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Apeirostikìc Logismìc

1. (15 Mon�dec) DeÐxte ìti gia k�je n ∈ N isqÔei

n log n− n+ 1 ≤ log(n!) ≤ (n+ 1) log n− n+ 1.

2. (15 Mon�dec) DeÐxte ìti h sun�rthsh f : R→ R me tÔpo

f(x) = lim
m→+∞

lim
n→+∞

(
cos(m!πx)

)n
eÐnai asuneq c se k�je x ∈ R.

3. (15 Mon�dec) BreÐte ìlec tic lÔseic thc exÐswshc

3x + 4x = 5x.

4. (15 Mon�dec) 'Estw f : R → R dÔo forèc paragwgÐsimh kai limx→+∞ f
′′(x) = 0. DeÐxte

ìti
lim

x→+∞
(f(x+ 2) + f(x)− 2f(x+ 1)) = 0.

5. (15 Mon�dec) BreÐte ta x ∈ R gia ta opoÐa sugklÐnei h dunamoseir�

∞∑
n=2

xn
2

n log n
.

6. (15 Mon�dec) 'Estw f : R→ R suneq c kai∫ 1

0

f(tx) dx = 0 gia k�je t ∈ R.

DeÐxte ìti f ≡ 0.

7. (15 Mon�dec) Na upologisteÐ to olokl rwma∫ ∫ ∫
E

xyz dx dy dz

ìpou E to elleiyoeidèc pou perigr�fei h anisìthta

x2

a2
+
y2

b2
+
z2

c2
≤ 1.



Grammik  'Algebra

1. (20 Mon�dec) DeÐxte ta akìlouja:
A. 'Enac pÐnakac A eÐnai antistrèyimoc an kai mìno an to mhdèn den eÐnai idiotim  tou.
B. An λ eÐnai mÐa idiotim  tou antistrèyimou pÐnaka A kai x eÐnai to antÐstoiqo idiodi�nusma,
tìte h λ−1 eÐnai idiotim  tou A−1 kai to x eÐnai to antÐstoiqo idiodi�nusma.
G. An λ eÐnai mÐa idiotim  tou A ∈Mn×n(K), ìpou K = R   C, tìte h a0 + a1λ+ · · ·+ anλ

n,
ai ∈ K, eÐnai idiotim  tou pÐnaka

a0I + a1A+ · · ·+ anA
n.

Poiì eÐnai to antÐstoiqo idiodi�nusma?

2. (20 Mon�dec) A. DeÐxte ìti o pÐnakac A = (aij) ìpou aij = ij−1, i, j = 1, . . . , n, eÐnai
antistrèyimoc.
B. Dedomènou α ∈ R, breÐte thn bajmÐda (rank) tou pÐnaka A = (aij), ìpou

aij = 1 + (α− 1)δij i, j = 1, . . . , n,

kai δij isoÔtai me 1 e�n i = j kai 0 e�n i 6= j.

3. (20 Mon�dec) A. 'Estw V dianusmatikìc q¸roc ep�nw apì to R kai T : V → V mÐa
grammik  apeikìnish, tètoia ¸ste T n = 0 gia k�poio fusikì n ≥ 2. E�n x ∈ V , tìte to
sÔnolo

{x, Tx, T 2x, . . . , T n−1x}
eÐnai grammik� anex�rthto an kai mìno an T n−1x 6= 0.
B. 'Estw V dianusmatikìc q¸roc ep�nw apì to R kai n ∈ N perittìc. E�n ta dianÔsmata

x1, . . . , xn

eÐnai grammik� anex�rthta, tìte to Ðdio isqÔei kai gia ta dianÔsmata

x1 + x2, x2 + x3, . . . , xn−1 + xn, xn + x1.

4. (20 Mon�dec) 'Estw V dianusmatikìc q¸roc ep�nw apì to R kai T : V → V grammik 
apeikìnish. DeÐxte ta akìlouja:
A. T 2 = 0 an kai mìno an T (V ) ⊂ Ker(T ) ìpou Ker(T ) o pur nac thc T .
B. To sÔnolo Fix(T ) = {x ∈ V : Tx = x} eÐnai upìqwroc tou V . ProsdiorÐste to sÔnolo
Fix(T ) ∩Ker(T ).

5. (20 Mon�dec) 'Estw V dianusmatikìc q¸roc ep�nw apì to C kai T : V → V grammik 
apeikìnish tètoia ¸ste T 3 = I ìpou I : V → V h tautotik  apeikìnish. JewroÔme tic
grammikèc apeikonÐseic

T1 = I + T + T 2

T2 = I + ωT + ω2T 2

T3 = I + ω2T + ωT 2

ìpou ω eÐnai mÐa kubik  rÐza thc mon�dac di�forh tou 1. DeÐxte ta akìlouja:
A. H T eÐnai 1− 1 kai epÐ.
B. V = T1(V )⊕ T2(V )⊕ T3(V ).


