUBUVON TTEPIOTPOPNRG TTou diveTal atd TO

YVWwOoT6 Kavéva Tou deEI60TPOPOU KOXAIQ.
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E®PAPMOIEZ

1. O1 JIGUETOI TPIYWVOU GUVTPEXOUV.

AT6deIEn
‘EoTtw 10 dItTAQvO Tpiywvo y

Apkei va atrodeioupe OTI
(x,u)@\(Yy,v)B(z, w)=0

Eivai B Y
2[(x, u) B (y, v) B8 (z, w)]

=(x, B-a) B (y, y-B) B (z, a-y)
=(x, B) B (x, -a) & (v, Y)
+y, -B) B (z, a) B8 (z, -y)
=(x, B) B (x-a,-a) B (y, V) B (y-B, -B) B (z, a) B (z-V, -Y)
=(x,B) B (z,-0) B (y,y) B (X, -B) B (z, o) B (Y, -Y)

=(x,008(y,0)®(z,00=0 @

2. (a) O1 eowTePIKEG BIXOTOUOI TPIYWVOU CUVTPEXOUV
(B) O1 2 €€WTEPIKEG BIXOTOMOI TPIYWVOU KAl N ATTEVOVTI ECWTEPIKT CUVTPEXOUV

ATédeIgn

Otwpoupe Ta ioou péTpou diaviouara u, v, w OTTwG oTa oxnpaTa. TOTe,apkei va deifw
oTI: (X, u+v) B (y, w-u) B8 (z, -w-v) =0.
Exw: (X, u+v) B (Y, w-u) B (z, -W-v) =

(x,u) B (x,v) B (y,w)H(y,-u) B (z,-w) B(z -v)=
59
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(x+Au, u) B (x+pv, v) B (y+kw, w) B (Y, -u) # (z, -w) B (z, -v) =
(y,u) B(z,v) B (z,w) B (y,-u) B (z,-w) B (z,-v) =
(v,0)®B(z,0)8B(z,0=0@

3. 210 emitredo Tpiywvou ABIT Bewpolpe anueio P. Evivoupe 1o P e Ta péoa K, A, M

Twv TTAeupwyv BI, TA, AB avrioT. kal TTpoekTeivoupe Katd ica TuApaTa KX=PK, AY=PA,

MZ=PM. Na amodeixBei 6T o1 AX, BY, 'Z cuvtpéxouv.
AT6deIEn
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MNa Adyoug eukoAiag, €0Tw (éva KeQ. ypauua)=(onueio) & (2 ke®. ypdp.)= (didvuoua)
Oa atrodeitw o1 (A, AX) B (B, -kBY) & (I, -AI'Z) =0 (1) yia KaTToIoug, un MNOEVIKOUG

TIPAYHOTIKOUG K, A.

EmeidA ta AX, BY, I'Z cival ypappikwg aveEdpTnTa, Ba gival AX = kBY + Al'Z yia kdTToio

Ceuyog (K,A) pe kKA = 0. INa ‘keivo 1o feuyog Ba amodeitw Tnv (1).
Exw: o AX-kBY —AI'Z =0 ioxuel
Kal ® AXXOA + (-kBY)xOB +(--AI'’Z)xOI'= AXXOA + kBYxBO +AI'ZxIO=
(kBY + AI'Z) xOA + kBYxBO +AI'ZxI"O= kBYxBA +AI'Zx'A=
K(BA+AY)xBA +AN(FTA+AZ)xA= KAYxBA +AAZXIA= kBXxBA +AI XX A=
K(BA+AX)xBA +A(FTA+AX)XIA= KAXxBA +AAXXIA= AXx(kBA +AT'A)
ANAG
AX =KBY + Al'Z < AX=kBA + KAY + ATA + ANAZ
< KBA + ATA = AX - KAY - AAZ
= AX-kBX-A'X
= AX — kBA — kKAX - AT'A - AAX
1-K-A

< KBA+ANA= AX. @
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KEDAAAIO 3
OAIZOHZH ZE AATEBPIKH F'AQZzA

2Tnv Tapdypa@o autrp Ba peAeTAooupE TNV OAICONON Twv JIAVUCUATWY TOU
EukAegideiou xwpou utrd hia auoTnpr aAyeBPIKr OTTTIKA Ywvia.
OewpoUlEe yVwaToU¢ Toug oUPBOAIoHOUC TNG apxnS Tou 2% kepaAaiou (EukAcideiou
Xwpou, E@artopevou Xwpou, E@atrrouevikig Aéoung K.T.A.).
‘Eotw U, V 800 diavuopuatikoi xwpol Tadvw atrd éva cwpa K. Opifoupe wg €ubu

G6poIcua TWV XWPWYV aUTWV Kal To gupupBoAifoupe UPV 10 0OUVvOAO TO OUVOAO

UxV =
{(u, v)/ue U, v e V} pe TTpdageig katd ocuvioTwoa
(uq, vq) + (Uz, V2) = (Ug + U, V4 + Vo) Kal A(uq, vqi) = (Auq, Avy), A e K
To €uBU dBpoloua emekeTeiveTal avadpopiké o€ €uBU GBpoIoua TTETTEPATHUEVOU
TTAB0UG SIOVUCHATIKWY XWPWV:

Ui U, D...D Un=(U1DUD ... D Upt)D Uy

Edv éxoupe ateipo TARB0g diavuopuaTikwy Xwpwv, U;, ie |, 10 eubu dBpoioua D U,
iel

opIZeTal WG O XWPOG TWV CUVAPTHOEWV

g:l—— Uy,
iel
ME TIG 1ID10TNTEG:
i) g(i) e U;
i) g(i) = 0 yia 6Aa eKTOG aTTO TTETTEPACHUEVO TTAABOG aTTd iel.

O1 rpageig oto D U; opiCovtal KaTtd onueio: €av gq, g2 € P U;, opifoupe
iel iel

(91+ g2) (i) = ga(i) + gafi)
Kal (Ag1)(i) = A g4(i)

2XOAIO To ouvoAo Twv CuvapACEWY TTOU IKAVOTTOIOUV TO (i), aAAG OXI UTTOXPEWTIKA
kai 1o (ii), €ival T0 «guBU yivopevo» Twv U, iel. EGv 10 TTARBOG Twv SIaVUCUATIKWY
Xwpwv U; gival TeTepacuévo, 1o euBU dBpoiopa Kal To euBU YIVOUEVO CUUTTITITOUV,
aAAd yia arreipo TTARBOG, To €uBU dBpoicua cival yvAoIO UTTOCUVOAO TOU €UB£wg

YIVOUEVOU.



Ag BswpriooupE TWpPa Ta onueia x, X' Tou E* kai Tnv ameikévion

oo TxEP——> T E®

TTOU QVTIOTOIXIZEl KAOE EQAPPOTTO DIAVUCHA TOU EQATITOEVOU XWwpou T, E* aTo

dIdvuoua iocou PETPOU Kal KATeEUBUVONG PE TO APXIKO, NE ONUEIO EQApPOYNG OTO X .

Oa oTTodEIEOUE BTI O XWPOS TWV GUGTNPATWY EQAPUOCTWV dIAVUCUETWY Tou E?,

Tov o1roio cupBoAicape pe S, eival I06popPog e 1o XWwpo D T, E°.

xeE®

OewpoUE TOUG UTTOXWPOUG TOU S,

Ui = <ug—Tee(U) /U e TR E? x, X € E®>
Up = < Ug—Tyx(Uy) / Ug € TR E®, X, X € E® pex =x+ Au, Ae R >

2710 0UVOAO U, dnAadry, n atTeEIKOVION Ty x AVTIOTOIXiCEI KAOE e@appooTd didvuoua Tou

£PATITOPEVOU XWpou Ty E* ot éva ioo pe To apyIkd Kal oTov id1o Qpopéa:

X

O diavuouatikdg Xwpog TTNAiko S/ U4 gival IcOPop@og e TO SIAVUCHATIKO XWPO TWV
eAeUBepwV BIaVUOUATWY TOU XWPEOU.

