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'Algebra-JewrÐa Arijm¸n

1. (10 Mon�dec) JewroÔme èna kanonikì polÔgwno me n pleurèc. Na apodeiqjeÐ ìti to sÔnolo
Ωn twn strof¸n tou epipèdou me kèntro to kèntro tou polug¸nou 0, oi opoÐec apeikonÐzoun
to polÔgwno ston eautì tou, apoteleÐ upoom�da thc om�dac twn strof¸n tou epipèdou

Ω = {φθ|φθ : (x, y)→ (x′, y′)}

ìpou x′ = x cos θ − y sin θ, y′ = x sin θ + y cos θ.

2. (15 Mon�dec) BreÐte tic upoom�dec thc summetrik c om�dac S3. Qrhsimopoi ste thn upoo-
m�da H = 〈(1, 2)〉 thc S3 gia na deÐxete ìti oi aristerèc pleurikèc om�dec dojeÐshc upoom�dac
den tautÐzontai en gènei me tic dexièc pleurikèc upoom�dec.

3. (15 Mon�dec) 'Estw G peperasmènh om�da me �rtia t�xh, [G : 1] = 2n. Tìte to pl joc
twn stoiqeÐwn pou èqoun t�xh 2 eÐnai perittì. Sumper�nete ìti h G èqei stoiqeÐo t�xhc 2.

4. (10 Mon�dec) 'Estw G peperasmènh om�da. An h om�da phlÐko G/Z(G) eÐnai kuklik ,
tìte h G eÐnai metajetik , ìpou Z(G) = {g ∈ G : gx = xg, ∀x ∈ G} eÐnai to kèntro thc G.

5. (10 Mon�dec) An G eÐnai mÐa kuklik  om�da �peirhc t�xhc, tìte h antistoiqÐa

f : x→ x2

eÐnai omomorfismìc 1− 1 all� ìqi epÐ.

6. (20 Mon�dec) A. 'Estw m,n ∈ N me m < n. Tìte 22m + 1 | 22n − 1.
B. 'Estw m,n ∈ N me m 6= n. Tìte

(
22m + 1, 22n + 1

)
= 1.

G. DeÐxte me th bo jeia tou B ìti up�rqoun �peiroi pr¸toi arijmoÐ.

7. (10 Mon�dec) Na brejoÔn ta upìloipa thc diaÐreshc twn arijm¸n 2341, 7126 dia twn arijm¸n
11 kai 127 antÐstoiqa.
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An�lush

1. (15 Mon�dec) DeÐxte ìti h seir�
∞∑
n=1

1

n2 + x2

sugklÐnei omoiìmorfa sto R. EpÐshc, deÐxte ìti h sun�rthsh pou orÐzetai eÐnai paragwgÐsimh
kai upologÐste thn par�gwgì thc sto shmeÐo 0.

2. (15 Mon�dec) 'Estw (an) akoloujÐa me limn→∞ an = 0. DeÐxte ìti up�rqei upoakoloujÐa
(akn) thc (an) tètoia ¸ste h seir�

∑∞
n=1 akn na sugklÐnei.

3. (15 Mon�dec) DeÐxte ìti den up�rqei suneq c sun�rthsh f : [0, 1]→ R h opoÐa na lamb�nei
k�je tim  thc akrib¸c dÔo forèc.

4. (15 Mon�dec) 'Estw f : (a, b)→ R dÔo forèc paragwgÐsimh sun�rthsh kai upojètoume ìti
up�rqei stajer� M ¸ste |f ′′(x)| ≤ M gia k�je x ∈ (a, b). DeÐxte ìti h f eÐnai omoiìmorfa
suneq c sto di�sthma (a, b).

5. (15 Mon�dec) DeÐxte ìti to genikeumèno olokl rwma∫ +∞

1

cos(x2) dx

sugklÐnei.
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Migadik  An�lush - Diaforik  GewmetrÐa

1. (20 Mon�dec) A. Gia k�je akèraio k, upologÐste to olokl rwma∫
C

dz

(1− e−z)k

ìpou C apl  kleist  kampÔlh gÔrw apì to 0.
B. 'Estw f : C → C akèraia, me |f | = 1 ìtan |z| = 1. Tìte f(z) = czn ìpou c stajer� me
|c| = 1.

2. (20 Mon�dec) A. Upojèste ìti h pr¸th jemeli¸dhc morf  enìc tm matoc epif�neiac
σ(u, v) eÐnai thc morf c I = E (du2 +dv2). ApodeÐxte ìti to σuu+σvv eÐnai k�jeto sta σu kai
σv. Sumper�nete ìti h mèsh kampulìthta H mhdenÐzetai pantoÔ an kai mìno an h Laplasian 
σuu + σvv = 0.
B. DeÐxte ìti to tm ma epif�neiac

σ(u, v) =
(
u− u3

3
+ uv2, v − v3

3
+ u2v, u2 − v2

)
èqei pantoÔ mhdenik  mèsh kampulìthta.