H kAdon 1coduvapiag evog eAelBepou diaviouaTog gival To GUVOAO TwV OPOPPOTTWV
Kal ioou PETPOU pE KATTOIO £QapuUoaTd didvuoua, dlavuoudtwy. AnAadrn n kAdon

QUTH TTPOKUTITEl hE TTAPAAANAN PETAQOPE €VOG QVTITTIPOCWTTOU TG OE OTTOIOOATTOTE
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Béon Tou ETTITTESOU 1 TOU XWPOU, Kal av To dIAVUOUA Uy TTPOKUTITEI PE TTAPAAANAN

METAQOPA TOU Uy, TOTE N dlapopd Toug BpiokeTal oTo Uq Kal avTIoTPOPWG.

Uy~ Uy < (Ux—Uyx ) e Uy

Mpdyuart, av uy, Uy € V ue

UX+U1=UX‘+U1 =

UX + (-Ux‘ ) + U’] UX' + (-UX' ) + U1 =

(ux-uxy )+ U= U < (ux-ux)e Uy

O xwpog 1TnAiko S / U, gival IcOPop@Pog e TO SIaVUCUATIKO XWPO TWV
OANITBAIVOVTWY BIAVUCUATWY Tou Xwpou E>.

H amddeign, Adyw petaBatikotntag Ba yivel o€ €va BAua.

Av dUo ouoTtrpara (X, Ux), Z( Y, uy) €ival iIcoduvapa, TOTE

Z( Y, uy) = Z( X, uX) H (X1’ -Vx1 )] H (X1+)\Vx1 ) Vx1)
omoTe Z( Y, Uy) — Z( X, Ux) = (X1, -v, )B (X4+Av, , v, )

= (X1+Av, , v, )B (X1, -V, )

=(x1*+Av, , v, )= (X1, v, ) € Ua.
AvTIOTPOQWG, av  2( Y, Uy) — Z( X, Uyx) € Uy, TOTE

Z( Y, Uy) = Z( X, Ux) = (X, U) — (X', Ux)
= (X, Uyx) — ( X+Auy, Uy) A

Z(y, uy) = Z( X, uy) B (X, ux) B ( X+Auy, —Uy)

OTTOTE TA CUCTAMATA €ival IcodUvaa.

ZXOAIO Mg Toug TTapatmdvw cUUBOAICUOUG UTTOPOUE VA ETTEKTABOUUE KAl O€

GAAoug xwpoug, 6Trwg oTo R", aAAG kal aTnv YTTepBOAIKI] YEWMETPIQ.
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KE®AAAIO 4

OAIZOHZH ZTHN YNEPBOAIKH"Y FTEQMETPIA

Baoikd otoixeia YrepBoAikng MNewpeTpiag

Y1repBoAiko emmitTredo cival To €TMiTTed0 Pe Ta ACIWPATA ToU EUKAEidN, €KTOC atrd 1O 5°
aiTnua, 1o OToi0 avTikaBioTaral ammd To «aTd onueio ekTOG €uBtiag, diEpxovTal

TOUAQXIOTOV OUO TTAPAAANAEG TTPOG AUTHVY.

MovTéAo yia 1o YTTEPBOAIKO ETTITTESO XPNOIUOTIOIOUUE TO NUIETTITIESO
H*={x+yi,x,yeR,y>0}

OTTOU, QUOIKA, i €ival n yvwoTr Jiyadikni povada.

AtmréoTaon petagl duo anueiwv A, B Tou uttepBoAIKoU eTTITTEDOU, T OTTOIA Eival EIKOVEG
TWV JIYadIKWYV Z, W OVORACOUUE TOV apIBuo

|z—w|+|z—w]|
|z—w|—|z—w|

d(A, B) =In

Mewdaiolakég Tou YTepPRoAikoU emtrédou gival Ta NUIKUKAIG ( 1) KAPTTUAEG €AGXIOTOU
MNKOUG) TTOU €XOUV Ta KEVTPA TOUG OTO OUVOPO TOU TTApATTavwW NMIETTITTESOU (ATTEIPO),
OAAG KAl KOTOKOPUQPES (EUKAEIDEIEG) NUIEUBEIEG:

€1

€5

A

Ta mépata Twv YewdAICIOKWY OTO ATTEIPO, av Kal dev gival onueia Tou utteEpBOAIKOU

EMTTEDOU, XPNOIKMEUOUV VIO VA XAPAKTNPIoOUV T OXETIKA B0 dUO0 YEWBQITIAKWY.



MapdAAnAegg cival o yewdaiolakéG  (NUIKUKAIO 1] KATAKOPUPEG) TTOU £XOUV £va KOIVO
TTEPAG OTO ATTEIPO ( €3 KAl €4 ), §EVEG OTAV OEV £XOUV KAVEVA KOIVO ONUEIO (€1 KAl €, A €3
Kal €5), EVW TEPVOMEVEG Eival O0EG £XOUV £va KOIVO onuEio (OTO ECWTEPIKO TOU

utTEPPBOAIKOU €TTITTEDOU):

7

=

AUO TTAapAAANAES YEWDAIOCIOKES Eival ACUUTITWTEG.

AUO TEPVOPEVEG YEWDAIOIOKEG OXNMOTICOUV ywvia W, ion pe TN ywvia PeTagu Twv

EQATITOPEVWY TOUG OTO ONUEIO TOPNG (OXNMA).

OpBoywvieg ovopalovral OU0 YewDAIOIOKEG Qv N TTOPATTAVW ywvia w  Twv

EQATITOPEVWV TOUG OTO OnuEio eTTaPRS gival opon.

AUO E€veg yewdAIOIOKEG €XOUV LOValdIK) Koivil KGBero, Kal n otmréoTacn METALu Twv

OnNMEIWY TOUAG PE TNV KOIV) KABETO gival N atréoTaon YETAEU TwV dUO YEWDAICIAKWV.

H utrepBoAikn atréoTaon petagl dUo onueiwv YIag Karakopueng YEwWDAIOIAKNG Eival o
MN apvnTIKOG QUOIKOG AoyApIBOG TOU AOYOU TWV QAVTACTIKWY PEPWV TOUG (dnAadn Twv

TETAYMEVWV TOUG).
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AnAadn d(A,B)=| Inj—2 |
]

E@appooTé Sidvuopa u Tou H? 6To onueio Tou z, gival To {eUyog TTou amroTeAeiTal aTTé

TOV pIYadIKG z Kal TO EQAPUOOTO aTov z didvuopua u Tou R Ta dlaviouaTa u, U’ Tou
TTAPAKATW OXAMATOS TTPoadlopifouv ( KaBéva ) Kal TN JovadiKr yewdaiolokn (NUIKUKAIO

| euBgia) oTnv oTToia EPATTTOVTAI.

d

B/]\ "

Q¢ £@aTTOHEVO XWpPo oTo onueio z ( T,H? ) ovouddoupe Tov SIAVUGHATIKG XWPEO TToU

opieTal, 6TIwG Kai oTo R?, amrd Ta EQapPOoTa 070 Z dlaviouaTa Tou H? e TIC yWwoTég
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TTPAEEIG
e (z,u)+(z,Vv)=(z, utv)
e Az u)=(z,A\u) yiakéBe A € R

Omoére T,H? = {z} x R?
EUkoAa atrodeikvueTal 0TI TO GUVOAO
U={(z,u)/ze C,u eR? Im(z) > 0}

€QOdIOTHEVO HE TIG TTPAEEIG TTOU OpicapE, €ival IAVUCUATIKOG XWPOG.