3



Pijanìthtec

1. (15 Mon�dec) 'Ena merolhptikì nìmisma èqei pijanìthta 1/3 na èrjei kor¸na kai 2/3 na
èrjei gr�mmata. StrÐboume to nìmisma n forèc kai èstw Pn h pijanìthta na èrjei �rtioc
arijmìc apì kor¸nec. BreÐte mÐa anadromik  sqèsh pou na sundèei thn Pn me thn Pn−1 kai
katìpin upologÐste thn Pn.

2. (15 Mon�dec) 'Estw X, Y, Z anex�rthtec tuqaÐec metablhtèc me ekjetik  katanom  kai
paramètrouc λ, µ, ν antÐstoiqa. UpologÐste thn pijanìthta P(X < Y < Z).

3. (15 Mon�dec) 'Estw X, Y anex�rthtec tuqaÐec metablhtèc me timèc stouc fusikoÔc kai

P(X = n) = P(Y = n) = 2−n, n ∈ N.

UpologÐste tic pijanìthtec P(X = Y ), P(X < Y ), kai P(X diaireÐ thn Y ). (Gia thn teleutaÐa
mhn prospaj sete na upologÐsete thn seir� pou ja prokÔyei.)

4. (15 Mon�dec) 'Estw X1, X2, . . . anex�rthtec tuqaÐec metablhtèc me timèc 0   1 kai

P(Xn = 1) = 1/n, P(Xn = 0) = 1− 1/n.

DeÐxte ìti
P(Xn = 1 gia �peira n) = 1.
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Diaforikèc Exis¸seic

1. (15 Mon�dec) Gia A ∈ R jewroÔme thn diaforik  exÐswsh

u′′(x) + 2u′(x) + Au(x) = 0.

BreÐte mia lÔsh sto di�sthma [0,∞) upì tic sunj kec u(0) = 0, u′(0) = 1. EÐnai h lÔsh
sac monadik� orismènh? BreÐte mia lÔsh thc diaforik c exÐswshc sto di�sthma [0, 1] upì tic
sunj kec u(0) = 0, u′(1) = 1.

2. (15 Mon�dec) Na brejeÐ h lÔsh tou probl matoc arqik¸n tim¸n

ut + uux = 0, x ∈ R, t > 0,

u(x, 0) = x.

3. (15 Mon�dec) LÔste to parak�tw prìblhma arqik¸n kai sunoriak¸n tim¸n gia thn exÐswsh
thc jermìthtac

uxx =
1

k
ut, 0 < x < a, t > 0,

u(0, t) = T0, t > 0,

u(a, t) = T1, t > 0,

u(x, 0) = 0, 0 < x < a.

4. (15 Mon�dec) BreÐte ta krÐsima shmeÐa tou sust matoc

ẋ = 8x− y2, ẏ = −6y + 6x2

kai melet ste ton tÔpo touc kai thn eust�jei� touc. Sqedi�ste prìqeira tic troqièc deÐqnontac
kai basik� touc gewmetrik� qarakthristik�.
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Arijmhtik  An�lush

1. (15 Mon�dec) 'Estw x1 < x2 · · · < xn shmeÐa sto di�sthma [a, b] kai w1, w2, . . . , wn ∈ R
tètoia ¸ste o kanìnac olokl rwshc

Q(f) =
n∑
i=1

wif(xi)

na oloklhr¸nei akrib¸c polu¸numa bajmoÔ ≤ 2n− 2. DeÐxte ìti wi > 0, i = 1, 2, . . . , n.

2. (15 Mon�dec) DeÐxte ìti h akoloujÐa (xn)n≥0 me x0 ∈ R, xn+1 = cosxn, n ≥ 0, sugklÐnei
sto monadikì stajerì shmeÐo tou sunhmitìnou gia opoiod pote x0 ∈ R.

3. (15 Mon�dec) 'Estw ‖ · ‖ mia nìrma ston Rn kai ‖ · ‖ h nìrma ston Rn,n pou par�getai apì
aut n. An A ∈ Rn,n me ‖A‖ < 1, deÐxte ìti o pÐnakac I − A eÐnai antistrèyimoc kai ìti

1

1 + ‖A‖
≤ ‖(I − A)−1‖ ≤ 1

1− ‖A‖

4. (15 Mon�dec) DÐnetai h sun�rthsh

f(x) =

{
0, 0 ≤ x ≤ 1,

(x− 1)4, 1 < x ≤ 2.

ProseggÐste thn f sto di�sthma [0, 2] me mÐa tmhmatik� poluwnumik  sun�rthsh p thc morf c

p(x) =

{
0, 0 ≤ x ≤ 1,

α + β(x− 1) + γ(x− 1)2 + δ(x− 1)3, 1 < x ≤ 2.

ProsdiorÐste ta α, β, γ, δ upojètontac ìti p ∈ C1[0, 2] kai ìti p(0) = f(0), p′(0) = f ′(0),
p(1) = f(1), p′(1) = f ′(1), p(2) = f(2), p′(2) = f ′(2). SumpÐptei h p me thn paremb�llousa
kubik  spline s thc f sta shmeÐa {0, 1, 2} kai sunoriakèc sunj kec s′(0) = f ′(0), s′(2) = f ′(2)?

5. (15 Mon�dec) Gia poi� tim  thc stajer�c λ elaqistopoieÐtai h posìthta

E(λ) =

∫ π/2

0

(sinx− λx)2 dx ;
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