To utrepBoAikd pétpo ||ully  €vOG e@apuooToU dIavUCPOTOS U gival 0 AGyog Tou

EukAegideiou pétpou [|u]] Tou u TTpog TNV EukAeideia amméoTacn Tng d apxng Tou ammo 10

[[ull

oUvopo Tou YTTEPPBOAIKOU £TTITTEDOU: [lull,.= g

Mpoooxn: Kabwg 10 u «oAioBaively TTavw OTn YEWDAIOIAKK €, TO EUKAEIOEI0 PAKOG TOU

aAAdCel, waoTe o TTapaTTdvw AOYOC va TTapapével aTaBepdg, dnAadn)

‘Eva xproiyo YECO yia TOV OPIoUO TwV OAIGOaIVOVTWY SIAVUCHATWY OTO UTTEPBOAIKO
ETTITTEDO €ival Ol ICOPETPIEG TOU.

az+f

la5 Blvla € Rusaﬁ_v6>0
yz+0

AoOCUEVNG ICOPETPIOG @, UTTAPXEI MIO ICOUETPIA T(Z) =

(MeTaoXNUATIONOG MBbius) TETOIa WOTE N To APrVEl TOV BETIKO AEova TwV QaAVTACTIKWYV
aueTaRANTO.
O1 1o00uETPiEG AUTEG, ATTO TN QUON TOUg, dIaTNEOUV TIG UTTEPPBOAIKEG OTTOOTACEIG JETAEU

OnNUEiwv.

Mo Ta epapuooTd SlavUouaTa Ol TTAPATTAVW ICOUETPIEG TTaiI(ouv TO POAO TOU UECOU TTOU
«peTagépel TTapdAAnAa» Ta diavuouata Tou UTTEPPOAIKOU eTTITTEOOU 0€ AAAEG BETEIG TOU.
Mpéyuat, autd @aivetal amd 1o €MOPEVO Bewpnua TNG UTTEPPROAIKAG YEWMETPIOG:
utTdpxEl I00UETPIa TTOU atTeikoviCel 006év  epapuoaTd didvuoua Tou UTTEPLBOAIKOU

EMTEOOU T€ OTTOI0ONTTOTE AAAO £apPUOOTO OIAVUCUA iICOU UETPOU.
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2Tn ouvéxela Ba opiocouue Ta oAicBaivovTa diaviouaTta, BPIoCKOVTAg TNV ICOUETPIa TToU
«MeETaPEPEl TTAPAAANAG» B0BEvV epapuooTd didvuopa Tou UTTEPPOAIKOU emmITTESOU KaTA

MAKOG TNG YEWDAICIAKAS TOU.

EUpeon loopeTpiag OAiocOnong

Ocewpoupe 10 UTTEPBOAIKSG NUIETITTESO, TO MIYAOIKO W = X+iy, KOl TO EQPATITONEVO O€ [Ia
yewdaiolakn Sidvuopa u=re®, -m<O <.
MNa va opicoupe TNV KAdon 1coduvauiag Tou (oAIoBaivovTog) diaviouaTog (Zo, Ug), OPKEi

az+B

va Bpoupe 1o Mbbius petaoxnuatioud 1(z) =m 6t1ou ad — By = 1 TToU YETAPEPEI TO

didvuopa u armooTaon d Katd PAKOG TNG YEWDAICIOKAG TOU.

Otwpoupe Toug PIyadikoUg W_, W, WG AKPa TOU NUIKUKAIOU KAl C TNV TETUNUEVN TOU

KEVTPOU.
Torte
c=x+ytan® kat  r=e WY
2 cosO
oTTéTE
wf:c—r:x+ytan9—L:x+y(tan9—L)
cosO cosO
w, :c+r:x+ytane+L:x+y(tane+L)
cosO cosO

ATTO TNV YTTEPROAIKN YEWUETPIA OPWG €ival yvwOoTO OTI O TTiVOKAG TTOU TTAPICTAVEI TV

uTTEPPOAIKN I00pETPIO PE GEova (U, U) Kal JAKOG PeTaTétmong d givail

1 U+ 1 2uu 1

cosh—d+ u sinh—d - sinh—d
A= 2 u—u u—u 2
2 sinh1d coshd— Y Ysinn 1 g
u—u 2 2 u—u 2

2TNV TTPOKEIPEVN TTEPITITWON €ival U= W_ KAl U= W, .
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Etrouévwg
u+u (x+ytanB)cos® xcosB+ysind
u—u y y ’
2

y pr—
cos’ 0

uu = (x +ytan@)y —

1
0s’ 0

x? + 2xytan® + y?*(tan’ 8 — ) =
c

sin’6 —1 1
Opw =1 tan’6 - =—
Hws cos’0 cos’ 0

Apa
uu = X% + 2xy tand — y?

Kal 0 TTiVOKOG TNG ICOPETPIAG yiveTal

1 xcose+ysines. 1 _(x2+2xytan9—y2)cose 1

cosh—d+ inh—d sinh—d

A= 2 y 2 y 2
©058 ginh 1 4 cosh 1 q— X000+ ysin® 1

y 2 2 y 2

‘Exovtag Twpa Bpel To yeTaoXnUaTiopo Mdbius, opifouue Tnv Icoduvapia dIavVUCUATWV:

OPIZMOZ 4.1 To aToixeio (z, u) Tou TH? gival 1I60d0vauo e To (Z, U’), SnAadA

(z,u)~(Z,u)

av Kal Jovo av [Z =1(z) ka1 U =D7(z) u]

Apa (z, u) ~ (1(2), D1(2) u)

AMG Drzy= 9T = (92+B)._alyz+0)—(az+B) _ 1
dz Yz+0 (yz+9) (yz+09)

OmoTe

otTou, a, B, y, 6 ol (TTpayuaTIKoi TToU BPAKAUE TTOPATTAVW).

Me Tnv TTapaTrévw 1coduvapia opifovTal KAGOEIS Icoduvapiag diavuoudtwy otn H?,
agou

i) (z,u) ~ (1(2), D1(2) u) ~ (1(1"(9)), D1(T' (@) u) = (z u)
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w=T1(z2)
v=D1(z)u

ii) (z,u)~(w,v)<:>{
ANG D1(z) : T, H* - Ty H kat av w =1(2)

Tote

. 2 2
TuH > T, H

T (w)
Apa (w,v)~(1'(W),Dr'W)v) =(z, DT'(w)D1(z) u) =(z,u)
iii) Av(x,u)~(y,v)ka(y,v)~(z,w)ToTE[ (X, U)~(Z, W)
ATTOd¢£1EN

y:T1(X)
v =Dr1,(Xx)u

(X,U)~(y,V)©{

oTToTE Z = Ty(T1(X)) KAl W = DT1y(T4(X)) DT4(X) U

(y,V)~(Z,W)©{ 2=T0)

w =Dr1,(y)Vv

OLTW T2 © T4 = 0, OTTOTE €XW z=0(x)
w =Dao(x)u

apa (x,u)~(z,w) @
Oewpiviag Twpa W = @ T, H? 10 XWPO TwV CUCTNUATWY EQAPUOCTWY SIAVUTUATWY
zeH?

Tou uTTEPBOAIKOU eTTITTESOU H2, KaIl TO GUVOAO

U=<u-D1@2)u/ueT,H, zeH>

161 0 XWpPOoG TTNAiko W / U givail n aAyeBpikr) geTd@pacn Tou cuvoAou Twv

oAIgBaIvévTwy SIavuoudTwy Tou UTTEPROAIKOU ETTITTEDOU.
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MpbéoBeon peTagl oAioBaIvOVTWY SIAVUOUATWY

Mwg dpws Ba TTpocBécoupe duo oAioBaivovta diavuopata oTnv YTTepBOAIKN MewpeTpIq;
Av autd Bpiokovtal oTnv idla eubegia, dev £xoupe TTapd va OAICOACOUNE TO éva TTPOG TO
MEPOG TOU GANOU, WOTE va ATTOKTAOOUV KoIvh) apxr. Metd, n mmpooBeon Toug yivetal

OTTWG Kal 010 EukAcidelo eTTitredo:

m ONSOHSH /—\:OZOEZH m
—_— —_—
T

Av T1a dilavuoparta ATav avTippoTra, Ba a@aIpoUCaUE TA PETPA TOUG, OTTWG EEPOULE.
Av T1a diaviopaTta Bpiokovtal o€ TEPVOUEVES YEwdAICIAKES, Ta oAloBaivoupe Kal Ta dUOo

OTO ONMEIO TOPNG TWV YEWDAICIAKWY Kal KAVOUWE TNV TTPOCOECT TOUG:

ONZOHH -
MNMPOZOEZH

T yivetal Twpa o6Tav Ta diaviouata BpiokovTal o€ Eveg PeTaU TOUG YEWDAIOIOKEG;

©a akoAoubrjooupe TNV €EAG OTPATNYIKK:

OAioBaivoupe Ta diavUoPaTa OTO ONMEI EKEIVA TWV YEWAICIOKWY TOUG, aTrd Ta OTToia
OIEPXETAl N KOIVA KABETOG TOug, a@ou, OTTwg eitTaue, UTTApXEl TETold, Kal PAAIoTa

HovadIKi:

ONZOH>H
ﬁ
/
/
/
!
1

ZUPQWVva OUWG ME Bewpnua TTOU AVAQEPAME TTAPATIAVW, MTTOPOUME, MECW MIOG

ICOUETPIOG, VA ATTEIKOVIOOUHE TNV KOIVF KABETN TWV TTAPATTAVW YEWDAICIOKWY OE Hid
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KaTtakopu®n yewdaIoIaKN :

€
7 N ANTISTOIXHEH MEZQ >
/ AN IZOVETPIAZ
/\ \
/ \

-

@)
Aev €xoupe TWpPA, TTapd va TTPooBécoupe Ta dUo diavUouaTa TTou gival KABeTa atnv €
(kd&m avéAoyo kavape kal oto EukAgideio etTitredo).

H diodikaoia £xel, eTTopEvVWG, we eEAG:

210 UTTEPPOAIKO eTTiTTed0 Bewpolue TNV KaTaKOPUEn Yewdaioloky €, OTTwG OTO
TTOPAKATW OXAMA:

r O T A P1 P2

Otwpoupe emmiong Ta dilaviouaTta uq, Uy TTOU gival KABeTa oTnv € ota onueia A kair B

avTioToIXa, Kal Ta OTroia €ival €@amTopeva oTIiG yewdaiolakég Cq, C, avrioToixa (Me
OKTIVEG P4, P2, OTTWG GTO OXAMA).



‘EoTw aképa 1o diaviopaTta uq, Uz, Ta oTToia e@daTrrovial otnv € (dnAadn avrkouv ¢’
QuTAv), gival avTippoTra kal €xouv ioa (UTTEPBOAIKE) PETPQ.
AnAadn

u u . P
S L I (A /[T
P2 P P

Ovopddoupe v4 TN CuUVIOTAPEVN TWV SIAVUCUATWY U4, Uy OTO ONUEIO A KAl Vo TWV Uy, Uy
oTo onueio B.

O1 yewdaIOIOKES OTIG OTTOIEG EQATITOVTAI TA SIAVUCHATA U4, Uy Eival AQvTiOTOIXA:
Ci: X+y=pf Kal Co: X’ +y*=py
Oa Bpoupe TIG €§I0WOEIG TwV KUKAWV Cj, C4 (TIG YEWDAICIOKES) TTOU £XOUV T KEVTPA

Toug (I, A avTioToixa) aTov opifovTio dgova (ATTEIPO) Kal EQATITOVTAI OTI TTAPATTAVW

ouvioTapéveg. Eival eUkoAo va &gl Kaveig 0TI ol KUKAOI auToi gival JovadIKOi.

Kar’ apxrv, ac SoUue Tn oxéon Twv ywviwv FTAO = 6, kai ABO= 8,.
H mpwn €X€1 TTAEUPEG KABETEG UE TN Ywvia TTOU oxnuaTiouv Ta diavuouaTa
uq, Vq.

=M. Ouoiwg, Ba cival Kkai £¢92=M

Etrouévwg €00, .
Ty ] Ilu, I

Av Twpa Bewpricoupe To AOYo Twv (UTTEPPOAIKWYV) HETPWYV TwV SIAVUCUATWY

Uy, U4 i00 PE éva BETIKO TTPAYHATIKO 0, Ba £€XOUE:

Iy, |l
el o o P2 g o a2y
||u1||h ”u1” P;
P,
P2 10,1
, e TR , -
Apa €O, = = = €08 1 €98, = a 9B,
ap—2||u1|| allu || «a

)
Ag Bpoupue Twpa TNV e€icwan Tou KUKAou Cs.
, or , . 2 2 2
Emeidn €90, = ———, Ba gival O = — py €9B4, omoOTE Al” = p1°( 1 + €9“B4)
1

Emopévwg  Ca: (X +pre@d;) +y* = p(1 + €¢?0)

A

Cs: (Xx+aprepdy)’ +y> = p (1 + a’cp’By)
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Me Tov id10 akpIBWG TPOTTO, EXW:

Ca: (X- p2e@8) +y> = p°(1+£9%6;)

MNa va Bpw 10 onpeio Topng H Twv TTapattdvw yewdaiolokwy (TTAvTa PTTopoUlE va
€XOUUE onueio TOPAG, apkei va Kavoupe KATAAANAN €TTIAOYA TwV SIAVUCUATWY U4 KAl Uy)
apKei va AUCW TO GUCTNHA TWV TTOPATTAVW EEICWOEWV:

H- x* + 20P£96,X + y2 = p12
| xE- 2p,£¢8,x + y2 = pg

Me a@aipeon Katd PHEAN, EXw

2 2
2xe@0,(ap, +p,)=p2 —p2 H X, = Pi —P>
90, (ap, +p,)=p; —P> N Xy 2606, (ap. 1 p.)
2 2
OTTOTE, ME AVTIKATAOTAON, £XW Y, = \/p1p2(p1+ap2)_ Pr — P2 2
ap, +p, 2e96,(ap, +p,)

MeTagpEpovTag TwPa Ta dIAVUCUATA V4, Vo KATA UAKOG TWV YEWBAIOIAKWY Toug Cs, Cy
WG TO onueio H, TTpokUTITOUV Ta dIAVUCUATA V4', Vo' QVTIOTOIXA, VIO TA JETPA TWV OTTOIWV

IoxUouv

b r r ] V r
IValls = VIl _ A v el ki spoia
P, YH P,

[V, |l

2

”Vz'”: Yh

AvTwpa A, Ay, gival ol ouvTeAEOTEG BlEUBUVONG TwV dIAVUCUATWY V4’ Kal H

avTioToixa, 6a éxouue NAg=-1 1 A.=——

K Ary
‘ETo1av v4 = (X, y), TOTE
y 1
Yo x=-A
X o r] H y
Apa
2 2 _ vl 2 .2 2 V12 2
VX2 +y? = Yoo N AWy HY ==Yy
P Ps
f vaery=Yiye g yog vl ¥e
TH/ — H -
12 P4 ‘/1+)\2rH
OTTOTE X = :F”V1 Y Ay
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Ivill vy A Hvill  yw
TH
NS P 1+ R,

AnAadn v =(—

V1,=(IIV1 Il Yu Hvell -y

: )
oo R, e 1R,
MapaTnpwvTag 1o OXAMA, dIATTICTWYOUUE OTI TIPAYUATI, OTAV TO ONUEio TounS H Twv duo
euBeILV BpiokeTal apIOTEPOTEPA TNG TETUNHEVNG Xr TOU T, €ival Ay <0 kai A,.>0
OTTOTE €XOUME TNV TTPWTN TTEPITTITWON, evw OTav BpiokeTal &e€10TEPA, €ival Ary > 0 Kal

A,, <0 kai éxoupe TN SeUTEPN TTEPITITWON.

Me TovV id10 akpIBwG TPOTTO BPIOKOUUE OTI
Vol yw o IVall vy
AH ?

P d']—l—)\zAH P, «/1+)\2AH)

Edw dev £xoupe dUO TTEPITITWOEIG, APOU, ATTO TNV KATAOKEUN, TTApATNPEOUKE OTI TTAVTO

V21 = (_

gival App< 0 Kai )\VZ. >0.

Apa

B PR L
rH AH
P d']—l—)\?-H P, d']—l—)\zAH
Wvall  yw VoIl v

Py \/1—}-)\2”_| P, «H—l-)\zAH)

v=(

otav  Arp <0 kai AV1.>O Kal

o Wl vl
P 1+ R, P 1+ R,
L 7P | A7 [ 7

Py ﬁ']—l—)\?-H P, «/1+)\2AH)

AH

otav Ay >0 kai A, <O0.

‘Eotw Twpa C o (pHovadikdg) KUKAOG TTou €xel To KEvTpo Tou T(T,0) oTov opidévTio agova
Kal eQATITETAI TOU dlavuopatog v ato H. Av autdg Téuvel Tov KATakOpupo GEova Tou

OXAMOTOG 0TO onueio M e TeTaypévn ps, Ba £xw

p12 — p; )2 2

C:perfry?=(THE  f  (e1f+yf=(r vy
2e90,(ap, +p,)
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p12 — p; + p1p2(p1 —+ qu)

OTIOTE (0—-17+ps” =1
2e96,(ap; +p,) ap; +p,

_£96,(ap; +p,) ( PP, (P1 +0pP,) 052)
2 2 3
P — P32 ap;, + P>

Aképa, €xoupue

vi? = U+ us” = u% + U 0f €9°0; = U (1 + o £9°8y),

apa [Ivall= lluall 1+ a’ep?O,

Kal

P22 P20 = Pl P2
Vi = U+ U = of 2l 202 = 2 (a4 UY) = p—g(azuf+uf£<p261)

1 1 1 1

2 2
= p—ﬁ(cutzu12 +u2a’eg?0,) = o’ui 2 P2 2(1+€9%0,),
P p;

1

dpa [Iv2]|= G IIu 11+ 9?6,

‘ETol, 10 didvuopa v yivetal

P, 2
a2 ||u, || 1+ €90
”u1”\/1+G2£(p292 Yu A P, e, ) ? Vi A
o, JR, o NEE

:(_

P, 5
a2 ||u, [[{1+ €90
lu, 11+ Pe9?0,  y ol N1+ €9%0,

H 4 P H -
P \/1 + N, P2 \/1 + N,
gl Y ( A1+ 0%€90,  ahy\1+e9’6, 1+ a’c9’®, a1+e9’0
P, J1+ R, J+R, \/1+)\2m \/1+A

otav  Arm <0 kai AV1.>O Kal

[u 11y ( A1+ 0%€90,  ahy\[1+€9°0, |1+ 0’ep?0 Jr0(\/1+£<p

v=|

P, J1+ R, J+R, I+ R, J1+ R,

otav  Arg >0 kai )\Vw. <0.
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Ta diavuopara Twpa TH, v gival KABeTa, CUVETTWG TO ECWTEPIKO TOUG yIVOUEVO Ba gival

MNdevikS. Auth Ba ival n e€icwon (TH v = 0) TTou Ba dwaoel TN ¢NTOUPEVN TIKN TOU 3.

MNa tnv Tepimrwon Ary < 0, pe TN BonBeia Tou Maple 7, opilw:
>R1l:=(rl*r2* (rl+a*r2))/(a*rl+r2); (rl=p;, r2=p;)
R2:=(rl”*2-r272)/(2*t* (a*rl+r2)) ;restart; (t=c¢6,)

yH:=sqgrt (R1-R272) ;( n TeTaypévn Tou onueiou H )

_rlr2(rl+ar2)

RI: arl +r2

2 42

R2:=l rl-—r2
2t(arl+r2)

yH =+ RI - R2*
> LGH:=yH/ (R2+a*rl*t) ; (o ouvreAcorric dicuBuvons Tou draviouaros H)

A RI — R2?

LGH = R2+arlt

>LDH:=yH/ (R2-r2*t) ;( 0 ouvTeAeoTAC B1cUBuvong Tou diavUopartoc AH )

A RI — R2?

LDH == 5,

> TetmhmTH:=R2- (1/ (2*¥R2) * (R1L-r372)) ; (n TeTunuévn Tou diaviopartog TH)

1 RI—r3*
TetmhmTH = R2 —ET

> TetagmTH:=yH; (n TeTaypévn Tou diavlouatog TH)

TetagmTH =, Rl — R2*
>TetmhmV:=(sqrt (1+(a*t)*2) *LGH) / (sqrt (1+LGH"2) ) + (a*sqrt (1+t*
2) *LDH) / (sqgrt (1+LDH”*2)) ; (n TeTUNKéVN Tou diavlopaTog v, Xwpic To -

01aBepo- ouvteheaTth -||uil| /p1)
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J1+d 2 |RI-RZ? . a1+2.|RI-RZ

(R2+arlt) 1+R]_M2 (R2-r21) 1+R]_RZZ2
(R2+arlt) (R2-r21)

Tetmhm¥=

>TetagmV:=-sqrt (1+ (a*t)*2)/ (sqrt (1+LGH"2)) -
a*sqrt (1+t*2)/ (sqrt(1+LDH*2)) ; ( h TeTayuévn Tou diaviopaTog v, Xwpic To

-0TaBepd- ouvteAeoTh -||uil| /p1)

J1+a? a1+t

TetagmV = — -
RI - R2? Rl - R2?
(R2+arlt) (R2—121)

>EXIS:=TetmhmTH*TetmhmV+TetagmTH*TetagmV=0; (n efiowon THv=0)

1 RI—r3?
EXIS = (RZ 5

J1+d £ Rl - R2? N a1+ Rl - R2>
RI—R2* RI—R2*
(R2+arlt)y,[1+————— (R2-r2) | 1+————
(R2+arlt) (R2-7r21)

+m ~ J1+ad* ar1+¢ 0

RI — R2? RI — R2?
(R2+arlt) (R2-r2t)
H mapamavw egiowon civar deutepofdbuia wg 1pog ra. 'H, akdua kaAuTepa,

TTPWTORABUIO WS TIPOC I5° (APOU BV UTTAPXE! TTPWTORABUIOS 6POC Tou r3). ‘ETal,

av Bpebei BeTIkn pifa (Wg TTPOG r3), auTh Ba gival povadikh.

r1r2(r1 + ar2)

Oa atrodeitw o611 N {nToupevn pia cival apIBPog \/RT n n
ar, +r,

Ma TNV TIPA QuTA Tou r3, N TTapatTrédvw egicwan yiverai:

J1+a* ¢ Rl - R2? N a1+ 4RI - R2*
RI - R2? RI - R2?
(R24arl ) [ 1+———"— (R2=r20) 7 14—
(R2+arlt) (R2-7r21)
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+m B J1+a* i a1+t

RI — R2? RI — R2?
1+ l+—
(R2+arl t)? (R2-r21)*

Kal QUTA JE aTTAn TTapayovToTroinon yiveTai:

242 2
\/ﬁ [ V1+a't ( R, )+ o1+t ( R,
\/1 R,—R2 R,+art

1+
(R, +ar)?

R, —r,t)’

n
\/ﬁ [ V14 o?t? —art ay1+t? r,t
1 2

1=0
N R,—RZ Ry+art 14 R,—RZ R,—nt

(Rz + dr1t)2 (Rz - rzt)2

n
242 . 2

at\/ﬁ [ V1+a't r, N V1+1t r,

N R,—RZ R,+art N R,—RZ R,-—nt

(Rz + ar1t)2 (Rz o rzt)2

n

242 2
atm - rv1+at 1+t

R, —R2 R, —nt

1=0

+
R t R, —
\/(Rz +art? +R, —R? Ry rant. \/(Rz —rt? +R,—R2 Ry =Rt

?IR, +art]

Ouwg BpiokduaoTe oTNV TTPWTN TTEPITTITWON, OTTOU Ary < 0 Kal agou

JRI—R2?

LGH =

R2+arlt
Ba cival Ry + arit <0, omote | Ry +arqt|= — (R + arqt).
ETriong, agou
JRI - R2?
LDH = TRI-121
Kal Aap < 0, Ba gival Ry + arit < 0, ométe |Ro—rot | = — (R —rat).
‘ETo1, £€xoupe

Gt\/ﬁ [ N1+ o?t? N1+t
1 2

— ] =0
JR, +artf +R,—R2 (R, —rt? +R, —R2
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EvepywvTag avdloya, yia Tnv TTepIiTTwon Ary > 0, éxoupe

TetmhmV:=(sqrt (1+(a*t)~2) *LGH) / (sqrt (1+LGH"2) ) -
(a*sqrt (1+t~2) *LDH) / (sqrt (1+LDH"2)) ;

TetmhmV = J1+azf2 JRI—RZZ aJHt2 JR]—RZ2

2 _ pr2
(R2+arlt) 1+RI—RZ2 (R2-7r21) 1+R]—RZ2
(R2+arlt) (R2-7r21¢)

TetagmV:=-

sqgrt (1l+(a*t)*2) /(sqrt (1+LGH"2) ) +a*sqrt (1+t*2) / (sqrt (1+LDH
~2));

4/1+a2t2 N a4/1+t2
RI — R2? RI — R2?
(R2+arlt) (R2-r21)

EXIS:=TetmhmTH*TetmhmV+TetagmTH*TetagmV=0;

TetagmV = —

1 RI —r3?
EXIS = (RZ - ETJ

J1+d* 2RI - R a1+ Rl - R2?

RI-R? RI —R2?
(R2+arlty,[1+——— (R2-r20)p | 1+————
(R2+arlt) (R2-121)
IRl —Rr2| - J1+adt N a1+t _0
- RI — R2? - RI — R2?
(R2+arl t) (R2-r21)

OTTOTE, PTAVOVTAG HE TOV iBI0 TPOTTO OTO GNEio

— rv1+a’t? N1+t
atyR, =R, [ - > > R, +art > > R, -t ]
R, +art) +R,—R; 22— R, -t +R,—R; —%2—2—
\/( 2 1) 1 2|R2+Gr1t| \/( 2 2) 1 2|R2—r2t|

TTOPATNPOUNE OTI, €TTEION Ay > 0 KAl agou TTAAI

/ 2
LGH = LRIZR2

R2+arlt
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Ba eivai Ry +arit>0, ométe |Ry+art|= Ry + arqt.

‘ET1o1, €x0oupe TTAAI

242 2
at /—R1 "R | rv1+at 1+t 1=0

JR, +artf +R,—R2 (R, —rt? +R, —R2

Apkei Aoitév va atrodeigw o

1+ a’t? _ N1+t

JR, +art? +R,—R2 /R, —r,t)? +R, —R?

yla KAOE TIuA Twv YETABANTWY TTOU EP@avifovTal.

Mpayuari, Icoduvaua, £xw:

rv1+a’t® _ N1+t

Jolr2t? £ 2R art +R, (2 — 2Rt +R,

n
r? (14 o) (rft? — 2Rt +R,) = rZ (14 t*)(a’/t* + 2R,art +R,)
n
2 2
r2(1+a2t2)(r2t2 _ Z n—n r /{—I- A +ar2)) =
1 i ZA(ar+r,) " an
2 2
rZ—r. r,r,(r, + ar.
=r§(1+t2)(02r12t2+2 1 2 GI’1,{/ i (r + 2))
Z f(ar, +1,) ar, +r,
n
r2(1+a?t?) [ (ar, +r,)2t? —%Jrrj +;§f2/+r1r22a 1=
=2 (1) [ (an +0)ort +ar? — grf +7, + 150 ]
rrrZ(1+a®t®) (art> +nt?+r, +ra) = rZ(1+t?) ( *rt®> + o, t> +ar, +r,)
n
rerZ(ant? +rt? +r, +ra+o’rt* +o’rtt +a’rt? +a’rt?) =
= ifri(a’rt? + a’rt? +ar, +r, + ot + ot +art® +rt?)
TTOU IOXUEL.
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ATtrodeiaue AoITov ot

0. — PP, (P; +0P,)
* "\ p,+ap,

ATT6 TNV TEAeuTaia aoxéon, I00dUVAUA, EXOUME:

N. Potwv

P3(p, +ap,) =pPP,(P, +0p,) N P3P, —PIP, = P3P, — P3P,

; Ps =Pl _ P25 q P5—Pi _ P2 P
Ps P, PP P2P;
P2 P InP2 InP2.
1 3 3 2
Inp—3 Inp—1 Inp—2 Inp—3
) e P _ e Ps3 g e Pz e P2
f 2 2
n sinh(ln&): asinh(lnp—z)
Py Ps

Emopévwg av oupBoAiooupe pe d(M, A)), d(M, B) TiI¢ utrepBOAIKEG ATTOOTACEIG METALU
Twv onueiwv M, A kai M, B avrtioTtoixa, 8a éxouue

sinh(d(M, A))
sinh(d(M, B))

sinh(d(M, A)) = a sinh(d(M, B))

‘Et01,
sinh(d(M,A)) _ [lu, |,
sinh(d(M,B)) [1uy ]l

ATtrodeiaue AoITTov 10

A

OEQPHMA 4.1 Av u4, u; cival oAioBaivovTa diaviouaTta, Je EEVOUG POPEIG €4 Kal €3,
TOTE 0 POPEAG TNG CUVIOTAPEVNG TOUG TEUVEI TNV KoIVA KABeTo AB Twv

€4, €2 0€ ONueio M T€TOI0 WOTE
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sinh(d(MA) [l u [l, = sinh(d(MB))]|u, [I,

PP, (P, +ap,)
P, +ap,

NMAPATHPHZEIZ. 1. Av avTikaTaGTAOOUPE TNV TIUA TNG P, = atnv

TETMNMEVN T TOU KEVTPOU TOU KUKAou C

(1=590(0P TP;) (PP(P TOP) 2
Py — P2 ap, + P2

auTtr undevietal, yeyovog TTou onpaivel 0Tl o KUKAoG C TEuvel

, TTapatnpouue Ot

KABeTa TN YEWSAIOIAKN €.
M’ dAAa AGyIa, n ouvioTapévn Twv SIGVUOUATWY U4, Uy Eival
TTAapAdAANAN o’ autd, akpIBwg OTTwG cupPaivel Kal 0To EukAEi-

oclo etmitredo.

2. Av ||ug||n>]|ualln, TOTE, yia d(M, A) > 0, Ba éxoupe
sinh(d(M, A)) [|uzlln > sinh(d(M, A)) [[ux][s

sinh(d(M, A)) [[uz]ln > sinh(d(M, B)) [|uz||
sinh(d(M, A)) > sinh(d(M, B))
d(M, A) >d(M, B) (agou 10 sinhx gival yv. algouoa
ouvdaptnon oto R).

AnAadn, éTTwg kal oTnv EukAcideia MewpeTpia TAAI, N ouvIoTO-
MévN BpiokeTal MO «KOVTAY, OTn YAwooa NG YTePROAIKAG MNew-

METPIAG, 0TO YEYAAUTEPO DIAVUCQ.

N. Zuvnuitévwyv

Oa atrodeifoupe Twpa 6Tl TO UTTEPPOAIKO HETPO TOU BIAVUCUATOG vV OgV £EQPTATAI ATTO TA

dlavUouaTa U4, Us.

AnAadn o Adyog vl gival otaBepda.

H

MNa v mepimmwon (A <0 ) TTOU
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Y I+ R, J+R, J1+ R,

EXW:

IvIF _ ﬁ[ ( A1+ 0%€06, +0‘)\AH~“+€<P292 ?
2

2

Yu P \/1 + )\T-H \/1 + )\ZAH

.\ (,/1+a2£<p292 +a\/1+£cp262 ?

J14 0’90, a1+ €9’0,

OfTw €PB,=t, ——n-—- Kal < Kal €Xw

JI+ &, NAE
IvIP _u’

== [(XArn + yAan)® + (X +y )]
Yu P4

2

1

242
Opws (1+ M@= (14 M) 0L =g 4 o
1+A|—H
2 2
Kal (1+And)y? = (1+)\AH2)G(1+t)=a2+azt2

Emiong  2(1+AmAsg)xy =2(1+ I Yr Ya=¥ayyy o
Xy — Xr Xy — X,

Ji+at? a1+t

2 ( 1+ yH yH
2 2 2 2
P — P +ap;t P — P —p,t \/1+)\er \/1+)\AH2
2t(ap, +p,) 2t(ap, +p,)
2 (1+ ar Va2 a1+t
2 2 2 2 2 2
Pr=P oty PP N(ESVERNEDW
2t(ap, +p,) 2t(ap, +p,)
y2
Ouwg T+ pz — pz : pz — pz =
2t(ap, +p,) | 2Kap,+p,)

u
=p_12[(1+)\rH2)X2+(1+)\AH2)y2+2(1+)\rH)\AH)Xy]
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PP (P, +AP,) PT — P ?
ap; +p, 2t(ap, +p,) _

2 2 2 2 2 2

( p1 _pz 2_p2 p1 _pz —I—Gp1 p1_p2
2t(ap; +p,) 2(ap; +p,) 2(ap; +p,)

1+
B Gp1p2t2

PiPo(P1 +0P,) | —PiP; + P+ APT 0Py o
ap; +p, 2(ap; +p,) _
2 2 2 2 2 2
( p1 _pz )2 _p2 p1 _pz —|—Gp1 p1 _pz
2t(ap; +p,) 2(ap, +p,) 2(ap; +p,)

—ap,p,t*

2p,°p, +20pp,” —pip, +P5 +ap; —app, app. 2
2(ap, +p,) -

o —p? pZ —p? B
G =Py apt) P =P2 gy
2tap, +p,) ' 2Uap, +p,)

P (P, +aP)+05(P, +OPY) 2
ap1p2 2 2 2
2(0(p1 —+ pz) — p1 + pz — 2ap1pzt

o — P2 pZ —p? L, PE—pl P2 —p?
G o Taet) g 2= —pt) 2, 2 Fapt)( 2 —p,t)
2t(ap, +p,) 1 2t(ap, +p,) 2 2t(ap, +p,) 1 2t(ap, +p,) ?

Kal

J1+at? _ J1+ at? J1+at?

\/1 + )\FH2 14+ YH2 p1pz(p1 + sz) _ pf — p§ )2

2 2
( p1 — p2 4 Gp1t)2 1+ Gp1 + p22 > 2t(0p1 + pz)
2t(0p1 + pz) ( p1 B pz
2t(ap; +p,)

J1+ at? _ J1+at?

p2p, +app,? +ap’ —app,? L op2t? p.2(p, +ap,)
(ap, +p,) ‘ (ap, +p,)
Pl =P 2 Pl =P
(# + ap1t) (#
2t(ap, +p,) 2t(ap, +p,)

+ap;t)®

2t2

+ o’p,

+ap;t)’

P —p5
— 2 1 apt
V1+at? =| ot(ap, +py) | D |
p12(1 + aztz) P
2t(ap, +p,)

+ap;ty’
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Me Tov id10 TPOTTO KATAAYOUUE OTNV I0OTNTO

G| p12_p§
a1+t _ " 2t(ap, +p,)
N P,

_pztl

‘ETo1, £€xoupe

201+ Ay Aan) Xy =
P; —P5

2 2
P> —p
| ————2—+apt]|
" 2t(ap, +p,)

—p,t|
2t(ap, +p,) z

P2+ ps — 2app,t?
2 2 2 2
2, P2 papy PP
2t(ap, +p,) 2t(ap, +p,)

- pzt) PP

2 2
Mapatnpouue Twpa OTi _PiTP p,t <0 (agou 0<pi<pya>0kal t>0).
2t(ap; +p,)

2 2
Opwg n ToodTNTa PP + ap,t, 6TTwg €idape TTaparavw (Re + arqt) , givau
2t(ap, +p,)

OMOONUN TOU Ary, ETTOUEVWG OTNV TTEPITITWON QUTA €ival apvnTIKN.

Apa n TTapatrdvw TTapaoTacn yiverai:

2092+p§—2ampgz
PP,

‘ET0l, (T+ M) X+ ( 1T+ M?) Y +2( 1+ Ay M) Xy =

P +p; —20p,p,t _
P10,

1+a’?+ 0+ 0’ + 2a

1+a® +20°° - 20°t” +a P +Ps 1+ +a P + P
PP PP,

onAadn dev e¢aptdaTal ammod Tnv €96, (t).

MNa v mepimmwon ( Ay >0 ) TToU

v =y, ( M1+ %690, oA\ [1+€9°0,  |1+0a’eq’6, +aw/1+£<p262)

P, J1+ R, J+R, I+ R, J1+ R,
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uf[ ( A1+ 0798, ah,,\1+ €96, ?
O J+R, J+R,
.\ (,/1+a2£<p292 a1+ £¢%0, ?

e NN

Kal KAvovTag TIG idIEC TTPAEEIS KATAAYyoulE, avaloya, oTnv TTapdoTaon

(1+)\FH2)X2+(1+)\AH2)y2_2(1+)\FH)\AH)Xy

Ouwg Twpa
—2(1+ApMn) xy=
2 2 2 2
. : af ;PP oty PioPe gy
-2 P tP;— 2ap1pzt 2t(ap1 + pz) 2t(ap1 + pz)
P; —P; P; —P3 PP
2 2 Fapt) (o = pot) "
2t(ap, +p,) | 2tap+p,)
2 2
p1 B pz
ue ————=—+4ap,t>0.
2t(ap, +p,)
Me Tnv atrAoTToinon €TTOPEVWG, Ba EXOUNE TTAAI
2 2 2
_2( 1+ )\FH )\AH)Xy =2ap1 TP _zap1p2t
P:P;
Kal KATOAAYOUE OTO iDI0 PE TTPIV OTTOTEAET Q.
AHMMA 4.1 Eivai IVl = [Ju4]] + Juzl]
ATTédeIgn
Ereidh VIl vl
Yu Ps
Apkei va deioupe OTI
[ T [ (1 S 11 (Y3 11
Yu Ps Y \/9192(91 +ap,)
p, +ap,
2 2 2 2
AMG V—Z = u;z (1+0®+ aPr P ), OTTOTE Ba aTTOdEIEOUNE OTI
Yoo P PiP2
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u? (1+a+ GP12 + 03 )=(||U1 I+ 1y, [1)*
P’ PP, PiPa(Ps ;)
P, +ap,
Eivai [lu, [|= ap—2|| u, ||, oTroTe £xw
1
) 2
(Mg [+ == [l uy 1)
u? (1+a2+apf+p§ = e
p12 p1p2 p1p2(p1 +ap2)
P, +ap,
Py \2
u?,(14+ a2)

2 2 2 1
u;z(»]+02+ap1 +p2)= p1 P
P; PP, PiP>(P; +ap,)

P, + ap,
(p1 +ap2 )2
2 2
i2(1+012+0(p1 P2 - Py =
P PP, M
P, + ap,
1+o2+qPi TP _ PiHOP,
p»]pz p1p2
P, +ap,

P1p2 + P1P2 & + a(p, +P3) = (P, + 0P, )(P, + ap,)
TTOU IOXUEL.

Oa atrodeitoupe Twpa To

OEQPHMA 4.2 Ta 1o (uTrepBOAIKO) METPO TNG CUVIOTAUEVNG V' TwV dIAVUCOUATWY U4, Us

TOU UTTEPBOAIKOU ETTITTESOU TWV OTTOIWV OI YEWDAICIOKEG gival EEVES Kall

atméxouv atréoTtacn d, I0XUEL:

AT6de1En

Oa XpNOIKOTTOINCOUE TIG METABANTES TOU aPXIKOU OXAMATOG.
Eidaue Tapatmdvw 6T av V' n CuvIOTAPEVN TWV SIAVUCTUATWY U4, Uy, TOTE
VI = Tlusll + [Juzl]

Apa, P3l[V'[ln = pallua|ln + p2llu2lln
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i ' P P
n ”V ||h:p_1”u1||h +p_2”U2 ”h

3 3

Apkei AoItév va atrodei§oupe OTI

N 12+ 11wy K2 210 111w, 1 cosh(d(AB). = (Piiu, Il +22 110, 1L? <
Ps Ps
inP1 inP2
e P2 +e P1
N 12+ 114, K2 +210, 1w 1 =g+ 200,17 <
2 Ps Ps

Nuy 2+ 1w, 12+ 1 Tl 1L Q0 +22)= a2 010,17 <
P, Py P3 Ps

MNa ouvtopdia, B€Tw ||uq|lh =X  Kal ||uglln =y Kal EXw:

2 2
X2 +(&+&)xy+y2= p—12X2 +p_22y2 +2p1922 Xy <
1 2 3 Ps P3
Py | Yoo P/ N Yy P1P, y
140 TPV Yyl " &)
PP, X X p1p2(p1 + sz) p1p2(p1 + apz) X p1p2(p1 + sz) X
P, + ap, P, +ap, p, +ap,

P T o1 (< e ) B Y (P ) BPRP L T
P1P2 P.(Py +0p,)  py(Py +ap,) Py + AP,

PP, (P, +ap,) + (p,” + P )P, + ap,)a + a’p,p, (P, + ap,) =

P2 (P, +ap,) + P, (ap, +p,)a’ +20,0,(p, +Op,)a &

PP, +ap P, +ap,’p, + a’p,’ +ap,’ +a’p,p,° 4+ op P, + a’pp,” =
& pfp, +ap’ +p,’p, +a’p,’ +2ap,p,” + 2a°p,%p,

TToU IoYUel. @
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Zguyog AlaVUCHATWYV

Ti oupBaivel WG OTaV £XOUUE TNV TTEPITITWON Tou {elyoug; Ta diaviouaTra avayovTal
6N o€ éva Ao {elyog, 6TTwg oTo EZ | auTr TN @opd GuVTIBevTal O€ éva SIGVUCUQ;
H amdvrtnon otnv epwTtnon autn gival n Tpwrtn, dnAadr cupBaivel 6,1 kal aTo EkAgidelo

etTimedo. Ag doupe yiari.

‘Eotw @A Ta diaviopaTta uq, Uy, JE avTiBETEG KaTeEUBUVOEIG Kal ioa UTTEPBOAIKA PETPA,

OTTWG OTO OXAMA.

. . . OA
AnAo® — Hugll_ Hu Il . Myl
nAadn lulln = [lu2lls - 1 oA og N TERTCE
Opwg kai Ta diaviopara uq, U, gival ica Katd YETPO, OTTOTE
_ -yl Hua Il 5 Husll — OA

U - U = —

[[uslln = [luzlln - 1 oA oB n TR oB
Apa Hu Iyl

[lu, |l [lu, [l

Emropévwg Ta opBoywvia Tpiywva AKA kai BMN eival Gpoid, GUVETIWS ol ywvieg K A A
kal M BN gival ioeg. AuTd onuaivel OTI Ol CUVIOTOMEVEG Vi KOl Vo €ival JETAEU TOUG
TTapdAAnAeg (oTn yAwooa Tng EukAeideiag yewpetpiag).  Apa ol akTiveg AlL, BA Twv

QOPEWV TOUG (NUIKUKAIWY) Ba gival petagu Toug TTapdAAnAes. ©Oa atrodeioupe OTI oI
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Qopeic auTtoi dev TéEPvVovTal, OTTOTE Ta SIAVUOHATA V4, Vo Ba atTroTeAOUV éva vEO (eUyog

(eival eUkKoAO va TTapaTnEAoEl Kaveig OTI Ta UTTEPROAIKA PETPA TWV DIAVUCHATWY AUTWVY

Ba cival ioa, agou, atrd TNV OPoIGTNTA TWV TTAPATTAVW TPIYWVWYV Ba gival

v b ol A IVl [1Ve |l

= = A valls = valln )
llv, Il lluy, |l OB OA OB

Mapatnpouue 61i To TeETPATTAEUPO AlAP gival TTapaAAnAdypaupo, agou Al//AP kai
AP/ITA. Apa AI=AP ka1 AP=TA.
AT16 10 opBoywvio Twpa Tpiywvo BAP civai

AP <BP ©TA<BA-AP < TA<BA-Al
AnAadn n d1AKevTPOG TwV dUO KUKAWV gival PIKpoTePN attd T S10POopd TV OKTIVWV
TOUG, OTTOTE O £VaG €ival ECWTEPIKOG Tou GANOU. ZUVETTWG dev TEPVOVTAI, OTTOTE BEV

MTTOpOUUE VO OUVOETOUNE Ta apxIKA dlavUouaTa o€ éva. @
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